Annales Univ. Sci. Budapest., Sect. Comp. 24 (2004) 133-184

DYNAMICAL SYSTEMS ORIGINATED
IN THE OSTROWSKI ALPHA-EXPANSION

G. Barat and P. Liardet (Marseille, France)

Dedicated to Professor Imre Kdtai
on the occasion of his 65th birthday

Abstract.  The Ostrowski system of numeration has for scale of nu-
meration the denominators of the convergents in the continued fraction
expansion of a given real number. The aim of this paper is to study the
topological and ergodic properties of various dynamical systems arising from
this scale, especially flows associated with multiplicative sequences for which
a complete description is given.

1. Introduction

1.1. The Ostrowski a-expansion

Let « be an irrational number in the unit interval [0, 1) and [0; a1, ag, - - -] its
continued fraction expansion. Recall that the convergents of v are the rational
numbers p, /g, (n > 0) given by the classical relations p_; = 1, pg = 0,
Pn = @npn—1+ pp—2 (hence p; = 1) and g1 =0, o = 1 ¢ = angn-1 + gn—2
(hence ¢; = a1), such that
_Pn _ 1

[0;(117"'70%]:
n a+ ——

az—f—.
.. 1
+—
Qnp

These authors are supported by CNRS, UMR 6632.



134 G. Barat and P. Liardet

Then any positive integer m can be expanded as
(1) m=eo(m)qo + -+ e (m)g-, er(m)#0,

where each e;(m) is an integer (called j-th Ostrowski a-digit) of m, such that
for all 5, 0 < j < r, the inequalities

(2) eo(m)qo + -~ +e;(m)g; < g1

hold. These inequalities ensure the uniqueness of the a-digits and (1) defines
the so-called Ostrowski a-expansion of m. The Ostrowski a-digits are extended
for j > r by putting e;(m) := 0. This expansion has been introduced by A.
Ostrowski in [44].

The system of inequalities (2), which are now satisfied for all j > 0, is
equivalent to

eo(m) < ap —1;
(3) Vi>1, ej(m) < ajii;
Vi=1, (ej(m)=aj41 = ej—1(m) =0).

—1++5
2
sequence Fy = 1, F1 = 1, F,40 = F,41 + F, (n > 0). Inequality (3) for
j = 0 implies ep(m) = 0, so that the first digit can be omitted and then the
corresponding a-expansion is the so-called Zeckendorf expansion [53]. More
generally, o < 1/2 gives a; > 2 and yields a system of numeration (g, ), >0 in the
usual sense (see [25]). If & > 1/2, then a; = 1, thus eg(m) = 0 for any m. Then
(gn)n>1 18 & system of numeration, derived from o = [0;a2 + 1,a3,0a4,...] €
€ (0,1/2). Notice that o/ = 1 — «. The cancellation of this useless 0 at the
beginning of the expansion can be interpreted from Theorem 2 (see Section 3.3)
by the identification between the isomorphic rotations R, and R;_,. Without

loss of generality, we will hence suppose that a; > 2.

In the case a = , the sequence ¢, is nothing but the classical Fibonacci

This paper is devoted to the study of various dynamical systems which
derive from the Ostrowski a-expansion. Although it is staying out of our
present interests, we mention that the Ostrowski a-expansion furnishes a
powerful tool to study the discrepancy of the sequence (na (mod 1)), and
to give combinatorial properties of sturmian sequences (see for instance [5, 18,
19, 20, 21, 24, 35, 36, 47, 49, 52]). In fact, we shall especially pay attention to
isomorphisms between them.
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1.2. Almost topological isomorphisms

There are many different notions of isomorphism of dynamical systems
(topological, metric, spectral, of measured algebras, almost topological, a.s.o.).
It turns out that the relevant notion in the context is this of almost topological
isomorphism introduced by Denker and Keane (see [17]).

The context one has to begin with is purely topological. For i = 1,2, let £;
be compact metrizable space, B(€;) its Borel o—algebra and let T; : Q; — Q;
be a (Borel) measurable map. One says that there is an almost topological
isomorphism ® between (Qq, B(1),T1) and (Qg, B(Q2), T3) if there are subsets
Y; C Q; and a map ¢ : Y7 — Y5 satisfying the following conditions:

e Y, contains a dense G5 subset of €);.
e T; induces a homeomorphism from Y; onto Y; for the induced topology.
e The map ® is a homeomorphism such that the commutation relation

@ o T(y2) = T1 0 P(y2)

holds for any y, € Y5.

Usually, ® is already defined on € and we are concerned with its restriction
on Yi, still denoted by ®. Furthermore, ® is said to be an almost topolog-
ical conjugacy (or isomorphism) from (Q,B(21),T1) to (Q2,B(Q2),Tz), and
(Q;,B(;),T;), or better (;,Y;,B(2;),T;), is said to be an almost topological
dynamical system.

In addition, let u; be a T;—invariant Borel measure on €2; such that
i (€2 \ Y;) = 0.

If pi(B1) := po(®~1(By)) for any By € B(Qy), then those almost topological
dynamical systems are said finitary isomorphic under ® and the corresponding
measures j; = pig © ®71, s, In the whole paper we will omit the mention
of the o—algebra B in the dynamical systems which will be always the Borel
o-algebra.

Notice that, if (22, B(Q2), T3) is uniquely ergodic and if Y5 has full measure
w.r.t. the invariant measure, then there is a unique 7Tj-invariant measure p
on Q such that p1(2; \ Y1) = 0 and in fact gy = po o ®~ 1. In particular, if
Y7 is countable and contents no periodic orbit under T4, then (Qq,B8(24),T1)
is also uniquely ergodic.
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1.3. Subshifts associated to sequences

The principal dynamical systems we will focus our attention on are flows
originated in complex unimodular sequences. Let X be a compact metrizable
space and let o be the usual shift given by

o(xg,x1,x2,...) = (x1,22,...)

on the compact topological product space

XN .= ﬁ X,
n=0

where X,, := X for all n. The natural projection XN — X,, will be denoted
by m, (so, the first projection is 7). A sequence x = (xg,x1,x2,...) in X
is an element of XN and will be also viewed as the infinite string zozi2z2 - - -
provided that no confusion from the context could be made with an infinite
product in a topological multiplicative group. Given z in XN, the orbit of x
under the shift is the set Orb(z) = {o"z; n € N} and we consider the orbit
closure O, := Orb(z). The restriction of o to O, (still denoted by o) defines
the flow F(xz) = (O,, o). Notice that we do not require that o is surjective on
O, and recall that the full shift F(X) := (XN, 0) is obtained as a flow F(z)
for many x: if v is a probability measure on X assigning positive measure to
every non-empty open set, then almost all z € XN in the sense of the product
measure @g°v gives the full shift.

Let be X a compact metrizable space and T': X — X a continuous map.
Recall that the topological dynamical system (X,T) is said to be minimal if
the only closed subset Y of X such that Y C T~!(Y) are the full space X and
the empty set (that implies the surjectivity of T'). That is classically equivalent
to the density of all orbits. For subshifts, the minimality of F(z) is equivalent
to the property of uniform recurrence: for any s € N and any € > 0, the set

Va(s,e) :={neN;|z(n+j) —z(j)| <e forj=0,1,...,¢qs— 1}

has bounded gaps.

A necessary and sufficient condition for unique ergodicity of (X, B, T) is the

uniform convergence of the sequence (Sx (f))n, where Sy (f) = N=1 3 foT™
n<N

for any f € C(X,C). If it is the case, there is still uniform convergence if f is
p—continuous, that is if the set of the points of discontinuity of f has measure
zero with respect to the unique invariant measure of (X, B,T).
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Let (G,-) be a compact metrizable group and ¢ = (((n))nen € GN. By
definition, the first forward difference sequence of ( is the sequence A( given by
Al(n) = ((n+1)-¢(n)~L. For short, A¢ will be called a difference sequence.
Notice that the sequence ¢ can be recovered from A¢ and ((0). Indeed, the
flows F(¢) and F(A() are also strongly related as we will see in Section 5.

All the sequences we will look at take their values in a subgroup G of the
unit circle U. If X = U, there is a simple criterion of unique ergodicity for
F(x), which derives from the folklore.

Lemma 1. For m = (mo,...,ms) € Z°T1, define the character x,, of
UN by () = 2g02t -+ 2. Let £ € UN; then F(€) is uniquely ergodic if
and only if, for any s € N and for any m € Z*+1,

1 .
§ ' n+
N —> N Xm<0'l ‘]5)
n<N

converges uniformly in j when N tends to infinity.
1.4. Ostrowski a-sequences

Definition 1. A sequence f : N — R is said to be Ostrowski a-additive
if f(0) =0 and
fm) =Y f(ej(m)g;) , meN.

Jj=0

Let U denote the unit circle in C. An unimodular Ostrowski a-multiplicative
sequence is a map ¢ : N — U, such that ((0) =1 and

(4) ¢(m) =[] ¢les(m)g;) . meN.

Jj=0

A typical example of Ostrowski a-additive sequence is given by the sum-
of-digits s, defined by so(m) = - ej(m). It is known [10, 11, 12, 14, 15]

j=>0
that such sequences, with additional properties, are well-uniformly distributed

modulo 1. In particular, this is the case for the sequences n — ps,(n)where p
is an irrational number (see [10, 11, 12]). For usual definitions and properties
of uniform distribution, see [34].

1.5. Survey

The classical notions of g-multiplicative or g-additive sequences f have
been intensively explored and a vast amount of literature is devoted to the study
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of their statistical and harmonical properties, which have strongly motivated
this paper.

Let us first cite the seminal works of Bush [7] and Gelfond [26], then papers
on special g-multiplicative sequences [6, 42, 43, 16] and their generalizations,
largely studied by J. Coquet in his thesis [9] and in many subsequent other
works. Of particular interest for us are [8, 30, 45], which are mainly related
to spectral properties. The ergodic structures of sequences derived from the
sum-of-digits function n — s4(n) is exploited by Kakutani in [29], while
Kamae introduces in [31] cyclic extensions of the ¢-adic Kakutani machine
in connection with the sum-of-digits to base ¢. Basic tools to investigate
dynamical properties of sequences are furnished by [13] and applications to ¢-
multiplicative sequences can be found in [41, 40, 37, 38]. This latter approach
inspires our investigations on the elucidation of dynamical structures behind a-
multiplicative sequences. Notice that only few methods are known concerning
the understanding of dynamical systems arizing from subsequences, except for
those obtained by induction. A typical example is the sequences n — s,(n?)
evocated by Gelfond [26], which seems to be out of the scope of ergodic tools.
Nevertheless, the distribution approach, even in the case of restriction to the
set of prime numbers, has been already explored by I. Kétai [32, 33].

In Section 2, we recall the basic notions of a-odometer which is the exten-
sion of the map m — m + 1 to a suitable compactification of N derived from
the a-expansion. This is a special but explicit case of the construction given
in [25]. Section 3 identifies the a-odometer with the rotation R, : ¢ — t + «
on the one-dimensional torus T = R/Z by finitary isomorphism. We shall
freely identify T and its Haar measure ht with the interval [0,1) (but also
with [—a, 1 — @) for natural reasons issuing from our study) and its normalized
Lebesgue measure A, the rotation R, being now the addition of a (mod 1).
This yields unique ergodicity of the a-odometer and an explicit description of
its invariant measure. We then retrieve interesting results of [50]. Section 4 is
devoted to inductions of the a-odometer and study in details the return times
to cylinders. These results will be used in Section 7. For reading convenience,
Sections 2 and 3 are self contained and do assume a previous reading neither
of [25] nor of [50], which are more general.

Sections 5 and 6 are interested in flows coming from Ostrowski o-
multiplicative sequences. For such a sequence (, Section 5 gives the dynamical
structure of the flow F(A() associated to the difference sequence A(. It is
constant or almost topologically conjugate to the odometer. Section 6 is then
devoted to the study of the shift F({) generated by ( itself when A( is not
constant. It is proved that F(¢) is minimal and its possible structures are
studied in details with respect to the notion of almost topological isomorphism.
For this purpose, we introduce the so-called topological essential values; they
form a subgroup of U which turns out to play a fundamental role. Section 7
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is devoted to metrical classification of F({) and unique ergodicity is discussed
with criterions and examples. Our main tools are issuing from [2, 13, 40, 41] and
[48]. The final section gives various applications and examples; in particular
when « has bounded partial quotients with ((IN) finite. If o has unbounded
partial quotients, pathological examples are exhibited: the flow F(¢) is still
minimal but can be viewed, from a metrical point of view, as the union of a
finite or uncountable copies of the odometer. We end with the study of flows
arising from the sum-of-digits function.

