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CANONICAL EXPANSIONS OF INTEGERS
IN REAL QUADRATIC FIELDS

A. Koviacs and G. Farkas (Budapest, Hungary)

Dedicated to Professor Imre Kdtai
on the occasion of his 65th birthday

Abstract. In [1, 2] a complete description was given for the location,
number and structural properties of attractors generated by the discrete
dynamics of the system (a, D), where « is an arbitrary integer in an
imaginary quadratic field with norm N > 2 and D is the canonical digit
set {0,1,...,N — 1}. In this paper we shall extend some of these results
to real quadratic fields.

1. Introduction

Let Q be the field of rational numbers, Q(¢) its extension generated by
an algebraic number . Let Q[] denote the integers of Q(¢). Let o € Q[J]
be an algebraic integer for which a and all its conjugates have moduli greater
than one. Let [Norm(«)| > 2 and let D be a complete residue system modulo
o, for which 0 € D. The pair (a, D) is called a number system in Q[4] if for
each v € Q[V] there exist an m € Ny and a; € D (j = 0,1,...,m) such that
v = a9+ aa + ...+ apa™. The uniqueness of the expansion follows from
the fact that any two elements of D are incongruent modulo a. The system
(o, D) can be used to represent all the integers v € Q[U] even if it is not a
number system. Clearly, for each « there exists a unique a; € D such that
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a |~y —a;. Let 1 = (v — a;)/a and let us define the function ® : Q[v] — Q[V]
by ®() = v1. Let ®* denote the k-fold iterate of ®, ®°(v) = vy. The sequence
of integer vectors ®7(yp) =v; (j = 1,2,...) is called the path of the dynamical
system generated by ®. An element m € Q[¥] is called periodic if there exists
an | € N such that ®!(7) = 7. The smallest such [ is the length of period of ©
generated by ®. Let P denote the set of all periodic elements. It is clear that
7w € P if and only if there is an [ > 0 such that

(1) T=ag+aa+...+a_1a7" +mal

, G5 € D.

The basin of attraction of = € P consists of all v € Q[UJ] for which there
exists a j € Ny such that ®I(y) = 7 and is denoted by B(w). Let G(P) be
the directed graph defined on P by drawing an edge from © € P to ®(m).
Then G(P) is a disjoint union of directed cycles, where loops are allowed. The
concept of this kind of dynamics in algebraic number fields can be extended to
the lattices of Euclidean spaces [3].

Consider the quadratic fields. Let a be a quadratic integer with minimal
polynomial 22+ Ex + F and let D be the canonical digit set {0,1,...,|F|—1}.
Then («, D) is a number system if and only if F' > 2 and -1 < E < F [4,
5, 6]. Moreover, in imaginary fields using canonical digit sets the set G(P)
was completely described, i.e. the location, number and structure of periodic
elements was fully determined. The aim of this paper is to describe the location
of periodic elements in real quadratic fields.

2. Some lemmas

In the following we restrict our attention to the ring of integers in real
quadratic fields.

Let F > 2 be a square-free integer. Let Q(v/F) be the real quadratic
extension of Q generated by v/F, I be the set of integers in Q(vF). Tt is
known, that if ¥ 1 (mod 4) then {1,4}, while for F =1 (mod 4) {1,w} is
an integer basis in I, where § = VF, w = (14 +/F)/2. The lattice generated
by the basis {1,d} will be called d-lattice (denoted by As) and the other one
is w-lattice (denoted by A, ). For an arbitrary element § = z + yd € I or
B =z + yw € I we shall denote its rational part = by R(f3) and its irrational

part y by Z(3).



Canonical expansions of integers in real quadratic fields 125

Let a1 = a+0b6 and oy = a+bw, a,b € Z, b # 0, E = (F — 1)/4. In these
cases the corresponding linear operators in Z? are

Fb Eb
M1:<Z a) and M2:<Z a+b>.

