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Abstract. Let A be a universal Clifford algebra induced by an m-

dimensional real linear space. It is well-know that the differential operator
m

w= > %ek satisfies the relations p.i = f.u = A,41, where [T

m 2
is the conjugate operator of p and App1 = Y. 59? (see [1]). Let
k=0 "k

m = 2 (mod 4) and L(eg,e4,,...,ea,,,,) be the invertible subspace in
A (see [3]). In this paper we give the some conditions for the generalizing

m—+1
. . 9
differential D* = kzo Ok 5, » where o € L(eo,ea,, ..., €a,,,,) such that
any solution of a differential equation D*u = 0 is always a solution of
m-+1 e
Laplace’s equation A, 1ou = 0, where A, 10 = 527
k=0 "k

1. Preliminaries

Consider the 2™ —dimensional real space A with basis

E= {607 €1,+,€m, €12, ...y elQ...m}'
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The product of two elements e4,ep € E is given by
eaep = (—1)FANB)PABe \\pe A B C{1,2,...,m},

where
P(A,B) = éP(A,j),
P(A,j) =#{ieA:i>j},
AAB = (A\B) U (B\A),

and A denotes the number of elements of A.
Each element a = Y ases € A (ag € IR) is called a Clifford number.
A

The product of two Clifford numbers a = Y ases; b=)> bgep is defined by
A B

ab = ZZaAbBeAeB.
A B

It is easy to check that in such way A is turned into an associative non-
commutative algebra over IR. It is called the Clifford algebra.

the formula

The involution for basic vector eg,k,. k, € E; k1, ko, ...,k € {1,2,...,m}
— _ (it
is given by €, .k, = (=1)" 2 €p ko k-

|~

2

For any a =Y aases € A, we write @ = > a4 and |a| = (Zai)
A A A

2. Generalizing differential operators

Definition 1 (see [3]). i) An element a € A is said to be invertible if there
exists an element a~' € A such that a.a™! = a~t.a = ey; a~ ' is said to be
the inverse of a.

ii) A subspace X C A is said to be invertible if every non-zero element in

X is invertible in A.
iil) L(uy,ug, ... uy) = lin{uy,ua,...,un}, u; €A (i=12,...,n).

Let m = 2 (mod 4) and L(eg,ex,,...,€a,,.,) be the invertible subspace in

A (see [3]).
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m—+1
Definition 2. i) The operator D* = > aka%kv where
k=0

ai € L(eg,ea,,...,ea,.,,) (E=0,1,...,m+1)

is called a generalizing operator in A.

m—+1
i) Let oy = > aspes, k=0,1,...,m+1, where eq, = e4,. The matrix
i=0
A = (aij)m+2 is called the symbol of D*.
. m+1
iii) The operator D* = > Ek% is called the conjugate operator of D.
k=0

iv) The matrix A = (ai;)m+2 defined by

/ — .
an —aoj,
for i=1,....m+1 and j=0,...m+1
li

ajj = —Qij

is called the conjugate of the matrix A.

Remark. From these notations we can write

o 9 a)T

D* = ... Al — — ...
(eo €eay...€a, ) (8330 Tl re—

where M7 denotes the transpose of the matrix M.

Lemma 1 (see [2]). If L(eo,ea,,-.,ea,), ea, € E, ea, # ea; for all
i#£34,1,7€{0,1,...,1}, is invertible then

either #A; =4p;+1 or #A;=4p; +2 (p; € IN,j=1,1).

Proof. Suppose that there exits e, € {ea,,€4,,...,€e4,} such that
ﬁAj = 4pj or ﬁAJ = 4pj + 3
Hence
(60 + eAi).(eo _EAi) =eyg+eq, —€a, —€a,.€4, =0.
So eg + e4, is not invertible.

Lemma 2 (see [2]). L(eo,ea,,...,ea,), ea, € E,ea, #ea, foralli# j,
is invertible if and only if

ea,€a; +eaea, =0 forall i#3j; i,7€{0,1,...,1},
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where e, = €g.

Proof. Sufficiency. Suppose that ea, €4, +ea,€a, =0 fori#j, i,j€
€ {1,2,...1}. From egés;, + eae0 = 0, we have €4, +ea, = 0, j €
{1,2,...,1}.

l

Take a = ageg + > aiea, € L(eg,ea,,€4,,-..,€4,), (aF#0). Write
i=1

l
1 1 _
a = W (aoeo + E aieAl.) .
a i=1

Then

l

l
_ 1 _
aa”l = W apeo + E ;€A apeo + E ajea; | =
a :
i=1

j=1

1 l l
= — a260+a0 ZaleA JrZa‘EA, +
|a|2 0 7 i J j

i=1 j=1

l

2 = - - _
+ g a;ea€a, + g aaj(eaea, +eaen)| =
i=1 i<j

l
— 1 E 2 —
_|a|2( ai>eo—eo.
=0

Similarly, one can check the equality a 'a = e.

Neccessity. Suppose that L(eg,€a,,€4,,---,€4,) is invertible. By Lemma
1 we have

fA; =4p; +1 or #A; =4p;+2, p; € IN,j€{1,2,...,1}.

Hence
eoéAj—FeAon:EAj—&-eAj:O for jG{l,Q,...,l}.