2. The a-odometer

Let « be a fixed irrational real number in the interval [0,1/2]. The aim
of this section is to introduce the Ostrowski a-odometer, that is, a natural
compactification of the set of the a-expansions of the non-negative integers
endowed with the adic machine performing the addition of 1. For more details

on the odometer for general numeration systems see [25] and its extensions [3]
and [4].

2.1. The a-compactification of N
Let E; be the set of integers b such that 0 < b < gj41/g;, i.e. E; =
={0,---,a;41} for j > 1 and Ey = {0,---,a; — 1} endowed with the discrete
oo
topology, and let E be the infinite compact product space [] Ej;. Note that in
j=0
all what follows, N denotes the set of non-negative integers, i.e. 0 € N. The

set

Ka

{(@n)n>0 € E; Vj>0:20q0+ -+ 2;¢; < gj41} =
{(@n)n>0 € Exg<a;—1 and

VJ >1: Z; < aj41 & [.’Ej = Qj+1 = Tj—1 = 0}},

is a compact subspace of E. Elements of E are viewed as sequences or infinite
strings of symbols. A finite string b = bgb; ...b, will be said Ostrowski o-
admissible (or simply admissible) if the infinite string b0“ obtained by putting
b; = 0 for all j > n belongs to K,. The string 0" (for n € N) is defined
inductively by 00 = A (the empty string) and 0" = 00(»~Y. The natural
injection n +— 7 of N into K, given by m := (e;(m));>0 will be used to
identify N with its image N which is a dense subset of K. If the finite string
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b = bob; ...b, is admissible, then there is a unique integer N, namely N (b) =

= 3" b;qj, such that N = b0“. For any finite string b = boby ... b, [b| =n + 1
=0
will denote its length. By convention, | A | = 0.

The addition of 1 in N gives rise to the transformation 7 : N — N, called
Ostrowski a-adding machine, and given by

7(eo(N)er(N)ea(N)...) :=eg(N + 1)er (N + 1)ea(N +1)....

In the sequel, we currently identify n with 7. In order to extend the adding
machine to IC,, one needs to understand how the adding machine works with
respect to the carries. Hence it is useful to study, for z = (z,,)n>0 € Ka, the
set

D(z):={j € N; 1+zoqo+ - +;q; = qj1}-

For this purpose, we need some special strings: for m > 1, let Q,, be the string
of length m corresponding to the a-expansion of ¢,, — 1 and let Qg = A.

Lemma 2. Let x € K,. Assume that D(x) is finite (but not empty) and
put m = max D(z). Then D(z) = {0,2,4,...,2n} or D(z) ={1,3,5,...,2n+
+1} according as m is even or odd. Moreover, T = Qui1Tmt1Tm+2 - - -, With

(ap — 1)0¥ if m=0,
Qm+10Y = (gm+1—1)"= { (a1 —1)(0a3) ... (0ap41)0% if m=2(, £>1,
(0az) ... (0am,4+1)0% ifm=20+1, £>0,

and Tymy1Tmy2 7 OGmys. Furthermore, Tymy1 < Qmao.

Proof. Assume that D(x) = {do,...,dr}, with dy < -+ < dj, and put
m = dj. By definition of D(x), we have

T = Qumi1Tmt1Tm2 - - -,

where no Q. with m’ > m + 1 is a prefix of x. It only remains to verify
the description of @,,,+1 claimed above, which is proved by induction using the
recurrence relation ¢,+1 — 1 = @m+1¢m + (gm-1 — 1), from which we derive

(5) q2e — 1 = aopqor—1 + ae—2g2e—3 + -+ - + azqa,

Qo041 — 1 = ageq1920 + a20—1q20—2 + - - + (a1 — 1)qo.
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Lemma 3. The set D(x) is infinite if and only if

x = 0a90a40a6--- (D(x) ={1,3,5,---}), or
x = (a3 —1)0az0a;5--- (D(x) ={0,2,4,---}).

Proof. First notice that the infinite strings Oaz0a40a6--- and (a; —
—1)0as0as - - - are in KCy. If 2 = 0a20a40a - - -, then D(x) = {1,3,5,---}, and
if z = (a1 — 1)0as0as - - -, then D(x) = {0,2,4,---}. Conversely, let d € D(z);
then by Lemma 2, the word zg...z4 is equal to (0az)...(0aqy1) if d is odd,
and (a1 —1)(0ag) ... (0ag41) if d is even. The two possible expressions for D(z)
follow.

2.2. Definition and first ergodic properties of the a-odometer

Definition 2. For any v = zor122... in K, let m(z) := sup D(x) if

D(x) is not empty and m(z) = —1 otherwise and let 7 : Ko — Ko be the map
defined by
0D (21 + Dngo...  if m=m(x) is finite,
T(x) =
0¥ if m(z) = +00.

The dynamical system (Ko, T) is called the Ostrowski a-odometer.

The restriction of 7 on N is just the adding machine and by Lemma 3 we

have
7710%) = {0az0a40a¢6 - - - , (a1 — 1)0az0as--- }.

The next theorem follows from the general theory of odometer given in [25].
Here we give a more direct and easier proof.

Theorem 1. The map 7 : Ko — K4 is continuous and surjective, and the
corresponding flow (Ko, T) is minimal.

Proof. With the notations of Definition 2 the map z — m(z) from K,
onto the compact space N U {—1,+00} is continuous by Lemma 2. It follows
from Definition 2 and the product topology that 7 is continuous too.

Since the orbit of 04 under 7, that is N, is dense in K, and 7 is continuous,
the minimality of 7 will be proved if it is shown that 0% lies in the orbit closure
of any point x € K. But this is a straightforward consequence of the fact that
the sequence ¢ — m(7%(x)) is unbounded.

Notice that the surjectivity follows from the density of 7(IN), the compacity
of K, and the continuity of 7, but it is also a consequence of the minimality.
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The preimages of 0“ play a somehow disturbing role in the understanding
of 7, what will be confirmed in Section 3. For this reason, we introduce a
further subset of K, which we shall often encounter in the sequel:

K =Ko \{77"(0¥); n>1}.

Notice that K is stable by 7 and that the restriction of 7 to K° is injective,
but not onto K3°. According to the definitions of Subsection 1.2 there is a
further natural subset of I, to introduce, namely

K8 =K\ N.

Readily K¢ is a dense G subset of K. Thus (K, K2, 7) is an almost topological
dynamical system. For an occurrence of £3° and K¢, in a more general setting
we refer to [4].

3. The Ostrowski a-expansion

We have expanded in the previous section natural integers with respect
to a numeration scale given by the denominators of the continued fraction
expansion of the irrational number «. It is also possible to expand real numbers
with respect to the basis (g, —ppn)n>0. The aim of this section is to study the
properties of this a-expansion of real numbers, called Ostrowski a-expansion
— that has been studied and sometimes rediscovered by several authors [18,
24, 28, 35, 36, 52, 50, 51] in order to get distribution results for the sequence
(na)p>o — and then to prove the isomorphism with the rotation of angle o on
the one-dimensional torus.

3.1. Definition, a-order

Definition 3. Let I(«) be the interval [—a,1 — «. We define the map
0: Ko = I(a) by

(6) p() =D n(gna — pn)-

The inequalities

xn|Qna - pn‘ < an+1/Qn+l < 1/qn
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show that the series in (6) converges normally. Thus ¢ is well defined and
continuous. We will justify in the proof of Proposition 1 that ¢(z) € I(«).

In order to get an understanding of the map ¢, we introduce a notion of
a-order < related to the relation g, — p, = (=1)"|gn — pp|. By definition,
< is the binary relation on K, given by x < y if and only if either z = y
or there exists an index k (possibly 0) such that z; = y; for all j < k and

(—=1)kzy, < (—=1)*yy . Clearly < is a total order on K. For n > 0, let

A(n) == (0an42)(0an+4) - .- ;

the relations (5) yield the following helpful equation for n > 1 (the last equality
remaining true for n = 0):

() (0" V(W) (ans1 = DA+ 1)) = (0" A(n)) = ~(gaax — pa)-
Let b=bg...b, be a-admissible. We denote by [b] the cylinder set

B ={xes; x0...2 =1}

and define
b(an+o —1)A(n+2) if nis even and b, # 0,
b™ =< bapt2A(n +2) if n is even and b,, = 0,
bA(n+1) if n is odd;
bA(n+1) if n is even,
bt =< blapsa — 1)A(n+2) if nis odd and b, # 0,
bani2A(n 4 2) if n is odd and b,, = 0.

Since we will need these expressions several times, we compute from (7)
the values of ¢ at b*.

@(bA(n 4+ 1)) =0(b0%) = (gn+10 — Ppi1),
P(b(ant2 = 1)A(n +2)) =¢(bo - - - bn—1(bn = 1)0%) = (gni100 = pnt1)
if by, #0,
@ (bans2A(n+2)) =(b0¥) — (gna — py) if b, = 0.

(8)

Let further S,, be the set of strings b := by...b, € Eg X --- x E, which are
a-admissible. Then S, has cardinal ¢,,4+1 and the family F,, := {[b]; b€ S, } is
a covering of IC,, by compact subsets, called a-partition of rank n. We recall the
usual notation o(my,...,m,) for the boolean algebra generated by F,. Note
that F, 41 is a refinement of F,.
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Proposition 1. The map ¢ is increasing with respect to <, i.e. for all x
and y in Kq,
z <y = or) <ey).
For any admissible distinct words b and V' we have ¢([b]) = [@(b™), o(bT)] and
o([b]) N p([t]) is either empty or a singleton.

Proof. We first notice that by definition of b~ and b we have b~ < x <
< bt for any z € [b]. Recall now that ¢ o — p, = (=1)"|gn — pp|. Then (3)
yields
p([b]) € [p(07), p(b7)].

In particular, p(b7) < ¢(b) < ¢(b") and, for b = A and by (8),
(9) —a = ¢(A(0)) < p() < p((a1 — A1) =1 -«

for all z € Ky: the map ¢ takes its values in I(a).

Let < y two distinct elements of IC,. There exists a unique word b such
that 2ox1 ... 20 = YoU1 - .- Yn = b and (—=1)" "z, 1 < (=1)"Tly,11. Then, we
have © < (bxny1)" and (by,i1)” < y. Assume for instance that n is even:
Ynt+1 < Tpy1 and we have by (8), noticing that x,+1 # 0,

o(y) — (@) = ¢((bynt1)”) — o ((bzns1) ") >
2 o(bynt1A(n +2)) — e(brns1(ants —1)A(n +3)) >
> (yn+1 — Tp41 + 1>(Qn+1a - pn+1) > 0.
The case n odd is similar. It follows that if b and b’ are distinct strings of
Sy, the intersection @ ([b]) N @([V']) is either empty or reduced to one element.

Moreover, any positive integer m fulfills ¢(m) = ma (mod 1); thus ¢(K,) is
dense in I(a). Since it is compact, p(Kq) = I(a) and ¢([b]) = [p(b), @(bT)].

3.2. The canonical Ostrowski expansion

Proposition 1 ensures that any real number z € I(a) admits a repre-
sentation given by the series (6), called Ostrowski a-expansion and that this
representation is unique, except if z = (b*) for some b in S,, for some n. For
fixed n, a direct application of (8) and ¢(b) = (bo+b1g1+- -+ bnan) o (mod 1)
shows that

{p(b7)(mod 1);b € 8S,} ={p®")(mod 1);b €8,} =

(10)
={-ma(mod 1);1<m < gui1}-

That remark and Proposition 1 yield the following
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Proposition 2. Let t; = —a and for any integer n > 2, let t,, be the point
in I(a) congruent to —no(mod 1). Let ty =& <& < ... <&, =1—a be
the increasing indexation of the set of points {1 —a}U{t,;n=1,2,...,¢ns1}
and let Z,, be the covering of I(a) given by the set of intervals [k, Ekt1], 0 <
<k< dn+1 — 1.

(i) The map ¢ establishes a 1-1-correspondence between F,, and Z,.

(i) The real numbers of I(«) having more than one preimage by ¢ are exactly
the points tp,, m > 2. Explicitly, for ¢, < m < ¢ny1 and b = by... b, =
= (Gnt+1 — m), there are two preimages, namely

—ma = @(bA(n+1))
= QD(bO . bnfl(bn + 1)(an+2 — l)A(n + 2))

(11)

After Lesca (see [35]), we conventionally define the canonical expansion of
—ma mod 1 as the expansion (11) which terminates by an infinite string of the
form A(2¢) = (Oage+2)(0agets) - .. In other words, for every n and every b € S,,,
b~ is always the canonical a-expansion of ¢(b~). Notice that for m = —1 the
expressions (11) give —a and 1 — «, as shown by (9). We thus have proved the
following.