Clearly, det(M;) = a? — Fb* and det(Mz) = a® + ab — Eb? and the first
columns of the adjoint of the matrices M; and M, are [a, —b]T and [a+b, —b]7,
accordingly. Suppose that (a,b) > 1. If follows from [3] (Theorem 7) that in
these cases the sets {0,1,...,|a? — Fb?| — 1} and {0,1,...,|a® +ab— Eb?| — 1}
cannot be complete residue systems modulo M; and Mj, accordingly. Hence
the following lemma holds.

Lemma 1. For a € QVF] (a = a+ b or a = a + bw) the set D =
={0,1,...,|aa| — 1} is a complete residue system if and only if (a,b) = 1.

Let N = aa. Further we always consider canonical digit sets, hence we
assume that (a,b) = 1, b # 0, N # +1. The following lemma gives some
information about the dynamics of the system («, D).

Lemma 2. Let o € I,m € P in the system (a,D). (a) If y € I, v =
=0mod a,y1 =v+di, 2 =7+do, di,da € D, then ®(y1) = ®(2). (b) If
m € P in(a,D) thenTE P in (@,D).

Proof. (a) is obvious. Concerning (b) one can easily see that if 7 =
=ag+ara+.. .—|—al_1al_1 —|—7ral, a; € D then 7T =a¢g+a1a+.. .—|—al_161_1 +
+ﬁal, a; € D.

Since if « = a+bd thena@ =a —bd and if @« = a+ bw then @ = a+ b — bw,
therefore it is enough to examine the cases b > 1. Further we always assume
that b > 1. In addition, we examine only those expansions for which 1 —a,1—a@

are not units. The following lemma gives a lower estimation for the number of
elements in D.

Lemma 3. Consider the system («, D), where a« = a+bd or a = a + bw.
If a + 1 is a unit then in the d-lattice |N| = 2|a| and in the w-lattice |[N| =
= |2a + b|. In all the other cases, in the §-lattice [IN| > 2|a| + 1 and in the
w-lattice |[N| > |2a + b| + 1.

Proof. Let a = a+bd. We examine the following cases: (a) o,@ > 0. Then
a>0and 0 < (a—1)(@—1) = N—2a+1, which is always greater than 1 since
1—«isnot aunit. (b) ,@ < 0. Thena < 0and 0 < (a+1)(@+1) = N+2a+1.
If « 4+ 1 is a unit then N = 2|a|. (c¢) sgn(a) = sgn(a) # sgn(@). Then N < 0
and |a| = |a+bd| = [2a—a| = |2a|+|a|. Hence |N| = |aa| > |a] > [2a]+1. (d)
sgn(a) = sgn(@) # sgn(a). Then N < 0 again and |[@] = |a — bd| = |2a — o] =
= |2a| + |a|. Hence |N| = |a@| > @] > |2a| + 1.
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Let @ = a + bw. Again, we have the following cases: (a) a,&@ > 0. Then
2a+b>0and 0 < (a—1)(@—1) = N—2a—b+1 which is always greater than 1,
since 1 —a is not a unit. (b) @,@ < 0. Then 2a+b < 0and 0 < (a+1)(a+1) =
= N+2a+b+1. If a+1is a unit then N = |2a+b|. (c) sgn(2a+b) = sgn(a) #
# sgn(@). Then N < 0 and |a] = |a+ bw| = [2a + b — @] = |2a + b| + |&].
Hence |N| = |a@| > |a] > |2a+ b + 1. (d) sgn(2a + b) = sgn(a@) # sgn(a).
Then N < 0 and |a| = la+b—bw| = [2a + b — a|] = |2a + b| + |a|. Hence
IN| = |a@| > [a@] > |2a + b| + 1.

The following lemma shows that if a rational integer is a multiple of «
then it is a multiple of ca as well.

Lemma 4. Leta €l (¢ =a+bf or a =a+bw), (a,b) =1, feZ. If
al f then N=aa| f.

