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1. Introduction

Let 1 (u,v) and @2 (u,v) be two quadratic forms. We denote Ip,(¢1, @2, N)
the number represetations of a natural k in the form

k= @1(u1,v1) — pa(uz,va)

under the condition |p1(ui,v1)] < N, uy, v, € Z.
In the works [1]-[5] the diophantine equation

(1) ULV1 — UV = 1, u1,v1 € N, uvy < N

is investigated. This problem is equivalent to the problem on the estimation of
the sum

> r(n)r(n+1),

n<N

where 7(n) is the divisor function.
Y.Motohashi [6] proved the asymptotic formula for 1 < h < 229/27

Y rn)r(n+1) = Z (log N)' Y ey - loid Lo, (N2/3+5) _
=0 dlk

n<N

In 1981 I.Chalk [7] studied the distribution of solutions of the diophantine
equation

(2) a(ui +u3) —b(uz +ui) =k, ui+u3 <N, abeN
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The number A(N,a,b, k) of solutions of the equation (2) is defined by the
sum

A(N,abk) Y r(n)r(anbk>, rmy= > L

k/n<n<N n=u2+v2
an=k (mod b)

In the special case a = b = k = 1 G.Bantle [8] obtained an asymptotic
formula for A(N,a,b, k) with the remainder term R(N) = O(N?/3+¢).

Unfortunately, we cannot apply the methods of works [5], [6], [8] in the
general case.

In our paper we study the mean square of the remainder term in the
asymptotic formula for the number of solutions of the diophantine equation
A,(N,a,b, k)

ap(uy,vy) — b(ui +v3) =k, 0 < p(ur,v1) <N,
where p(u1,v7) is a positively definite quadratic form

awf + 2biugv + C1Uf, aic; — b% =D>0, (a,2)=1.

2. Premilinary results

Let p(¢;1, q) denote the number of solutions of the congruence

o(u,v) =1 (mod q).

Lemma 1. Let

p(p;l,p®) =
~y+1 a—1 a=p .
rort () (1-) £ ()T v
=a—y
and v < «,
N N L a—1 D a—p .
o (1-3) 2 () T =t
= : and v = «,
l= llpA“
v < a,
poc Zf’y = qQ,
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where (n/p) denotes the Legendre symbol.

This lemma can be proved if we use the equality

q—1

1 o Mo 1) ~1)
. — ™
ploslg) == Y e a
h,l1,l2=0

and the properties of the Gauss’ sums.
Lemma 2. Let ¢ =2%, (I,q) =27, 1 =1p2". Then for (D,2) =1
plp;l,2%) =
201 if2l; —a1(1+ D) =0 (mod 8), v<a-—2,
=4 2¢ if 2l —a1(1+ D) =0 (mod 8), v>a—1,

0 in other cases.
For D = 2D1, (D172) =1
p(w;1,2%) =

2913 fly +2a1 +a1D =0 (8) or Iy +ayDy =0 (8)
orli+ a1 +2a1Dy =0 (8) orly +a; =0 (8),

=922 fly+2a1+a1D =4 (8) orly +a1D; =4 (8)
orli+ay+2a;D1=4(8) orly +a1 =0 (8),

0 in other cases.

Let r,(n) denote the number of representations of n in form n = ¢(u,v),
u,v € 7.

Lemma 3. Uniformly for ¢ < N'~¢

TN
B((palvan) = T (n) = 7/)((,0,[,61)'*'
n;) ’ VDg?
n<N

+\/1;Tvn;[¢>(%q)h (?\/W) O 40 <<AZ)1/2N1/2+5>,

where

Bnlg- Y Y emmbinb

ny1,m9€L  l1,ly (mod q) q
Dip(ny,no)=n ¢(ly1,l2)=l(a)
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Y is the inverse form to o, I1(2) is the Bessel function.

This assertion can be obtained by applying Perron’s formula, the functional
equation for Epstein zeta-function and the estimation of trigonometric sum

nqly+nals
S T < g P (e, 9)'P7(g).

11,lo (mod q)
p(ly,12)=t (9)

3. Main results

We assume that (a,b) = (a,k) = (b,k) = 1 and (a1,2) = 1. We shall
build an asymptotic formula for A,(A,a,b, k). From the definitions of r(n)
and ry(n) we have

(3) Ay(N,a,b k) =

- ¥ w(n)r(‘mb_k):zx Yo () Y xald) =

k/a<n<N k/a<n<N dan=k
an=k (b) == b

=4 3 ) Y @+ Y ) > xald) =

k/a<n<N a)an=k k/a<n<N
an=k (b) b an=k (b)

d<4/Ny d>4/N1

d| anb—k

=43 + 43,
aN — k
b
At first we study ¥;. By Lemma 3 we obtain

Si= ) oxald) Y orem) = Y xald) D re(n) =

where N7 = , X4 is nonprincipal character mod 4.