Proposition 3. (J. Lesca) Fvery real number £, with —a < £ <1 — «,
has a unique canonical Ostrowski c-expansion, i.e.

+oo
(12) §= an(fha_pn)v

n=0

where 0<x9g<a;—1, 0< 2, <agy1, for k>2,

2 =0 if Tpp1 = apqo,

Xog F Gok+1, for infinitely many k (this last condition being removed for £ =
=1—-a)

Remark 1. The expansions (12) have alternate signs. In [27] S.Ito shows
that every real number £, with —a < £ < 1—«, has a unique positive expansion

+oo
(13) §=a+> ynlgna —pal,

n=1

where 0 < yi < aj for each kK > 1, ypy1 = 0 if yp = ax and yi # ay for
infinitely many k. Both expansions are extensively studied in [50] as coming
from a Markov compactum in Vershik’s terminology.
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3.3. Metric properties of the dynamical system K,

Let ¢ : I(a) — K4 be the map which associate to a real number £ in
I(«) its canonical expansion, i.e. ¥(£) = z if and only if the series p(z) is the
canonical expansion of &.

Proposition 4. The map ¢ : I(a) — K, is a right inverse of ¢ and
continuous at each point of I(a)* := I(a) \ {tm; m > 2}. Moreover, 1 is
right-continuous everywhere.

Proof. By construction, pot) =1Id. Let £ € [(a) and x = 2o ... Tp ... =
= ¢(&). For n > 0, let U, = [x¢...2,] and V;, = ¢(U,). Then ¥(V,,) C U,
for each n. If &€ € I(a)*, (V) is a basis of neighborhoods of £, hence the
continuity of ¢ at £&. The same argument shows that 1 is right-continuous at
any point.

Remark 2. The alternative choice of (11) for the canonical expansion
would have yielded to left-continuity of .

Let R, denote the translation of angle o on [—a,1 — @), i.e. Ry(t) :=
:=t+ a(mod 1). In the next theorem, we retrieve results from the folklore of
the nineties, and collected in [50].

Theorem 2. The flow (Ky, ) is strictly ergodic. If po is the unique
T—invariant probability then ® : x — @(x) (mod 1) (see (6)) realizes a fini-
tary isomorphism between (Ko, T, fio) and the translation ([—a,1 — a), Ry, A).
Moreover, if ||-|| denotes the distance to the nearest integer and an a-admissible
string b="bq...b,, then

1) pal) = o(6%) = p07) = { frefi + el 4 =0

for any admissible word b = by . . . b,,. Furthermore, if m, is the random variable
defined on the probability space (Ku, tta) by mn((x0,x1,...)) := xy, then the
sequence of random variables (my,)n>0 forms an inhomogeneous Markov chain
with transition probabilities (with n > 1)

(15) fa(my =a|mp_1 =d) =

||ané|| + HQn+1a||

an—1e] + |lgnal|

llgnall + [lgn+14]]

||Qn—105”

= |lgne]]

lgn—1al] + [lgna]]
||gne||

||gn—1c]]

0

ifa=a =0,

ifa=0andad >1,

ifa>1anda =0,

ifl<a<apyr —1andd > 1,

otherwise,
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and distribution given, for n > 0, by
@n(|lgnall + llanral]) ifa =0,
(16) ,uoz(ﬂn = a) = qn||Qna|| if1<a< any1 — 1,

(In71||QnOé|| Zfa = Qp+1-

Proof. By construction, ® is continuous and verifies ®(7(n)) = ®(n) +
+a (mod 1) for all positive integers. Hence, by continuity we obtain ® o7 =
Ry 0 ®. From Proposition 1 and 2, the inverse of the restriction @ ko is given
on I(a)* by .

Let i be a Borel measure of probability on K, such that go7~! = . First
notice that since by construction 7 does not have any cycle, x is non atomic. Let
vi=po® 1 then voR 1 = po(®or) ! = (uo771)o® ! = s0o®~! = v. Hence,
by unique ergodicity of R, the measure v is the Lebesgue measure A\. By
Proposition 2 and for all b € S,,, o~} ([p(b7),(bT)]) is constituted by [b] and
one or two more elements, hence u([b]) = @(b") — (b™). Thus pg := p is well
and univocal defined. Formulas (14) are then immediate consequences of (8)
and of the classical equalities ||gna|| = |gna — pn|. The system of equations (3)
ensures that for given (a,a’) and finite words W and W’ of length n and n’
respectively, the word Wa'aW’ is admissible if and only if Wa’, 00a’a and
0+ aW’ are themselves admissible. Let bgbs ...b,_2a’a be an admissible
word. Then, for any N > n,

#{m < qn ; M € [boby ...by_2d a]} _ #{m < qn ; en—1(m)e,(m) =d'a}
#{m < qn ; ™ € [boby ...by_20a']} #{m < qn ; en_1(m) =a’}

)

hence po(mp =a | mpo1 =a , Tp_o =bp_2,...,m0 =by) = pa(m =a | Th_1 =

= a’) by unique ergodicity of (K, 7) and passing N to infinity. Taking arbitrary

boby .. .by_2, one deduces formulas (15) from (14) without any computation.

Formulas (16) follow from the summation p(m, = a) = Y p([ba]), where the
b

summation is taken over the strings b = bgb; . .. b, _1 such that ba is admissible.

We have established the uniqueness of p, := p and given its value on
cylinder sets. It remains to show that we have an isomorphism in the sense
of 1.2. That is done by considering the almost topological dynamical systems
(K,Ke,7) and ([—a,1 — ), [-a,1 —a) \ (Za+ Z), R,): since the exceptional
sets are countable and both measure non-atomic, K2, and [—a,1—a)\ (Za+Z)
are dense G subsets with full measure of K, and [—«, 1 — «) respectively.
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Remark 3. Summing the relations (16) over a for fixed n gives the
classical formula

qn+1||qna|| +Qn||Qn+1aH =1

which ensures
ans1llgnal| + [lgnrral] = lgn—10]| .

‘We will use then.

4. Induction of the a-odometer

The second family of dynamical system we look at is that obtained by
induction of the a-odometer on cylinders. It turns out that the induction
is still a rotation on T, the angle of which can be computed explicitly. For
this purpose, we first study the sequence of return times to a cylinder. This
sequence can be entirely described in terms of continued fractions of real
numbers strongly related with «. Notice that since the a-odometer is a rotation
and since the cylinders correspond by ® to intervals of length belonging to
Za (mod 1), the situation is related with bounded remainder sets, for the
induction on which we refer to [22].

4.1. Return times

Let n be a positive integer and let C' := [bob; ...b,—1] € F,,. Recall that
for € C the first return time to C' is r(xr) = min{s > 1;7°(z) € C}. The
sequence of (consecutive) return times is recursively defined as the increasing

sequence of positive integers (rk(x)) >1» Where

ri(z) =r(x) and ri(x) = T(TT’“*I(”J):E).

We denote by M,, = [0(”)} the cylinder corresponding to bg = b1 = ... =
= b,_1 = 0 and we first deal with C' = M,, — the integer n remaining fixed
until further notice. Then r(x) is equal to g,—1 (resp. ¢,) whenever x,, = a1

(resp. @ # any1). Thus we can look at the sequence (ry(x)), ., as an infinite

word on a two letters alphabet {qn,l, qn}, W (x) say.
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First, we claim that the word W := W(0%) is given by the limit of its
sequence of prefixes (W )r>n obtained by the initial values and the recursive
formulas

Wy, = qns

(17) Wit = (qn)* 1 g1,
Wi = (Wg_1)®*Wyg_o for any k > n + 2.

Formulas (17) follow from the interpretation of Wy, (for k > n) as the word of
the return times to M,, up hitting M. Notice furthermore that Wy, is a prefix
of Wi1, hence the existence of lim Wy.

We now look at the frequency of letters in W. Define |Wy| and |Wg]o to
be the length of W}, and the number of occurrences of g, 1 in Wy, respectively.
Both sequences satisfy the recurrence relations uy = agur_1 + ug—_2; moreover,
[Walo = 0, [Wiptilo = |[Wa| = 1 and |Wyt1| = ant1 + 1, which show that
the quotient |Wg|o/|Wk| is equal to the finite continued fraction [0;an41 +

+1,an42, Gnt3, - .-, ak]. Consequently, lim |Wy|o/|Wk| exists and is equal to
pn=10;an+1 + 1, ani2,an43,...]. We claim that
(18) limi#{k <N 145(09) = qn,l} = Pn,

N N

the limit being uniform in j. In fact, W can be written as a concatenation of
copies of Wi,_; and Wy, for any k > n and |Wj| tends to infinity. Hence the
result by a standard argument.

In a second step, we are interested in the return times W(z) still to M,,
but from an arbitrary point z. Let x = O(")xnxnﬂ .. €M,NK. Split x as
follows:

Tr = O(n)BoBl e Bml—lmn+2m1 Bm1 e B7n2—11'n+2m2+1 e
(19)
$n+2mg_1+€72Bmg_1 T Bmg71$n+2mz+671 te

where (my), is a non-decreasing sequence of natural integers and the B,’s are
blocks of length 2 of the form Oa,, that is, more precisely, B; = 0an12;+¢+1
for my—1 < j < my. By convention, mg = 0 and the string B,,, , - By,—1 is
empty if my_1 = my. Then we have

(20) W(e) =

W, Wan+2'rn1+17w'n,+2'm,1 *1W Wan+2m2+2*ﬂin+2m2+1*1
n'n42my n+2m1—1" 4 omo+1

Wan+2m3 +3—Znt2mgt2—1

Wn+2m2 n+2msz+2 Wn+2m3+1 cee
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By convention, W,,_; is the word of length one W,,_1 = q,_1; if , = ap1,
then m; = 0 and the formula above gives W (z) = W,,W,71W,,_; ..., which
has to be conventionally understood as W(z) = W,,_1 ... No further negative
power can appear. Finally, note that for m; = z; = 0 for all j, one retrieves
W (0¥) = W. Furthermore, any prefix of W (z) is a subword of W and the limit
(18) also holds for z in place of 0 (those last facts are also direct consequences
of the study of the special case z = 0“ and do not need the explicit expressions
given above).

We deal now with a general cylinder. Let x € K, C' = [zg...2p_1] and
2 =0z, xy ... Iz, =0, then @g...2Tp_1E0Eny1 - .. belongs to Ky if
and only if 0 ¢, &, 41 ... does. Therefore, We(x) = W(a') (where We is the
infinite word of return times to C). If x,_1 # 0, then xg...2p-1&:&0+1 - -
belongs to IC,, if and only if &, # a,4+1 and 0(”>§n§n+1 ... € K,. The returns
of ' to M,, which yield a,,1+1 as n-th coordinate are coded by ¢,, followed by
qn—1- In that case, one returns twice to M, until hitting C'. Since there are
never two consecutive g,_1 in W(z'), We(x) is an infinite word on the two
letters alphabet {g,_1+ qn, qn} obtained by projection from W (z') first by the
substitution ¢,¢n—1 — ¢n—1 + qn, then by keeping the remaining ¢,’s.

Using (18), we have the following proposition.

Proposition 5. Assume x € K°. Let n be a positive integer and let C
be the cylinder set [xoxy...xn—1]. Then the sequence of return times of x to
C is given by an infinite word We(z) = wei(x)we2(x) ... on a two letters
alphabet, namely {qn-1,qn} if Tn-1 = 0 and {Gn, @n-1 + qn} otherwise. The
word W = Wy (0¥) is obtained as the limit of the words Wy, k > n defined

by (17) and all the other words We(x) can be explicitly described in terms of
prefizes of W. Furthermore, if x,—1 =0 ( resp. -1 #0), we have

1
hj{fn N#{k < N wekyj(z) = qn_l} =[0;ant1 +1,an42, -\ Qnik,-- |,

li]{]n %#{k < N5 wept () = Gnot + @n } = (05 Gng1, An2, - - Gngks - -
the limit being uniform in j and x.
The relation
[0;ant1 +1,ant2y - s @niky -]+ 1051, ang1,@ng2y ey @ik, -] =1
yields expressions for the frequency of ¢, in We(z), namely
051, @nt1,Qng2y .-y ngk,---] i Tp_1 =0,
0;1,an11 — L anta, oy @ik, -] if xp—1 #0and apeq > 2,

[0;ant2 + 1,an13, -y Qnik,--.] if 2p—1 #0and apy; = 1.
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4.2. Induced a-odometer

Let X be a compact subset of I, with nonempty interior. By minimality
of (Ka, ), the first return time r(z) = min{r > 1; 7"(z) € X} exists for
every x (r(:) is even bounded). Then the transformation 7 induces on X a
transformation 7' by T'(x) = 77®)(z).