Proof. If a+ b5 = a | f then (a+bd)(c+dd) = ac+bdF + (ad+bc)d = f
for some ¢,d € Z. Since (a,b) = 1 therefore ¢ = ap and d = —bp for some
p € Z. Hence a?p —b?Fp = f, which means that a®> —0*F | f. f a+bw =« | f
then (a + bw)(c + dw) = ac + bdE + (ad + be + bd)w = f for some ¢,d € Z.
Again, since (a,b) = 1 therefore ¢ = (a + b)p and d = —bp for some p € Z. It
means that a(a + b)p — Eb%p = f, by which the proof is finished.

3. Periodic elements with period length one

The following two lemmas show the number and location of periodic
elements with period length one. First consider the d-lattice and let a@ =
=a+bd, a,b#0, (a,b) =1.

Lemma 5. Let Ls = {m;} (j =0,...,k), where 7; = (1—a+bd)j/(1—a,b)
and k = [(1—a,b)(|N|—=1)/|(1—a)? —b*F|]. If sgnae = sgna then the periodic
elements with period length one in the system («, D) are the elements of Ls, if

sgna # sgna then the periodic elements with period length one are the elements
Of —Lg .

Proof. It follows from (1) that 7 — = is a loop if and only if 7 = d + amx
for some d € D. It means that (1 — a)mr = d € D, hence 7 = d/(1 — a) =
=d(1—a)/((1—-a)?—b*F)+8§db/((1 —a)? — b*F). Since 7 € I therefore (1 —
—a)? = b*F | d(1 — a,b). On the other hand 0 < d < |N| — 1 and the signum
of N —2a+ 1 is determined by sgn(«) and sgn(@). The proof is completed.

Consider now the w-lattice. Let @« = a + bw, b # 0, (a,b) = 1, N =
=a?+ab—V?*E, E = (F —1)/4. Using the same idea as by Lemma 5 the next
result can easily be proved. We leave it to the reader.
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Lemma 6. Let L, = {m;} (j =0,...,k), where m; = (1—a—b+bw)j/(1—
—a—b,b) andk = |(1—a—b,b)(|N|-1)/|(1—a)(1—a—b)—b*E||. Ifsgna = sgnaw
then the periodic elements with period length one in the system («, D) are the
elements of L, if sgna # sgna then the periodic elements with period length
one are the elements of —L,,.

4. Location of periodic elements

It is not hard to see that the method for determining the location of
periodic elements, which was used in imaginary quadratic fields, cannot be used
here, since « or @ can be very close to one in module, hence the convergence
of Mfi or M{i (i = 1,2,...,00) can be very slow. Our new method is
based on the following idea: it is well-known (see e.g. in [3]) that all the

periodic elements are inside the set —H, where H = {Z M~id;, d; € D}.
i=1

First we prove a closed form for M=% (k € N), then we shall compute
the values min{z | [z,y]T € H},max{z | [z,y]T € H}, min{y | [z,y]" €
e H},max{y | [z.y)" € H}.

4.1. Expansions in Ay

In the d-lattice we shall work with the matrix

Fb
M1:<Z a).

Assertion 1. With the notations introduced earlier we have

1 ( of +ak —\/F(Oék—ak))'

—#(ak—a’“) of +ak

(2) Mi* =

Proof. The proof is by induction. For the case k = 1 we have

1 (24 —2bF
1 P
M= 9y (—Qb 2a ) ’

which is exactly the inverse of Mj. Suppose that (2) is true for k. We prove

that (2) holds also for k+1. Since Ml_(kH) = M ' M; " we have the following
equations:
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k =k b k_ =k k+1 | =k+1
o+« L0 o @ \/]? _ « + ’
2Nk N 2Nk 2Nk+1

b [aF +a" a [oF —a* aktl — gktl
()4 ()

ak+1 + ak+1

a [aof = ak b oF + Ozk - okt — ak—i—l

N \2yFNk) N\ 2Nk ) oyFNk+1 '’
k

> ) INk+1

The proof is finished.
Let 71 = 3 Y (0% +a%)/N%, yp = 5 3 (a2 4 @% 1) /NP1 4y =
Jj=1 j=

= ﬁj;l(oﬁj —a¥)/N% and v, = ﬁj;l(oﬂj_l —@*~1)/N%~1. Further

=

we examine some subcases. Computing the sums the computer algebra software
Maple was used.