Suppose that there exists ea,,ea; € {€a,,€a,,...,ea,} such that
eAz.EA]. + eA]EAi 75 0.
By Lemma 1 we have —e4,e4, —ea;€4, # 0. It is easy to see that

either €A,CA, = €A,€4, O €4,€4, = —€4,€4, YV oea,ea, €FE.

n?
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Hence ea,e4;, = ea,ea,. Write a = ea, +ea;, and b ="¢4, —€4,. Then we
get

ab = (6Ai+eAj)(EAiféAj) =eptea; €4, —€A,€4;,—€) = —€4,64,+€a,€4, = 0.

So a is not invertible.

m+1
Lemma 3. The generalized differential operator D = Z D CA with
-Tk
m+1
e, = €o satisfies D.D = D.D = Ap,yo, where D = >, —€a, is the
k=0 Oy
m41 §2
conjugate operator of D and Apyo = Y .
k=0 07},

Proof. By Lemma 1 and Lemma 2 we get

m—+1 a m—+1 a
D.D = —e4,.
kg(] 8$k€Ak ; c’me !

m—+1

82
- Z 2 k€A, T Z (eAkEAL + eAléAk> = Apya.
ox Kzl 8xk8xl

Similarly, one can check that D.D = A, o.

Lemma 4. If the matriz A is a symbol of the generalizing differential
operator D* then A is the symbol of D*.

Proof. By Lemma 1 we have fA4; = 4p;+1 or #A4; =4p;+2 (p; € IN;j =
=1,m+1). Hence ey, = —e4, i=1,m+1.

m—+1
Suppose that ap = Y aikes, (k=0,1,...,m+ 1), then
i=0

m—+1 m—+1 m—+1
Qg = E a;k€A; = Qok€o + E Qaik€A; = Qpk€o — E Aik€A,; -
i—0 i=1 i=1
Since

m+1 9 9 ) )T

D*—E A= = (€0,€4,,- €4 Al —, —, ..., —
ax ) 19 b m+1) ax()? ax17 76:Cm+1

The Lemma is proved.
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Definition 3. i) Let Q be a certain open domain in IR™*2. A function
f € CHQ; A) is said to be left monogenic in Q if and only if D*f =0 in Q.

ii) The set of left monogenic functions in €2 is denoted by H(£;.A), and
the set of orthogonal matrices of order m + 2 is denoted by O(m + 2).

Lemma 5. Let A be the symbol of the generalizing differential operator
m—+1
D*= > ak%, where o, € L(eg,ea,,...,ea,,,,). Then A= XO, where A >0
k=0
and O € O(m + 2) if and only if

;0 + o =0 . o .
{ai 1\ ,7=0,1,....m+1; i #j.
Proof. By Lemma 1 we have #A4,; =4p,+1or #A; =4p;+2 (p; € IN,
j=1,m+1). Hence it is easy to check that es, €4, = 1 and axay = |ay|* for
k=0,m-+1.

m—+1
Let B = AT.A. Then b;; = Y agiar; 4,j =0,..,m+ 1. By Lemma 2
k=0

we get
m—+1 m—+1 m—+1 m—+1
Q0 + ooy = E ajea, E agjéa, | + E agjea, E aiiea, | =
1=0 k=0 k=0 1=0
m—+1m+1
= > > auakj(eaa, +ea,a,)=
=0 k=0
m—+1 m—+1
=2 Z akiakj(eAkeAk) =2 Z QkiQk; = Qbij.
k=0 k=0
Thus

bij =0 for Z#]

A =)0, where O € O(m +2) < { i,7=0,..,m+1

bii =\
;o + a0y =0 for i#j —
{2051'041‘ :2‘041“2 :2b1‘j :2)\2 b _0’1""’m+1'
Lemma 5 is proved.
m—+1
Theorem. Let D* = ak%, where oy, € L(ea,,...,ea,,,,) and A be
k=0
the symbol of D*. Then D*D" = D'D* = A2A, 40 if and only if A = MO,

m—+1
where O € O(m+2) and A2 = > %, A>0.
k=0 "k
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Proof. By Lemma 5 we have

. m—+1 9 m+1 P m+1
D*D = Z Oli% Z aj% = Z Oliaj = )\2Am+2 e
i=0 E j J

7=0 i,j=0

— i +ajo; =0 . .
{ZiféJ:/\O‘QJO‘ for 4,7=0,1,...,m+1 and ¢1#j <=

— A=)0.

Corollary 1. Let D* be a generalizing differential operator in A, f €
€ H(A). If A = MO, where A > 0,0 € O(m + 1), A is the symbol of D*,
then f is the solution of Laplace’s equation A, iof = 0.

Proof. From A = MO and D*f = 0 we get E*D*f = NA,2f =0. So
Am+2f =0.

m—+1
Corollary 2. If the generalizing operator D* = > aka%k satisfies the
k=0

. —% —% m+1l ]
relation D*D = D D* = X2A,,42, where Ay, 4o = ;;o 887%, then exits the

m—+1 m—+1 9
1 3 — .. . jo— —_—
linear transformation y; = Zo pijT; such that D* = kzo By CAL-
= =

Proof. Let A be the symbol of D*. By Theorem we have A = AO, where

1 1
A>0and O € O(m +2). If we choose P = (AT)=1 = (\OT)~! = XO =2
then we get
9 9 o \"
D* = Al — — ... =
(60 €A, 6AWL+1> (a.’l?() axl axm+1>

= APT [ —
(eo A eAm“) <8y0 o OYm+1

(oo enennn) (2 22
SN e ) \ye Oy Oy )

o 0 a)T_
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