For any a-admissible string b = boby ...b,—1, let us take X = [b] and
assume for a while that b,—1 = 0. Then r(z) € {¢n—1,qn}. Write

an+171
X1 = [bobl NN bn,QOanH} and X2 = U [bobl NN bn,QOG].
e=0

Let I = p(X), I = p(X1) and I, = p(X3). By Proposition 1, I, I and I are
intervals such that I = I; U I, and I; N I5 is a singleton. By Theorem 2 and
the discussion in Subsection 4.1, T is isomorphic to the application 7" : T — I
where T|/11 is the translation of ¢,_1a (mod 1) and Tl’I2 is the translation of
gno (mod 1). Since 7 is surjective, T is surjective, too, hence T” as well. Thus
T’ is a two intervals exchange transformation, hence a translation of 3 which,
after renormalization to the unit interval, is given by

All1) < fra(X1)
A(I) fa (X)
)

A(I)

) if n is even;

1 otherwise.

By ergodicity of (Kq, T, ita), B is also equal to the frequency of g,—1 in Wx.
Note finally that the case b,,_1 # 0 is similar with X; = [boby ... bp—1(any1—1)]
and Xy = X \ X; and we have proved the following proposition.

Proposition 6. According to the definitions above, the induced trans-
formation of T on the a-admissible cylinder [boby ...bn_1] is isomorphic to
the rotation of angle [0;an+1 + 1,an42y- s Qniky--.] f bp—1 = 0 and angle
[0; Gnt1y G2y - e vy Qngley - - ) 8f b1 # 0.

5. Differences of a-multiplicative sequences

From now on, we say for short that the sequence ( : N — C*, is a-
multiplicative if it is Ostrowski a-multiplicative and unimodular (see Definition
1). The letter ¢ will always denote such a sequence. For given ¢, the aim of the
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rest of the paper is the study of the topological structure and ergodic properties
of the flow F(() .

5.1. Difference flows

In this subsection we deal with the difference sequence A{. The aim is to
describe the flow F(A(). We prove in particular that it is strictly ergodic.

Lemma 4. Let ¢ be an a-multiplicative sequence. Let s be a non-negative
integer. Then there exists a countable family Bs of pairwise disjoint clopen
(closed and open) sets of Ko such that n— (A{(n),Al(n+1),...,A((n+s))
is constant on BNN for any B € By and

s+1

NcC | B=Ko\ ] *0)

BeB;

Proof. We use in the sequel the notation of Lemma 2. Assume first s = 0
and let

81:{[QTjk];T20,0§jSa:+1—1andk§ar+2—1},

where aj, = ay, if £ > 2 and a] = a; — 1. By Lemma 2, B, forms a partition of
Ko \ 771(0%). We deduce from 7([Q,jk]) = [07)(j + 1)k] that

¢4+ Dar)
2y A = Ha —Dclian)
whenever 1 € [Q,jk], which proves Lemma 4 for s = 0. Notice that in the
latter, the integer k does not occur, but we introduce the digit k£ to point out
in a convenient manner the constraint (j, k) # (0, a,42).

For arbitrary [b] € By, s > 1 and k < s, the sequence n — A((n + k)
is constant on 77%([b]) N N; thus n — (Al(n),Al(n +1),...,A((n + s)) is

constant on the intersection of N with [ 77 *[by] for any (bg, b1, ..., bs) with
0<k<s

[bx] € By for 0 < k < s. Since [by] is clopen, 77F[b;] is clopen, too (hence a
finite union of cylinders). Let

B, := {ﬂf’@[bk] cVk=0...5b 681}.
k=0
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Then
s+1

UB ﬂT IC\T IC\UT

BeB;
and B, answers the question.
Corollary 1. The sequence n — A{(n) has a unique continuous extension
to Ko \ 771(0%).
Clearly this extension, denoted in the sequel by (A()”, is unique and takes the

(G +1)gr)

C(QT - 1)C(jQT)
extend (A()™ at any point w in 771(0%) by continuity if it is possible, otherwise
by setting (A{)(w) = £y, where £, is the limit point of (A¢) at w which has
the smallest positive argument. In all cases, we get a u,-continuous function.

constant value on each cylinder [Q,jk| of the family B;. We

Theorem 3. Let ¢ be an a-multiplicative sequence and let A = ({(n +
+1)/¢(n))nen. Then the flow F(AQ) is strictly ergodic.

Proof. We first prove that F(A() is uniquely ergodic. Let s € N and
m = (mo,...,ms) € Z*T1. Put # = (A{(n)), with the notation of Lemma 1
and define the sequence

n(n) = xac,m(n) = AC(n)™A¢(n+1)™ --- A¢(n+s)™

s+1
By Lemma 4, 1 can be extended to a continuous function on I, \ ;Ul 7R (0v),

constant on B for any B € B, taking there a value np. Since the sets
7% (0%) are finite, 7 can be ultimately extended to a function 7 defined on o,
continuous everywhere with finitely many possible exceptional points. Hence
7 is p—continuous and

ti 5 Y 0 +0) = - nana(B) = [ i) da ),

n<N BeB; K
[e3

the limit being uniform in j. By Lemma 1, this shows unique ergodicity of
F(AC). The following general Lemma 5 below implies that F(A() is minimal.

Remark 4. The integral above can be explicitly computed in some
simple cases. Set m = (1). Then Xxacm = A(, which is constant on the
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cylinders [@Q,jk], j < aj, 1 — 1, k < ar42 — 1 of By, where it takes the value

¢(( +1gr) 1
———=————~_ Therefore, the mean values + A((n) converge to
o — DCGar) VL e

Jaran =3 ) Z <q]_+11q’”) o([Qrik)) =

)CGan
r=0 k=0  j=0
(229
%) 7‘+1
(G +Dgr)
=) llg-all
; Z CQT_l (]qr)

Lemma 5. Let X andY be compact metrizable spaces and let T : X — X
be a continuous map such that the flow (T, X) is minimal. Let {B;; i € I} be
a countable family of open pairwise disjoint subsets of X such that |J B; = X.

i€T
Then for any map I' : X — Y which take constant value on each set B; and

for each point x € X such that T™(z) € |J B; for alln € N, the flow F(vz)
€L

associated with the sequence v, = (I'(T"x))n>0(€ YN) is minimal. Moreover,
if v’ € X also satisfies T™(x") € |J for allmn € N, then O,, = O, ,.
i€T
Proof. Let € X such that T"z € |J B; for all integers n > 0 and any
i€T

k >0, let i(k) be such that T*z € Biky- We have to show that the sequence v,
is uniformly recurrent or equivalently that for all open set V in YN such that
VNO., # 0, theset {k € N; o*(7,) € V} has bounded gaps. Let V be such an
open set, then there exists n > 0 satisfying 0™ (~,) € V and consequently there
are open sets Vp, -+, V, in Y such that Vox ... xVoxYN c V and I'(T"*z) €
€Vifor0<j<s Let W= Bz(n) N TﬁlBi(n_i_l) Nn...N TﬁsBi(n_i_s). Notice
that W is a nonempty open set and that

{(keN; TFz e WY c {keN; o"(y.) € V}.

By minimality of (7, X), the set {k € N; T*xz € W} has bounded gaps, and
so is for the set {k € N; o¥(v,) € V} as expected.

To complete the proof, let 2’ € X such that T"(2") € |J B; for all n > 0.
€T
By density of {T%x; k € N}in X and continuity of T, there exists an increasing
sequence of natural numbers (n;); such that (o™ (’ym)) converges to y,s. Thus
Yer € O, and finally O, = O, ,.

Corollary 2. For any x € Ko, O(AC) = O(n — A((m"z)).
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Proof. Choose in the above lemma X = K, Y = U, I' = A(’, with the
family By. If x € K, the equality of the corollary is just O(A() = O.,., = O, .
If z € 77%(0%) for a given k > 1, by construction yoo = o¥v,. It remains
to prove that v, € O,,.. Let w = 7871(z) and let (m;); be an increasing
sequence of integers converging to w in Ky, such that lim A¢(7(1h;)) = A{(w).

J

Using the continuity of A at each point 7™ (z), n € N\ {k — 1}, we obtain
lim g™ ~F g = 7.
J

We can now refine Theorem 3.

Theorem 4. The flow F(A(Q) is either constant or almost topological
isomorphic to (Kq, 7).

We first establish a general lemma.

Lemma 6. Let h denote the Haar measure on T and let V' be a nonempty
open set in T such that:

1. h(0V) =0 (where OV denotes the boundary of V'),

2. h(V) <1,

3. 'V splits the torsion points of T, i.e. for all torsion points r # 0, if
V+r=V h-ae., thenr =0.
Then the map

9:T — {0, 1}
x> Yy = 1y (z +n-a))n>o0

(where 1y () is the indicator function of V) is continuous at each point in
E=T\ U R, "(0V) and its restriction on E is one-to-one.
n>0

Proof. The continuity property of ¥ follows from that of R,. Choose x
and y in F and assume ¥, = ¢,,. Equivalently, for all integers n, the equalities
1y (xz + n-a) = 1y (y + n-«) hold. The condition h(0V) = 0 ensures that 1y is
h—continuous. Then unique ergodicity of (T, R,) yields

. 1
/|1V(x+t) —1y(y+1t)|h(dt) = 1\}51100 N ;\, |1y (z +na)— 1y (y+na)| =0.
T n

Thus V+2z =V +y h—ae. Since 1 < h(V) <0, x — y cannot be irrational
and the last condition finally gives z = y.

Proof of the Theorem. Let
EC : /Ca — OA(

(23) z— v, = (AC(T"2))

n>0"
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By Corollaries 1 and 2, the application Z¢ is well defined, continuous at each
point in K, and O,,, = O for all z € K. Moreover, we have a commutative
diagram expressed by the relation o o E¢ = E¢ o 7.

Assume that F(A() is not constant. By Theorem 2 and Lemma 4, there
exists v € U such that

V= |J eBnky)
BeB;
A¢(B)={v}
is a nonempty open subset of | — o, 1 — o[ with non-full measure. Furthermore,
V is a finite or countable union of disjoint open subintervals of the form J¢,, ¢, |
which eventually accumulate to —a or 1 — « (notation of Proposition 2). Thus
OV C {tm; m > 1} U{l — a} and it has measure zero. Therefore, the
assumptions of Lemma 6 are fulfilled (after identifying T with [—a,1 — «)),
Z¢ 01 is one-to-one on I(a)* and = is one-to-one on K.

We claim that the inverse bijection of Z¢ (restricted to KZ), which is
defined on ¥ := EZ.(K2°), is continuous. Recall that if X and Y are metric
spaces, D a dense subset of X and f : X — Y, then f is continuous on
X if and only if for any * € X and any sequence (d,), of D converging
to x, we have lim f(d,) = f(z). Let 2 € K; by construction Zq(z) =

o

= flliiri(AC(n), A¢(n+1),...). Let (m;); be an increasing sequence of integers
such that (Z¢ (mj))j converges to Z¢(x). We have to show that lijr_n m; = .
By compacity of K, we can assume that y := 1ijrn(mj) exists. If y € Kg°,
continuity and injectivity of =; ensure that y = =. If *(y) = 0¥ for some
k, then o*(lim; E¢(1n;)) = o*z = A(, hence 7%z = 0% (by injectivity, since

0 € K£3°), which is not allowed. Thus = realizes an homeomorphism between
K2 and X.