4.1.1. Case a,a >0

Since each member of v, and ~, is positive, therefore
Ay :=min{z | [z,y]" € H} =0, and

By = max{z | [r,y]" € H} = %(|N| —1) aJ;jaJ _ (((la—_li)(t(x;_—ll)).

Jj=1

Recall that b > 0, hence o > @. Clearly, each member of 3 and 4 is positive,
by which

Ay i miny | [r.9)" € H} = ——— (N =) Y S = (abﬁ;(za_’ Ty

=1

By :=max{y | [z,y]" € H} = 0.
We got that if 7 € P then —B; < R(w) <0 and 0 < Z(7w) < —As.
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4.1.2. Case a,a <0

In this case each member of 7, is positive and each member of -5 is
negative, hence

Az :=min{z | [z,y]" € H} =%(IN|-1) = (a;%(_a;)jn’
(@ +V*F —1)(aa — 1)

By :=max{z | [z,y]" € H} =% (IN| - 1) = (a2 —1)(@2 - 1)

In the same way, each member of 3 is negative and each member of 4 is
positive, hence

b(1 — a?a?)
@@ 1)

Ay = min{y | [e,y)" € HY = —qa(N| - 1) = and

2ab(1 — o)
(@2 -1)(@*-1)

We have that if 7 € P then —Bs < R(7) < —Az and —By <Z(7) < —Ay4.

By :=max{y | [z,y]T € H} = —3(|N| - 1) =

4.1.3. Case o >0, @ <0, |a| > @]

Clearly, each member of ~; is positive and each member of 2 is negative.
We have that

_ a(aa — 1)(Jaw] — 1)

@ D@-1

A5 = minfe | [z,5]" € H} = 72(IN| - 1)

(a® + b2 F — 1)(Joa| — 1)

By := max{z | [z,y]" € H} =y (IN|-1) = (@ —-1)(@-1)

Since each member of 3 is positive and each member of v, is negative, therefore

2ab(1 — |aal)

Ag :=min{y | [z,y]" € H} = —3(|N| - 1) =

b(|aa| — 1)2
(@2 —-1)(@*-1)

We have that if 7 € P then —Bs < R(7) < —As and —Bg < Z(7) < —Ag.

Bs :=max{y | [z,y]" € H} = —y(IN| - 1) =
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4.1.4. Case o >0, @ < 0, |a| < |@]

Observe that each member of «; and ~, is positive. Hence
A7 :=min{z | [z,y]" € H} =0, and

(a — D)(|aw| — 1)
(a—1)(a—-1) °

o
By i=max{z | [z,y]" € H} = |N| -1) Z
Clearly, each member of v3 and ~4 is negative, therefore
Ag :=min{y | [z,y]" € H} =0, and

Bs :=max{y | [z,y]" € H} = %UM - UZ oﬂ]\—”@j - (0?(_0[10)[(1__1)05)'

We have that if 7 € P then —B; < R(7) <0 and —Bg <Z(7w) <0.
4.1.5. Case o >0, @ <0, |a| = |

In this case a = 0 and b = 1. Clearly, each member of ~; is positive and
each member of 7, is 0. Therefore

Ag :=min{z | [z,y]" € H} =0, and

1 N|—1
By = max{e | [r.y] € Hy = (N~ Um = (N - )Y - = M =1y

In the same way, each member of 3 is 0 and each member of 7, is negative.
Hence,
Ayo :=min{y | [z,y]" € H} =0, and

N
| | _1

Byo = max{y | [x,y]” € H} = —(IN| - )y = z = =

It means that if 7 € P then —1 < R(7) < 0 and —1 < Z(w) < 0. Lemma
5 shows that 0 € P and —1 — § € P. Let us see the expansion of —1. Since
-1 = —-aa— 1+ aa and @ = 0 — « therefore G(P) = {0 — 0,—-1 -4 —
—-—-1-6,-1—a— —1}.