We prove now that both I3 and ¥ (C Oa¢) are countable intersections
of dense open subsets of compact spaces. It is obvious for K£S°. For 3, note
that the elements of Oa¢ \ ¥ are exactly the lim o™ (A(), where (n;); is an

J

increasing sequence of integers with limn; € 77*(0%) for some k > 1. Thus
J
Oac \ Y= U Gik(AC)
E>1

Let w € 771(0%) and let L, (¢) be the set of 2 € U such that there exists
an increasing sequence of integers (my)r which converges in K, to w and
liin A((my) = z. Tt follows by construction that

lim o™ (AC) = (2, A¢(0), AC(1), AC(2), ).
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Reciprocally, any sequence (z,A() := (z,A{(0), A{(1),A(2),...) with z €

S U L., belongs to Oa¢, so that
weT1(0w)

U_l(AC) — U {(z,AQ); z € Lw(¢)}

weT—1(0w)
and more generally, for any k > 2:

o M(AQ) =

= J {AW),...,AC"),2,A¢(0), AC(1),...); 2 € Lyr-1,}.

veET—F(0v)

In particular, Oa¢ \ ¥ is a countable union of compact sets of empty interior.
The underlying almost topological dynamical systems are (K%,7) and its
image (Z¢(K2), o), hence = realizes an almost topological isomorphism between
(Ka,7) and (Oac,0).

For the sequel we need to extend Egl at all points of Oa¢ (and use

abusively the same notation). In fact, if £ € o0~ %(A() we have

£ = (ACW), ..., AQ(T"2v), 2, AC(0), A¢(1), .. )

with 7%(v) = 0%. There are two possible values for v; we fix one of them by
assuming 771 (v) = 0az0a40ag - - -. Now we put Ec_l(f) = .

Theorem 4 has two interesting corollaries. The first one will be useful in
the next sections and follows actually from Theorems 2 and 4. The second
one extends to a-multiplicative sequences the following result: a sequence f is
both p- and g-multiplicative for coprime integers p and g, if and only if, Af
is constant (and consequently there exists § € U such that f(n) = 6" for all
n € N).

Corollary 3. Let (my) be an increasing sequence of integers. Then the
following propositions are equivalent:

1. The sequence (6™ (AQ))y converges to A¢ in Oac.
2. The sequence (myg-a) converges to 0 in T.
3. The sequence (myg)g converges to 0¢ in Cy.

Corollary 4. A sequence ( is both a- and B-multiplicative for distinct

irrational o and B in [0,1/2] if and only if AC is constant.

Proof. If A( is constant, then ¢ = ¢(1)" for any integer n > 0. Therefore
¢ is a-multiplicative for any «. Conversely, if A( is not constant and if
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¢ is a-multiplicative, then Theorem 4 ensures that F(A() is isomorphic to
([~o,1 — @), Ry), which is isomorphic to ([0,1),Rg) only for 8 € {«o,1 —
—al.

6. a-multiplicative flows

6.1. Relation between F(A() and F(()

We first need to recall some basic facts about skew products. Assume that

G is a compact metrizable group and let hg be its Haar measure. We identify
GN with GN x G by means of the map J : GN — GN x G defined by

(24) J(gO7gla.92a"') = (Ag?go)a

where g = (go,91,...) and Ag = (g195", 9297 ",---)- Readily J is an
homeomorphism of inverse map

J 7 ((ho, b)) = (v, hoy, hihoy, hahi oy, - . )

and we let the reader to verify that the full shift 7(G) is topologically conjugate
under J to the skew product

F(@)O,,G = (GN x G,0d"),
where 7y : GN — G is the first projection and

a'((90,915---),7) == (a(g0, 915 - - -), M0 (g0, 91, - - -)7) = (91, 925 - - -), GoY)-

For notational convenience, we shall omit 7o in the sequel and note F(G)UG
for the skew product given by my. Moreover, for each v € G, let g — g -7
denote the G-action on GN given by

(90,91, 92,--) v = (907, 917, 9275 - - -)-
We refer to [13] and [41] for more information on the subject in a more
general setting. Note that the map g — Ag is continuous, surjective, commutes

with the underlying shifts, and that for any g € GN,

A(Og) = Ong-
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Lemma 7. Let g € GN. Then J(Oy) = Oay x G if and only if
(25) VyeG, g-v€0,.

If it holds, then the flow F(g) is conjugate (by restriction of J to Oy4) to
F(Ag)UG = (Opg x G,0").
Proof. The inclusion J(O4) C Oay % G is trivial. The characterization

of the inverse inclusion is based on the observation that Ag = A(g - ~) for all
g € GN and all v € G, hence J(g-7) = (Ag, goy). Assume (25). Then

J(Og) D J({g-7v;v€G})={Ag} xG,

hence J(O4) = Oay x G. Reciprocally, assume the equality J(Oy) = Oag x G
to hold. Then, J~'(Ag,goy) = g-7v € Oy, and (25) follows. The last part of
the lemma is a consequence of its first part and of the discussion above.

Example 1. We have already met the case where A( is constant, say equal
to #. This corresponds to {(n) = 8™. Let G = U(#) be the closed subgroup
of U generated by 6; Property (25) is verified and F(A() = ({(0,6,0,...)},0)
is trivial. We then retrieve a classical result from Lemma 7 which says that
F(¢) is topologically conjugate by means of the first projection O — G to the
translation x — 6z on G. Note that this translation is uniquely ergodic.

If A( is not constant, the possible existence of a continuous extension of
¢ on K, will play an important role in the study of the flow F(¢). The next
lemma is interested in that topological property.

Lemma 8. Let ¢ be an a-multiplicative sequence. Then the following
propositions are equivalent:
(i) lim sup [((n)—1|=0.
k—o0 neM;,
(i) The sequence (¢ o S)x is uniformly convergent, where

Sk(z) :=eo(x)q0 + - - + ex—1(x)qr—1

forxz e K,.
(i1i) The sequence ¢ can be extended to a continuous function on K.

Proof. (i) = (ii) by Cauchy’s criterion.

(ii) = (iii): for given k, the function ¢ o Sy, is constant on the cylinders of
the a-partition Fj_1 (see Subsection 3.1). Thus ¢ o Si is continuous and its
uniform limit is continuous, too.

(ili) = (i): assume that limsup sup |{(n) — 1| > 0. Then there exist
ne My

increasing sequences (n;); and (k;),; of positive integers and a real constant
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k such that n; < qx;, 741 € Mg;41 and [((n;) — 1] > & > 0 for all j. By

construction, for all (j,k,¢) € N3 with j # k, we have e;(n;)ee(ny) = 0. Let

x € K defined by Sy, (z) = (Z nj> * for any index m. Then the sequence
§=0

(¢ o Si(x))r does not converge and ¢ can not be extended to a continuous

function at the point x.

The flow F(¢) when ¢ has a continuous extension on X, is of a particular
interest.

Theorem 5. Let f: K, — U be a continuous map such that the sequence
¢ :n— f(n) is a-multiplicative. Then the flow F({) is topologically conjugate
to F(AC) — the conjugation map being realized with A (restricted to F(()).
Moreover, the map Z¢ : Ko — Oac (see (23)) is continuous, surjective (and
realizes an almost topological isomorphism of the underlying flows).

Proof. Tt is clear that A is a continuous epimorphism of flows from F(¢)
onto F(A(). In order to prove that A is one-to-one on O, let us first notice
that due to the continuity of f we have

Oc ={(f(T"2))nz0; = € Ko},

Let £ and ¢ be in O, and suppose that A(§) = A(¢'). There exist « and
z' in K, such that £ = (f(7"x)), and £ = (f(7"2')),. Assume z € K; if
x' € K, using (23) and the proof of Theorem 4, we obtain 271 (A¢) =z = 2’
If 2/ € 77¥(0¥) for an integer &’ > 1, by construction o (A(£')) = A(, hence
210" (A(E))) = 0¥ = 7F'2/ = 7%z in contradiction with the assumption on
x. Finally, suppose there are positive integers k and k’ verifying x € 77%(0%)
and 2/ € 77* (0%). We may assume k' > k and now 2~ (o¥'¢') = 21(A¢) =
= 0¥ = 7% (z); consequently k = k' and &, = &, for any n > k, but we also
have &, = &/, if 0 < n < k by the product formula

S ) f0)
(B8 (Ab)k— flrnx) f(rntlx) f(r*12)

= f(r"z)"t = ¢t

We have proved that A is a continuous and bijective map between the compact
spaces O¢ and Oa¢, hence it is an homeomorphism as expected, which
commutes with the corresponding shifts. The last part of the theorem is clear.

Remark 5. If f separates the two points of 771(0“), then the map =
= (f(r"x)n from K, to O¢ realizes a topological isomorphism between the
a-odometer and the flow F ().
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Remark 6. Let G be the closed subgroup of U generated by ((N). Under
the assumption of Theorem 4, the skew product F(A{)UG is certainly not
minimal. In fact, the image of O¢ by J is a nontrivial shift invariant compact
subspace of F(A¢)UG, and according to a result of H. Furstenberg [23] the first
projection p on Oa¢ is a continuous coboundary, namely p(y) = c(oy)/c(y) ,
where ¢(+) is the continuous map defined by

c(y) = (A7 (y))o (y € Oac).

6.2. Topological essential values

From now on, we fix G = G(() (the closed subgroup of U generated by all
the values of ), g := ¢ € G(¢)N, and apply the general discussion above to this

case. For k € N, recall that My = [0%)], and set (M) = {C(n); 7 € My}

Definition 4. The elements in

(26) G1(¢) = [ ¢(My).
k

are called topological essential values of C.

The following proposition collects facts about G1(¢) and F(¢), which are
bounded up with each other.

Proposition 7. The set G1(C) of topological essential values is a compact
subgroup of G(¢), and

Gi(()={v€G((); (- 7€} =
={y€G(); (A(y) € J(F(O)} =
={v€G((); O¢y = O}

The flow F () is surjective. The closed orbit O has isolated points if and only
if ((n) = p™ for every n and some root of unity p. Furthermore, the characters
X of G({) such that x o admits a continuous extension to Ko, are exactly those
whose restriction to G1(¢) is trivial. Eventually, the following propositions are
equivalent:

1. G1(¢) = G(Q).
2. For any z € G(C), -z € O¢ (Condition 25) of Lemma 7).
3. For any non-negative integer k, the set ((My) is dense in G(C).

4. For any character x of G(C), if x o ¢ can be extended to a continuous
function on Ky, then x is the trivial character.
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Proof. Obviously, G1(¢) is a compact subset of G({) containing 1. Let be
(2,2") € G1(¢)?. Due to the particular structure of the decreasing sequence of

compact sets ((My,), we are able to select two increasing sequences of integers
(nj); and (k;); such that , n; € My, with n; < qx;,,—1, lim((n;) = z and
J

li;HC(TLQj_;'_l) = Z/. By COIlStI‘uCtiOIl7 C(n2j+n2j+1) = C(ngj)C(n2j+1) € C(ngj)~

Passing to the limit leads to 2z’ € G1(¢). Thus G1(¢) is a submonoid of U.
Since G1(() is compact, it is either equal to U, (the group of ¢-th roots of
unity) some £ or to U.

The flow F(() is surjective if and only if ¢ € o(O¢). For this purpose, we
prove that there exists an increasing sequence of integers (my ), such that o™+ ¢
tends to (. Using the above method, we can build an increasing sequence of
integers (my)y, with my € My, and li;n((mk) = 1. But ((n+my) = {(n){(mg)

if 0 < n < g, proving that lilgn o™ ( = (. Consequently, O has isolated points

if and only if it is periodic, that is if {(n) = p™ for every n and some root of
unity p.

For v € G(¢), ¢y belongs to O, if and only if there exists an increasing
sequence (my) of integers such that ¢™*+( tends to ¢-y. By Corollary 3, that
is equivalent with 1y tends to 0 and ((mg) tends to v, hence the equality
G1(¢) ={v € G(¢); ¢-v € Oc}. The second equality then follows from the
commutation J(o™ () = (6™* A, my). The third equality is a straightforward
consequence of the first one.

Let x be a character on G(¢). Lemma 8 applied to the a-multiplicative
sequence Y o ¢ shows that

X (ﬂ <<Mk)> =(Vxo¢(My) = {1}
k k

if and only if x o ¢ can be extended to a continuous function on K, hence the
characterization of these characters.

For g = ¢ € G(¢)N Condition (25) becomes: for any z € G(() there exists
an increasing sequence (m;); of integers such that (¢"(); tends to ¢-z when
j tends to infinity. The equivalence between the conditions is then immediate
from the first part of the proposition.

6.3. The structure of the a-multiplicative flow F(()

We are ready to give a full description of the flow F({). The next theorem
deals with the easy case where G1(¢) = G(¢) and follows easily from the above
study except for the minimality.
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Theorem 6. Let ( be an a-multiplicative sequence such that A is not
constant. The flow F(C) is topologically conjugate (by J) to (F(AC) X G,0’) if
and only if for any integer k > 0, ((My) is dense in G({). In that case, F({)
is a minimal flow almost isomorphic to (Ko x G(C),T¢), with

T : Ko X G(¢) — Ko x G(C)
(z,7) — (r2,7A(2)),

the almost isomorphism from (F(AC) x G,d’) to F(C) being given by
H({E, ’7) = Jfl (E'C(:C)v 7)'

Proof. We only prove the minimality of F'(¢). Choose € > 0 and a positive
integer s. By density of ((My) in G({) for any integer k and precompacity of
U, there exists a finite subset A = A(s,¢) of M,41 such that

(27) VzeG(), JaeA: |z—((a)<e.

Choose an integer ¢t such that eg(a) = 0 for all @ € A and all k > t. Let
m € Mgii4q. Taking z = ((m) in (27) shows that there exists a,, € A

with |C(am) — ¢(m)| < e. Hence, for all integers j, 0 < j < g¢s, one gets
IC(7) — (4 + am +m)| < &, so that

{am +m;m e Mgyip1} C Ve(s,e).

But A is bounded and M ;.41 has bounded gaps (see Section 4); therefore
Ve (s,€) has bounded gaps, too.

We now extend the above result to the general case.

Theorem 7. Let ¢ be an a—multiplicative sequence such that A is not
constant and let G1(C) be the compact group of topological essential values of .
Then: (i) there exists a continuous map fo : Ko — U such that the sequence
Co : n = fo(n) is a-multiplicative, (1 := (/o takes its values in G1(¢) and

G1(G1) = G1(Q);
(ii) the flow F(C) is minimal, almost topologically conjugate to (F(A() x

xG1(C), o) with
o"(9,7) = ( (g)mgofo(gcl(ag))> .

In particular, if A(y is constant, equal to 6, then F({) is almost conjugate to
the direct product F (o) x (U(0), z — 20);
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(iii) assume that ¢ = (1o with {; a-multiplicative, Ay not constant, and
Co can be extended to a continuous map fo : Ko — U. Then G1(¢) = G1(¢1),
and the flow F(C) is almost topologically conjugate to the flow F((1);

(iv) Let ¢ = (1¢o be a factorization as in (i), then F(C) is almost
topologically conjugate to (F(AC) x G1(¢),d’).

Proof. (i) If G(¢) = G1(¢), the function fy = 1 answers the question.
Thus we may assume G(¢) # G1(¢). Therefore G1(¢) = Uy for some ¢ > 1.
Since G1(¢) is the decreasing intersection of the closed sets ((Mj) in a compact

space, those tend to G1(¢) for the Hausdorff distance. Consequently, there
exists an integer k such that

(28)  Vne My, 3G(n) € Up: [C(n) — Gi(n)| < é| explin/b) — 1],

the choice of {1(n) being unique. For n € My and k1 > k, let n1 = ex(n)qx +
+---+ek,—1(n)gr,—1 and ne =n —ny. Then

[€1(n) = G (n) G (n2)] < [C(n) = C(n)] + ¢ (1) = C(na)] + [Cr(n2) — ((n2)],

showing that (1(n) = (1(n1)¢(n2) by (28). Finally extend (; to N by
Ci(n) = Gleg(n)gr + exr1(n)qr+1 + -+-). Then (; is a—multiplicative and
Lemma 8 shows that (o = ((; 1 is extendable to a continuous function f, on
Ko- Moreover, by construction, ¢; (IN) = G1(¢) = G1(¢1) = G((1) = Uy.

(#) The minimality of F({) can be derived from a suitable modification
of the proof given in Theorem 6. Let {; and (o be as in (i) and choose € > 0
and ko > ki such that the inequality k& > k¢ implies |1 — (o(u)| < e/2 for
any u € M. Fix an integer s > 1 and a subset A = {ng,...,ne_1} of Mgy,
such that the Hausdorff distance between (;(A) and G1(¢) is less than £/2.
Choose an integer ¢t > ko such that ex(a) =0 for all a € A and k > ¢. For any
m € Mgi4qq there exists a,, € A with |(1(am) — ¢1(m)| < /2. Therefore, for
any integer j € {0,...,q; — 1} we can write

1€() = ¢ + am +m)| = |C(5) = C(H)¢(am)S(m)] = [1 = C(am)((m)] <
< 1= Glam)C(m)] +[1 = Golam +m)| <e,

so that the inclusion
{am +m; m € Mgpip1} C Ve(s,e),

holds and implies that V(s,¢) has bounded gaps.
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The flow F(() is topologically conjugate to the compact o’-invariant subset
J(O¢) in F(AC) x G throw the map J : G(O)N = G(¢)N x G(¢) given in (24).

Introduce the almost automorphism

A (9,7 = (9.76(E(9))

of F(AQ) U, G := (GN x G, ") to obtain Ao J(F(¢)) = F(AC) x G1(¢). Then
F(C) is almost conjugate by Ao J to (Oac x G1((),0”) with

(29) o"(g,7) = ( (9) wofo(”‘l( ))>.

If Ay is constant, equal to 6, then Oa¢r = Oa¢, -0 and a short computation
gives 0”(g,7) = (0(g),70). Identifying Oa¢, with Oac by & — &6, the
transformation (29) viewed on Oa¢, x G1(¢) is topologically conjugate by
(g,7) = (A7(g),v) (Theorem 5) to the direct product F((p) x F(n — ™).

(#4i) The equality G1(¢) = G1(¢1) is a straightforward consequence of the
definition of essential topological values. Let Q : O, % O¢ be defined as
follows. Let & be in O¢,. If A € Y7 := Oag, \ U o ®(A¢) there exists a

/-\

unique z € K° such that E¢, () = A and put

(30) Q&) = (fo(T"x)E(n))n>0-

Thus we have proved the almost isomorphism we claimed.

Nevertheless it is possible to extend @ to the whole closed orbit, what we
do now. If A¢ ¢ Y7, there exists k > 1 such that o*A¢ = A(; and we know
from the proof of Theorem 4 that A has the form

(AC(W), ..., AT 20), 2, AG(0), AG (1), ...)

with v € 77%(0%) selected as v = Eal(Ag), and z € L x-1(,)(¢1). Then, put

(31) Q&) = (fo(T"v)&(n))n (€ Oc),

so that a*Q(¢) = (z,2¢(1),2((2),2¢(3),...). The map Q commutes with the

corresponding shifts, is continuous at each point of A=!(Y;) and one-to-one

on A71(Y;). By interchanging ¢; and ¢, and after replacing fo by fo we can

define an analogous map P : O — O, which is continuous and one-to-one on

A7HY) with Y := Oac \ U 0 %(A¢). In fact Q(A~1(Y1)) = A~L(Y) and
k>1

PoQ(&) =€ for any € € A~1(Y7). This ends the proof of (iii).
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The assertion (iv) follows from (ii) and Theorem 6.

Remark 7. Property (i) in Theorem 7 shows that L,({) = fo(u)G1(¢)
for u € 771(0¥). This property is particularly interesting when G1(¢) = Uy.
In that later case, if ¢ = ({(|) is another factorization with G(¢}) = G1(¢) and
¢} extendable to a continuous map on K, then {{/¢; only depend on a finite

numbers of digits. In other words, there exists k such that ¢;/(; is constant on
M.

Example 2. Let ¢(n) = 0% (™ with § € U fixed. Clearly G(¢) = G1(¢) =
= U(0), where U(#) (the closed subgroup of U generated by 6).

Example 3. Choose an integer ¢ > 2 and let ¢ be the a-multiplicative
sequence defined by ((bgo) = €28 for 0 < b < a; — 1 and ((bgr) = €27b/¢
for k > 1 and 0 < b < agyq. If B is irrational, we have G(¢) = U, but
G1(¢) = Uy and F(¢) is topologically conjugate to F(n s e?7s(m)/f) and
almost conjugate to (Ko x Uy, Ty), with T, (z,7) = (7(z), ye2 /)
w(z) = ~hgl (Sa(n+1) — s4(n)), but w(u) =0 if 7(u) = 0¥,

, Where

Example 4. It is easy to construct ¢ with G(¢) = U and G1(¢) = {1}.
But G1(¢) = {1} means that ¢ can be extended to a continuous map on K,.
Hence F(¢) is almost conjugate to the translation R,,.

7. Metric properties of F(¢)

7.1. Metrical isomorphisms

We first look at particular cases.

Example 5. Assume that ¢ is not constant and only depends on a finite
number of coordinates, i.e. ((My) = {1} for k > kg. Theorem 5 says that F(¢)
is almost topologically conjugate to the translation R,. We can say a bit more.
Let Hj, be the word ¢(0)¢(1)...¢(gx —1). Then

(32) Vk > ko+2, Hp= (kal)aka;72.

This recursion formula is exactly that of (17). Thus we can apply the discussion
of Subsection 4.1, which shows that any subword of H = lim Hj occurs
in H with bounded gaps and that this word has a uniform frequency. By
Theorem IV.12 and Corollary IV.14 of [46], this gives another proof of the
strict ergodicity of F(¢).
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Example 6. Assume that My = {((n); n € N} is finite. There exists
¢ such that ((My) C Uy for k > ko. We denote H — H -~y the substitution
ho...hp -y = (hoy)...(hm7y). Then (32) becomes

(33) Hi = (Hg—1)(Hg-1-C(qr-1)) - (Hi—1-C((ar—1)qr-1)) (Hr—2-C(arqr—1))

for k > ko + 2. Suitable choices of ((egx) lead to both possibilities for F(():
strict ergodicity, minimal (in any case) but not uniquely ergodic. We will give
a few explicit examples in Section 8.

We have shown that if ¢ and (; are a-multiplicative sequences with
n — ((n)/¢1(n) extendable to a continuous map on Ky, then both flows F(()
and F(¢;) are almost topologically conjugate. This leads to corresponding
isomorphism in the metric sense by introducing invariant Borel measures on
these flows. Let A({) be the set of Borel probability measures on O, which are
invariant under the shift action. The set A(C) is convex and will be endowed in
the sequel with the weak topology with respect to which A({) is known to be
compact. The set of extremal points of A(() is exactly the set of o-invariant
ergodic measures for the flow F(¢). The following theorem exhibits the best
result we could expect.

Theorem 8. Let ( and (i be a-multiplicative sequences. Assume that
neither AC nor A(y is constant, and that there exists a continuous map fy :
Ko = U such that {(n) = (1(n) fo(n) for all integers n > 0. Let Q : F((1) —
— F(C) be the almost isomorphism defined in the proof of Theorem 7 by (50)
and (31). Then the map v+ voQ~ from A(¢y) to A(C) is an homeomorphism.

Proof. Define
X(¢):= 0\ {&; Tk € N,0"A¢ = Al or o*A¢ = A¢}.

From the above study, the restriction @), ) of @ on X ((1) is an homeomor-
phism from X (¢;) to X(¢) which commutes with the shifts.

Let us show that v(X({)) = 1 for any measure v in A(¢). If it is not the
case, by shift invariance and denombrability, we certainly have v(A~1(Ag)) >
> 0. The measure voA~! is an invariant probability for the flow F(A() which is
uniquely ergodic (Theorem 3); hence vo A~ ({A¢}) = 0, giving a contradiction.
A consequence of this result, both applied to ¢ and (7, is that the map v —
— v o Q! is bijective. In order to show its continuity, due to the fact that
the spaces A(¢) and A(¢y) are metrizable, it is enough to prove that for any
continuous map f : O — R, if the sequence (1), in A((1) weekly converges
to v, then liyrln vnoQ7(f) =voQ7L(f). In fact, Q is continuous at any point

of X(¢1), thus @ and f o @ are v-continuous and the expected limit follows
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by a standard argument in the Riemann integration theory. The continuity of
v — vo@ ! is proved and by compacity, this map is also an homeomorphism.

To complete Theorem 8 we pay attention to the case G1({) = G(¢) (see
Theorem 6).

Theorem 9. Assume that AC is not constant and that G1(¢) = G(().
Let further U : &€ v (E71(AE),&0) be the almost isomorphism from F(C) to
(KaxG((),T;) and AT(C) be the set of T¢-invariant Borel probability measures
on Ko x G(¢) endowed with the weak topology. Then the map v +— v o U~1
realizes an homeomorphism between A(C) and AY(C).