Canonical expansions of integers in real quadratic fields 131

4.2. Expansions in A,

In this case the appropriate matrix is
a FEb
My = ( b a+ b> '

It is easy to see that W’ =w + E, o= (1-+VF)/2=1—-w and ww = —F.

Assertion 2. With the notations above we have

_ 1 odfw —atc  —E(of —ak)
k __
(3) M; ~ VENF ( —(af —a*) dw-dw )

Proof. The proof is by induction. For the case k = 1 we have the following
equations: aw —aa = VF(a+b), E(a—a) = VFEb, aw — aw = av/'F. Hence,

_ 1 fa+b —Eb
1—7
= (),

which is exactly the inverse of Ms. Suppose that (3) is true for k. We prove

that it holds also for k+1. Since M, (k+1) =My M , we have the following
equations:
(aFw — @*@)(a + b) + Eb(a” —a") =

= a*(aw + bw?) — @ ((a + b)w + Eb) = o w — @,
—Eb(a*w — a"w) — Ea(a® —a") =
= —E(a*(bw + a) — @ (b + a)) = —E(a*T! — @),
—(af =@ (a +b) — b(@w - ofT) =
= —afla+b—tw)+a(a+b—bw)= -t 4"
Eb(a® —a*) 4 a(@w — o) =
= a*(aw — Eb) — of (aw — Eb) = a"lw — o5,

by which the proof is completed.

Let v5 = # Z(anij +62-7w2j)/N2j, Y6 = Z 2j-1,,2i-1 4
j=1 j=1
a1 N = L 5 (0% — %) /N and 75 = -= 3 (a2~ —
/ ﬁﬂgl ﬁjgl

752]‘—1)/]\;2]'71'
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4.2.1. Case a,a >0

It is easy to see that in this case a > @. Since each member of v5 and 4
is positive, therefore

Ay :=min{z | [z,y]" € H} =0, and

1 X Wl —alwd
By :=max{z | [z,y]" € H} = —(|N| — 1)27 —
VF = Ni
_(a+b—-1)(aca—1)
@-D@-1
Clearly, each member of ~; and ~g is positive, by which
. 0 a] _ a]

Ay :=min{y | [z,y]" € H} = —T (IN|—1) Jzz:l =
_ bl-oa)
“la-D@-1’

Bio := max{y | [m,y]T €EH}=0.
We got that if 7 € P then —By1; < R(7) <0and 0 <Z(7) < —Aja.
4.2.2. Case a,a <0

In this case each member of 5 is positive and each member of ~g is
negative, hence

(ca@(a+0b) —a)(aa —1)
@-D@-1

(a+b)?+bE —1)(aa —1)
(@@ 1)

Ars = min{z | [z,y]" € H} = 16(IN| - 1) =

B3 := max{z | [x,y]T EH}=~(N|-1) =

In the same way, each member of 77 is negative and each member of ~g is
positive, hence

b(1 — o?a?)
@ - D@ -1’

b(2a + b)(1 — aa)
@ D@1

Arg = min{y | [2,9)" € H} = —s(N| - 1) =

By :=max{y | [z,y]" € H} = —7(IN| - 1) =
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We have that if 7 € P then —By3 < R(w) < —Aj3 and —B1y < Z(7) < —Ajy.
4.2.3. Case a >0, @ <0, |a| > |a

Clearly, each member of 5 is positive and each member of -4 is negative.
We have that

(ac@(a+b) —a)(laa] — 1)

Ays i=min{z | [z,y]" € H} = v(IN| - 1) = (a2 —1)(@? - 1) ’

((a+b)2+b2E — 1)(laa| — 1)
(@2 -1)(@ 1)

Since each member of vz is positive and each member of vy is negative, therefore

Bus = max{a | [e,y] € H} = 15(IN| 1) =

b(2a +b)(1 — |aa])

Ay :=min{y | [z,y]T € HY = —(|N| = 1) = @— 1)@ -1’

bloa] - 1)?
(@ - D@ -1)

We have that if 7 € P then —Bq5 < R(TI’) < 7A15 and —Big < I(TF) < 71416-

Big :=max{y | [z,y]" € H} = —(IN| - 1) =

4.2.4. Case o >0, @ <0, |a| < |a]

Obviously, each member of 5 is positive. Regarding v we have the
following possibilities. Suppose that aw — @w > 0. Then there is an odd

integer C' € N for which
a\“ w_ (@\"?
S - 5 but f— > — .
« w !

Clearly, a*w — @@ > 0 for every odd k, 1 < k < C and ofw — @@ < 0 for
every odd k, k > C' + 2. Hence,

elne

. (CHD/2 21, F2i-15
A= minfe | feglT ey = (V|- 1) [ Y o0 @)

j=1

(Joa| — 1)((1 — *)(1/a” —a)w — (1 - a%)(1/a® — a)w)

= and
(a2 — 1)@ - 1)VF
= a2y —a¥ -1y
Bi7 :=max{z | [z,y]" € H} = (IN| = 1)(y5 + Z N ) =

i=(C+3)/2
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_ ((@+0)*+*E—1)(jea] - 1) (1 - a*)w/a® + @ — Dw/a)(joa] - 1)
(0® =@ - 1) (a2 —1)(@ - )WWF '

If aw < aw then each member of ~¢ is positive. Therefore

Ay7 :=min{z | [z,y]" € H} =0, and

(a+b—1)(|ar| — 1).

Bi7 = max{z | [z,y]T € H} = @ D@—1)

Clearly, each member of v7 and s is negative, by which
Ag = min{y | [z,y]T € H} =0, and

b(1 — |aal)
(a—1)(@—-1)
We got that if 7 € P then —B17; < R(Tr) < —Aq7 and —B1g < I(?T) <0.

Bis :=max{y | [z,y]" € H} =

4.2.5. Case o >0, @ < 0, |a| = |@]

In this case b = —2a. Since (a,b) = 1 and b > 0 therefore a = —1 and
b = 2. Clearly, each member of 5 is positive and each member of g is negative.
Hence

(ol ~ 1,

A s=minda | ey € H} = 6Nl = 1) =~ =gy = -1,

and

(BE)(jodi] — 1) _
(o~ 1)@~ 1)

Since each member of 7 is 0 and each member of 75 is negative, therefore

Bjg := max{z | [x,y]T € H} =~5(IN|-1) =

Agp := min{y | [z,y]" € H} =0,

b(Jaa| — 1)2 B
(2 -1D@—-1) 2

We have that if 7 € P then —1 < R(n) < 1 and -2 < Z(w) < 0. By

By :=max{y | [v,y]" € H} = —ys(IN| - 1) =

Lemma 5 we have that 0, —w, —2w € P. Clearly, —1 = —1 — aa + aa and
a=1—-2w = 0—a. Keeping in mind Lemma 1 and 2 it is easy to see that
since @ =0 (mod «), therefore ®(—1 — 2w) = —2w, since |aa| = 4FE + 1 and

—2F —w =0 (mod «), therefore &(—1 —w) = (1 —w) = —w. Obviously,
®(1) = 0. Putting everything together we have that G(P) = {0 — 0, —w —

- —w,—2w— 2w, -1 —>a— —1}.
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Remark. The estimated values min{z | [z,y]T € H}, max{z | [z,y]T €

€ H}, min{y | [z,y]T € H},max{y | [z,y]T € H} are sharp. These values can
be used to plot or to compute some topological properties of the set H.

We can formulate the results proved in this section in a theorem.

Theorem. If 7 € P in («,D) then there are constants ¢; € R (i =

=1,...,4) for which ¢c; < R(m) < ¢a, c3 < Z(w) < ¢4 and ¢; can explicitly be
glven.

1]
2]

3]
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