Proof. It is not a priori clear that AU(C ) is weakly compact. In fact, for
any pu € AY((), its first projection f, is the unique invariant Borel probability
ta of the odometer. The set of discontinuity points of Ty being contained in
7710%) x G(C), it is p-negligible for any p € AY(C). Hence T; is p-continue
and from a standard argument, AY(¢) is weakly closed. Introducing as above
the set X ((), we notice that U}, is an homeomorphism between X (¢) and
W(¢) = K2 x G(¢). Now pu(r=1(0%) x G(¢)) = 0 for u € AP(¢), which implies
pw(W(¢)) = 1 and so yields bijectivity of v + v o U~!. The continuity of
v+ voU™! and its inverse is proved as above.

Since F(A() is uniquely ergodic, constant or almost conjugate to the
translation R,, it is natural to consider the Anzai skew product R,Uc G(()
given by the transformation

Aci a1 —a) x G(() — [-a,1 —a) x G(C)

(34)
t7) = (Ra(t),7Cc(t))

with C¢ : [—a,1 — o) = G(C) defined by C¢(t) := A(((t)). Notice that if
r-lim denotes the right limit on the torus identified to [—«, 1 — «), then

(35) Ce(t) = r—lim ((n+1)/¢(n),

na—t (mod 1)

except for t = —a (mod 1). The map C¢, called {-cocycle associated to ¢ with
respect to the translation R,,, is constant by intervals (having extremities in
Zo+ Z) which accumulate to —a and 1 — . In the sequel, we will simplify the
notation R,Lc, G(C) into RaUcG(Q).

Theorem 10. Suppose that A is not constant and G1(¢) = G(¢). Then
Viés (ap(Egl(Ag)),fo) realizes an almost topological isomorphism from
F(C) to RaU:G(C) and the related map v + v o V=1 is an homeomorphism
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between A(() and A(C) the space of Ac-invariant Borel probability measures on
[—a,1—a) x G(C).

The proof runs as above; details are left to the reader. Skew products over
an irrational translation on the torus were introduced first by H. Anzai [2]; the
interest to recognize such a structure for F(¢) is that several criteria are known
to characterize the ergodicity of the product measure A ® hg (), a fact which
implies the unique ergodicity:

Theorem 11. Assume that A( is not constant and G1(¢) = G(¢). The
flow F(C) is uniquely ergodic if and only if the dynamical system

(36) ([~ 1 —a) x G(<)7A<,)\®hg(g))7

where A¢ is given by (34) and (35), is ergodic.

Proof. If F(¢) is uniquely ergodic, Theorem 10 says that the dynamical
system (36) is ergodic. Reciprocally, if this system is ergodic, the underlying
translation R, being uniquely ergodic, then the skew product is also uniquely
ergodic. In fact, this result follows from H. Furstenberg [23] if C is continuous
(but this is generally not the case here) or from [39], the cocycle C: being
A-continuous. It also derives from a general result ([13] Corollary 1).

The next two subsections give criteria for unique ergodicity of F(().
Firstly, we choose a spectral approach which involves correlation functions
and spectral measures. Secondly, we introduce (metrical) essential values of
K. Schmidt [48] and compare them with the topological essential values.

7.2. Unique ergodicity and spectral charge on {0}

In this subsection we extend Theorem 8 of [40] to an a-multiplicative
sequence ¢ which gave a necessary and sufficient condition for F({) to be
uniquely ergodic in the case of a g—multiplicative sequence. For this purpose,
we recall some definitions and state three lemmas. For each m = (mq, ..., ms)

S
in Z*, set |m| = Y m; and associate the character x,, : © — z('* ... 2™ on
j=0
UN, and the sequence X¢.m : k — Xm(0"(€)).

Lemma 9. The sequence X¢.m has a spectral Borel measure A¢ ., (on the
torus T :=R/Z), i.e.

~

, 1 -
Aem(k) = /egzk”tAgm(dt) = lil{fn N Z X¢,m(k +n)xem(n).
T n<N
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Moreover for any v € A(C), A¢.m 15 also the spectral measure of X, restricted

to F(C), i.e.

Rem(k) = / Xm0 (€)X (€) 1 (dE).

O¢

Proof. By easy computation we obtain

X (0" () Xm (&) = Xm (0" (AL)) ... X (0 (AE)) X (AE)

and so

(9( OA(

/ X)X () 1(dE) = / Xam © 0% (1) .- X © 0(28) X (12) v 0 A~ (du).

The measure v o A~! is an invariant probability measure on the flow F(A()
which is uniquely ergodic. Taking A( as a generic point we obtain the equality

[ oM R @ () =tim 5 3 el + Xm0

O¢ n<N

That proves the lemma.

It is known that for any v € A(¢) one has

AC,m({t}) = ||Pt(Xm)

|2,l/7

where || - ||2,, is the quadratic norm of the Hilbert space Hc,, := L?(O¢,v) and
P, the orthogonal projection onto the proper subspace of H¢, corresponding
to the possible eigenvalue ™. The next lemma says explicitly the fact when
the flow F(() is uniquely ergodic and ¢ = 0.

Lemma 10. Assume F(C) to be uniquely ergodic of unique measure fic.
Then, for any s € N and for any m € Z5t" we have

AC,m({O})1/2 = ‘/deuc‘ = h]{,n%’ Z Xé7m(”)’~
n<N

Lemma 11. We use the above notations and recall that we look at ( and
AC as elements of UN.
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1. Let be M € My NN and let be an integer N such that N + s < qx. Then

Z X¢m(n+ M) — Z X¢m(n) = M)l — Z X¢m(n

n<N n<N n<N
2. For any non-negative integer s and any m = (mg,my,...,ms) € Z5T1,
define m' = —(mg, mo +my,...,mog+my+---+ms_1) € Z°. Then

Xem(k) = xacm (F)S(k + )l
Proof. For any n < N we have

Xem(n+M) = C(n)0C(M)™0 - ((n+s)™ ((M)™ = x¢m(n)¢(M)™otTms,

The verification of 2. is immediate.

Theorem 12. The flow F(() is uniquely ergodic if and only if for any non-
negative integer s and any m € Z°T*, A¢m({0}) =0 or ¢Iml can be extended
to a continuous function on K.

Proof. Assume unique ergodicity of F(¢) and that A¢,,({0}) >
> 0. Let (N;); be an increasing sequence of positive integers such that

> X¢m(n)

n<N;
Nj+s < qp(j)- Apply Lemma 11 with with N = N; and M = M(j) € My,;)NN.

We get

n<N n<N

N1

p > K > 0 for some « and all j. For any j, let be k; such that

= e )= - 1]]; 5 Xem)

J n<N;

Take now the supremum for M (j) € Mj,;) N N. For j tending to infinity, the
left-hand side of the equality tends to 0 by unique ergodicity. The right-hand
side is the product of

sup - [¢(M(5)™ 1]
M(j)e]\/fk(j)ﬁN

with a quantity that does not tend to 0 by Lemma 10. Hence, since the
sequence k +— sup ‘C ‘ml - 1| is decreasing, it tends to 0 and ¢/ can
MeM

be extended to a contlnuous function on K, by Lemma 8.
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It remains to prove the sufficiency. Let s € N and m = (mo, ..., ms) € Z*.
Assume first that ¢/l can be extended to a continuous function on K,. By
Lemmas 11 and 4, the sequence

= Xem(n)C(n + 8) 72 = ya¢ (1)

is constant on each B € B,_1. Therefore ¢, can be extended to a continuous

map on %J B =K, \kLSJ1 77k(0¥). As in the proof of Theorem 3, the unique
€bs—1 =

ergodicity of (K, T) ensures that F(x¢,m) is uniquely ergodic, too.
Assume now that A¢ ,,({0}) = 0. Following the idea of [40], we introduce,

forn= 3 e;j(n)g; € N,
j=0

XE) (1) = xem (Sk(7)) € (ex () + exs ()gisr + )™

and note that X(mk) (n) = x¢,m(n) if the successive additions n = n+1— - =

— n + s never produce a carry at an index at least k, i.e. if Sk(n) < qx — s.
Therefrom, and since the smallest return time to a cylinder of length k is gx—1
(see Subsection 4.1), we have

> Xemn+3) =Y xﬁ,’i)(n+j)‘ <

n<N n<N

< 2# {n <N xem(n+j) # xﬁnf)(nJrj)} <

N
< 2s <1+ )
qk—1

Therefore, Lemma 1 shows that unique ergodicity of F(¢) would be a conse-
quence of the uniform convergence with respect to j of

qr—1

1 . 1 m
L) =5 Y ko) Y
n<N r=0 MeMNN
J<r+M<j+N

for all integers k (or even for k sufficiently large). Let be r = eo(r) +e1(r)q1 +
+ -+ eg_1(r)gr—1. Since (K4, 7) is uniquely ergodic, the means

1 ) ) 1 .
ﬁ#{M € Mk ﬂN, J < r+M< J +N} = N Z 1[60(7')61(7‘)“'6]@71(7')](n+])
n<N
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tend to po ([ro - . . rg—1]) uniformly in j (this could also be seen as a consequence
of Proposition 5). The trivial upperbound [((M)| < 1 and (14) yield

¥ | 2 X+ )

n<N

< Y xew) (lamral +laxal )+ D xem(Dlar-1a] <

r<grp-1 qr—1<r<qk
D > Xem) (ar-1laral ) L > xem() (arlae—al),
7“<f1k 1 EL r<qk

which tends uniformly to 0 by the hypothesis A¢ ,,,({0}) = 0, and the classical
inequalities

. 1

timsup 1| 3 xem ()] < Acm({O)?

n<N

(the sequence x¢.», having a unique spectral measure) and g||gr—1¢|| < 1.
7.3. Unique ergodicity and essential values

In this subsection we apply techniques of [48] to the skew product T({) :=
= (Ko x G(Q), Tty ppa ® hg(ey)-  Recall that Te is given by T¢(z,v) =
(TI,’YAC~($)) (of course, the method can be also applied to the dynamical
system (36)).

Let be for a while G a locally compact metrizable abelian group, the group
law being denoted multiplicatively. A measurable map f : K, — G is viewed
as the so-called T-cocycle (z,n) — f,(x) defined by

T () ifn > 1,
e .
fa(z) = (H f(ﬂm)) ifn< -1,
e itn=0.

Following [48] (see also the eighth chapter of [1]), v € G is an essential value
of f with respect to 7 if for any Borel set B of I, with p,(B) > 0 and any
neighborhood V of v in G, one has

(37) MQ(U (BﬁT‘"Bﬁ{xelCa;fn(x)eV})> >0

nez
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Moreover, f is said to have an essential value at infinity if (37) holds for any V'
such that A\ 'V is compact. This notion at infinity is irrelevant if A is compact.
Notice that in case G = G((), the corresponding products A, are well defined
and continuous at each point of K2. A measurable map fy : K, — G is
a 7T-coboundary with transfer function 3:K, — G if § is measurable and
fo(x) = S(12)/S(x) for pe-almost every z € K. Of course, these definitions
can be given for any standard ergodic dynamical system (X,T, B, ) which
takes the place of the odometer. Let be E(f) the set of essential values of f
and let us recall the following facts (see [48] and [1]):

e The set E(f) is a closed subgroup of G.

e Multiplying f by a 7-coboundary does not affect the set of essential values.

e For any character x : G — U, x(E(f)) C E(xo f).

e The cocycle f is a coboundary if and only if f has not an essential value
at infinity and E(f) = {1}.

e There is a (measurable) coboundary fy such that the cocycle f.fy is E(f)-
valued.

As a consequence of the general result of K. Schmidt asserting that the
skew product (X x G, T, B(X x G),u ® hg) with Tf(x,9) = (Tz,gf(z)) is
ergodic if and only if E(f) = G, one has

Theorem 13. The dynamical system T (C) := (Ko X G(C), T¢, fta ®@ ha(c))
is ergodic if and only if E(AC) = G(() (in that case, po ® hg(c) is the unique
Te-invariant measure ([13] Corollary 1)).

Definition given by (37) is difficult to handle with in practice. It is possible
to exhibit essential values only by taking care of cylinders instead of Borel sets.

Lemma 12. Let V() denote the set of neighborhoods of v € G(C). If
(38) VYV eV, dk>0,Vne N, VC € o(mg,m1,...,7), AM E Z,
o (COT™(C)N{z € Ko 3 AC tilde () € V}) > kpa(C)

holds, then & € E(A().

Proof. Indeed, let B be a Borel set. For any ¢ > 0, there exists n € N
and C € o(mg,m1,...,m,) such that . (BAC) < . Writing

cCnr—mC =[(CnB)nT~™(CNB)U[(C\B)nT~™(CnB)JU[CNT~™(C\ B)]
yields po (C N7 ™C) < o (BN 7T ™B) + 2¢, hence

to (BNT™(B)N{z € Ko; Alm(z) € V}) > Kpia(C) — 26 > 0
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provided that e is small enough and that C satisfies (38) for m, and ¢ is an
essential value of A(.

Notice that if ¢ can be extended to a continuous function f on I, then
A( is trivially a coboundary (with & = f) and E(A() = {1} # G((), provided
that ¢ is not constant. Therefore, (K,UG((),T¢) is not uniquely ergodic,
but contains the uniquely ergodic components F, := {(z, f(z)y),z € Ka},
each of them being finitary isomorphic to the odometer itself which is finitary
isomorphic to F(¢) (see Theorem 5).

Proposition 8. For any a-multiplicative sequence ¢, any essential value
is a topological essential value: E(AC) C G1(Q).

Proof. Choose v € E(A(), V a closed neigborhood of v and B = My, in
(37). There is an integer ny € Z such that p,(BN7 " BN{A(,, € V}) > 0.
But A(7,, is constant on cylinder sets and BN7~"* B is a finite union of cylinder
sets. Therefore, B N7~ "*B contains a cylinder set Cj, on which A(7,, take a
constant value in V' and so, there is an integer my in Cj, hence in My, such
that ACh, (my) € V. But A, (mi) = ((my + nk)/¢(my) by definition and
k +— M, converges to G1(¢) with respect to the Hausdorff distance. Therefore,
by a compacity argument, there exists J C N such that the limits

li = li =
lim (mg) = u, klgC(mk+nk) v

exist with u and v in G1(¢) and vu=! = ’lcin}g“(mk + ng)/¢(my) € V, proving
€

that ~ is an essential topological value.

Theorem 14. The flow F(C) is uniquely ergodic if and only if E(A() =
= G1(Q)-

Proof. We distinguish several cases. If A( is constant, equal to 6, then
G1(¢) = U(#) = G(¢) and we know that F(¢) is isomorphic to the translation
z — 260 on U(#), which is uniquely ergodic.

Now we assume that A( is not constant, but ¢ = (1(y with A(; constant,
equal to 0, and (p extendable to a continuous map fy on K. By Theorem
7 part (i), and Theorem 5, F({) is almost conjugate to the direct product
(Ko x U(0),(x,v) — (72,70)). On the other hand, A" = A¢ A"~ with
Ay = fo o1/ fo implying F(A¢) = E(A¢1) = U(f). Theorem 13 asserts that
(Ko xU(0), (z,7) = (12,70), o ® hy(g)) is ergodic, hence uniquely ergodic
and so is F(¢) (notice that this proof includes the case 6 = 1).

Finally, assume that { = (1{p with A{ and A{; not constant, and (p
extendable to a continuous function on K. Then by Theorem 7 part (iv), and
Theorem 13, the flow F(¢) is ergodic if and only if E(A¢1) = G1(¢). Since
E(A¢) = E(A(), the result follows.
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8. Applications

8.1. ¢((N) finite and o with bounded partial quotients

If ¢ takes finitely many values, the compact sets ((My) and ((My) are
equal, there exists kg for which

((My,) = G1(C),

and we derive the factorization ¢ = (1o of Theorem 7 with G({1) = G1(¢) and
fo only dependent of the first kg-digits.

Theorem 15. Assume that a = [0;a1,a2,as,...] has bounded partial
quotients a;. Let ¢ be an a-multiplicative sequence taking finitely many values
and such that G(¢) = G1(¢) and A( is not constant. Then E(A() = G1(C), or
equivalently, F(C) is uniquely ergodic, finitary isomorphic to the skew product

7<)

Proof. We may assume that ¢ is not extendable to a continuous map on
K, otherwise by the assumption G1(¢) = {1} = G(¢), ¢ must be trivial and
so A¢ = 1. The flow F(A() is finitary conjugate to the odometer and it is
enough to prove that 7 (¢) is ergodic, hence to prove that E(A({) = G1(¢). For
any C € o(mp,...,7,) and any integer £ > 2 let us show that

(39) mp(n,£) == po{r € C; Tpyr—1TntTntor1 = 000} > Ko (C)

where k is a positive constant only dependent of A := maxa,. Using the
n

Markov chain structure studied in Theorem 2 and the inequality

lgma]| + [[gm+1]
B HQm—laH + ||Q'ma”

/Ja(’frm = 0|7rm71 = a/)

one gets

+1
dn+0+5Q + Gn4o4+5+1¢
mp(n, ) > pa(C) H |lgn+erjell + [lgnterjrrel| _

=01 lante—1vjell + llgnterjall

_ llgn+er 1| + [|gnterac]|
= po(C .
|gn+e—20| + |lgnte—10]|
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Taking into account the classical inequalities 7 1+1 > llgmal] > 2q1+1 and
_9m 1 .
qm+1 > A1 we obtain

lgnsesrall + llgnpesnal] 1 1

> —
llgnte—20]] + ||gnie—1ef] = 2 (A+1)*

and inequality (39) finally holds with x = WlA)g.

Let T" be the set of v € G1((), v # 1, such that the equality ((rmgm) =y
holds for infinitely many integers m with 1 < r,, < a,,41. This set generates
G1(¢). For a given v € T', choose a sequence of couples of integers (ng, ex) with
ng < Ngt1, 1 <eg < ap, 41 and ((exqn, ) = . For each C € o(mg, ..., m,) take
k and ¢ verifying £ > 2, n+ ¢ = n,. Any z € C with z,, 12y, Tpn,+1 = 000
verifies © € 77 %% C and ACe,q,, () = ((erqn,) = 7. The hypothesis of
Lemma 12 is fulfilled, hence v € E(().

Theorem 15 can be slightly improved using the same method to obtain the
next theorem, whose proof is left to the reader.

Theorem 16. Assume that o has bounded partial quotients, A is not
constant and G(¢) = G1(¢). Furthermore suppose that there is a finite subset
B of U such that for alln > 1,

¢({egn; 0 <e<any1}) C B.

Then, F(C) is uniquely ergodic, finitary isomorphic to the skew product T (().
8.2. Cases with unbounded partial quotients

The hypothesis on « in Theorem 15 is essential. The next example builds
¢ with E(A¢) = {1} but G(¢) = G1(¢) = {-1,1} in case a has unbounded
partial quotients. The construction can be modified to get for G(¢) = G1(¢)
any closed subgroup of U.

Example 7. Let a = [0;a1,a2,as,...] with unbounded partial quotients
and let (ng)r>0 be an increasing sequence of integers such that ni11 > ng + 3,

ng > 2, ap, > 2 and the series kz>:0 a”iﬂ converges. Define the a-multiplicative

sequence ¢ by ((an,+19n,) = —1 and {(eq,) = 1 otherwise. By construction
G1(¢) = {-1,1} = G(¢). The Borel set

E={zeky; Ik=k(x) >0,V r>k, xn #an. 11}
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being 7-invariant, o (E) = 0 or 1. The event E contains E* := (| E*), where
k

EW = {x e K; Vr <k, o, # an 11} Set E¥(a) = {x € E®;z,, o =
= a}. The Markov chain (7,,), (Theorem 2) allows to write

MQ(E(k)) = Ma(E(k_l))_

Any—1

- Z MQ(E(k_l)(a/))/la(ﬂ'nkfl = 0|7y —2 = a')pa(Tny, = anytr|[Tp—1 = 0) >

a’=0

> Noc(E(k_l))(l — Moy, = Anyy1|Tn,—1 = 0)).
Notice that

|lgn. @]l
o (T, = Qnyt1|Tny—1 = 0) = —
o e ||an,1a|| + ankaH
_ g, 3
(a‘nk,Jrl + 1)||ana|| + ankJrla” N
1
C Gn1 t L’
leading to
1 k 1
) 2 (B0 (1 Y o) [T (- ).
Ha(B®) 2 pal W= ) = e )BO P
The choice of the a,, implies that the infinite product [] (1 — ﬁ)
r>0 "
converges to a strictly positive number p while lilgnua(E(k)) = pa(E®).

Consequently, jio(E) > ppa(E©®) > 0. Thus po(E) = 1; then, with the
notation of Lemma 8, {(z) := lim{(S,(x)) exists for pq-almost every z.

Since those x verify also the relation A¢ (z) = ((rz)/¢(x), the map A is
a coboundary, hence E(A() = {1}.

The automorphism (z,7) — (2,7 (x)) identifies F(¢) with the union of
two copies of T(1) := (Ko x {1}, 71, fta ® hg1y), Ti(z,1) = (72,1), which is
uniquely ergodic. The flow F(¢) furnishes a simple example of minimal flow
which admits exactly two ergodic measures.

Example 8. In the above construction we replace ((an,+1¢n,) = —1 by

C(ank-i-Ian) = 0, (9 ﬁxed);
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then G1(¢) = U(#) and by the same arguments given in Example 7, we still
have E(¢) = {1}.

Notice that if U(#) = Uy, the flow F({) is made of ¢ copies of T (1)
(metrically isomorphic to the a-odometer). If U(f) = U, the flow F(¢) is
metrically isomorphic to an uncountable union of copies of T(1).

8.3. The sum-of-digits function

Recall the definition s,(z) = > ex(n) and fix z € U. We study the
k>0
structure of the flow associated to the a-multiplicative sequence (, defined by

() = 2%,

Proposition 9. With the above notations, A(, is constant if and only if
z s a root of unity such that

27 = & VEk>2, 2% =2,

In that case F((.) is topologically isomorphic to the translation x — xz on the
group of unity generated by z.

Proof. The possible values of the difference map are (see Section 5)
z if zg # a1 — 1;

2/ DFetazn if € [Qg,5k] with 0 < j < a}, ., —1
and k < agp4o (r > 0);

A(x)

"
< gpqp — 1

z/z02FFazr42 if x € [Qar417k] with 0 < j
and k < agr43 (r > 0).
The proposition follows and A(, takes the constant value z.

Theorem 17. Assume that A(, is not constant. Then the group of
essential values coincides with the group of topological essential values which
is the closed group U(z) generated by z. As a consequence, F((.) is strictly
ergodic and finitary isomorphic to the skew product T ((;).

Proof. If a has bounded partial quotients, apply Theorem 16 to conclude.
Otherwise, we may assume a,, > 5 for infinitely many m. We use Lemma 12.
For n € N and any C € o(m,71,...,7), m > n+3,0 < a < apy1, set
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Cm(a) = Cn{zr € Ky; xm = a} and notice that C' = , SU ([p] N C). With
€Sm—1

m = S
Cm = 0<a<gn+1710m(a), one gets

Ha(O;n|C) =1~ pa(mm = 0[C) — pa(Tm = @m11|C) >

> 1 Namell lgmall [lgmal] + [1gm-+12]]
T lam—rafl + [lgmal] ||gm—1c]
>1-— 1 .

Am+1

Therefore, for infinitely many m > n + 2 one has both a,, > 5 and

palC") 2 £pa(0),

and by construction (A(;)%,, () = z for any « € C’, giving

pa (CNT74(C) N {z € Ka3 AC g, (2) = 2}) > Ha(C).

This proves that z is an essential value and finally G(¢,) = G1((;) = E(A¢,) =
=U(z).

We show on this typical example how to retrieve a result of J. Coquet [12]
on the distribution of the sum-of-digits.

Corollary 5. For any z € U, the sequence n — z°*") is well distributed
in the group U(z).
In fact, the case A(, constant is obvious. Otherwise F((,) is uniquely

ergodic and finitary isomorphic to the skew product 7({.) so that by Lemma
1, for any non trivial character x of U(z),

N = 3 x((0™¢.)o)

N
n<N

converges uniformly in j to [ x(g9)hu(:)(dg) (= 0), when N tends to infinity.
U(z)

Since x((6™7¢.)0) = x(2°*(+9)), the corollary follows.
Remark 8. If we replace U(z) by any compact monothetic group G

generated by z, the conclusion of Theorem 17 is still true and the sequence
n — 2% is well distributed in the group G again.
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Remark 9. Replace U(z) by Z in the above study and let As, be the
additive difference of s, which is extended to K, by

As (@) = lim (sa(n+1) — sa(n)) (€ Z)

n—x

if 7(z) # 0¥ and Asy(z) = 0 otherwise. Now, consider the cylindric flow
Z(50) = (Ka X Z, Ty, ha ® hz) defined by

T, (x,n) = (T, + Asy (2)).

A similar proof of that of the above theorem shows that 1 is an essential value
of Asy, hence E(As, ) =Z and Z(s,,) is ergodic.
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