d<vVNy sl Py d<vNy R
TN
= > x(d) {p(asﬂ;k,bd)Jr
d<y/Ny \/E(bd)Q
(a,d)=1

VDN ~ @(n.kbd) <27r
1

— DnN) —
bd ot vn bd
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Dy . ®(n,k,bd) . (2r [Dnk
a n, k, T n
54 2 NG I\ %V = +

n<M

D\'? ., (aN—k\"?
L /2 1/2 n1/24€)
+O<<M> N ( ; ) +O(D N )

aD\'? 1/24€ y1/2
_ _ 5
=Y11—X12+0 (b ) N +O<N D )

Investigate the sum 31;. We have

x4(d)p(ayp; k, bd)
(4) 211 - § bd2 +
d<\/
(a.d)=

DN 4(d ®(n, k,bd 27y DnIN
Fb2 ZX()z( >11< v )

e TR bd

(a,d)=1
Let us consider the function

— xa(d)p(ap; k, bd)
bds+2

F(s) =
d=1

for Re s > 1. From Lemmas 1, 2 we deduce

L(s+1,x4)

F(s) = L(s+2,xY)

g9(s),

where X9 is the principal character mod 4 and the function g(s) is defined by

o= I (1-20) (1-20)

plabk

] (M (e ),

l

where [ = p{'...pln B, = 0,1,..; j = 1,...,m, if b = pJ*...p%m is the
canonical decomposltlon of b.

Notice that

(5) (loglog(abk)) ™ < ¢(0) < (loglog(abk))?.
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Hence, by Perron’s formula we obtain

m L(1,x4)

0= LX)
1 b\/ﬁL(27X4)

g(0)N+

VDN Xa(d) ®(n, k,bd) 2mv DnN
() I N1/2 71D71/2 .
R 2 d 2 N bd O )
d<./Ny n<M
(a,d)=1

Similarly one can see that

o T L(LX4) k
“ivp Ly Vet
7 2w/ Dnk
"\ bdya

(7)

DEk xa(d)
VaE 2 a2
d<,/N; n<M
(a,d)=1

X

®(n, k, bd)
NG

) +O(NY2p~1D~1/2),

Now we investigate the sum ¥5. Observe that

Sa= Y re(n) D xald) =
k/a<n<N _an—k
an=k (b) dt=""
d>\/Ny
=y > )= ) re(n) o =
t<VN | Nat+E<n<n Not+E<n<n
an=k (bt) an=k (bt)
an—k _ an—k _
=1 (4) r=—1 (4
= Yoo )= D re(n)
t<VN Not+E<n<n Not+E<n<nN
(t,a)=1 an=k+bt (4bt) an=k—bt (4bt)

+_Z—

n<Nat+k/a

>

t<VN
(t,a)=1

>

+ —
N n<N n<Nst+k/a

= E21 - E22~

Here N,

summing an = k + bt or an = k — bt.

b
N, /22 and the signs '+’ and '—' correspond to the conditions of
a
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We study Yo;. By Lemma 3 we infer

N
Vo1 = Z T (p(ap; k + bt,4bt) — p(ap; k — bt,4bt))+

2

2 D(dbt)
(t,a)=1
+ > VDN -4btx

t</Np

(t,a)=1

d(n, k + bt, 4bt) — O(n, k — 4bt, 4bt 2nv/DnN
% Z (Tl, + ) ) (TL, ) )Il u n +
n<M v 4bt

D\'? ray1/2 .
— ht /2 a7l/24¢
+0 ((M> (b) N) + O(DY2N/?+2),

Let for Re s > 1

= plag; k + bt, 4bt) . plap; k — bt, 4bt)
Fi(s) = Z $s+2 , Fo(o)= Z $s+2
t=1 t=1

(t,i):l (t,a7)=1

Let p®* and p®* denote that p®¢||b, p®*|| k. Then

Fe(s)= ] <1+p(a“0;1’p)+p(a‘p;1’p2)+...> x

s+2 2(s+2)
(p,2abk)=1 p p

plap; 1,p™*!
< I (P(WP; 1,p™) + (pSJrg) RIERR IR

plb

. : 2
XH<1+p(aw,0,p) 4 Plawi0p7)

P ps+2 p2(s+2)
p

plap;0,p°%)  plap; k, p*+7) N y
pak(s+2) p(ak+1)(s+2) e

x (p(aap;k:l:b,22)+p(

D)
_L(8+2,X4)Gi( )a

ap; k +26,23)  plap; k + 4b,24)
25+2 22(5+2) e

where G4 (s) is a regular function for Re s > —1.
Observe that

G (s) = Go(s)g4(s), G_(s) = Go(s)g—(s),
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where

plap; k £2b,23)  plap; k + 4b,2%)
9s+2 + 22(s+2)

g+ (s) = plap; k +b,2%) +

Hence,

C(s+1)
L(s+2,x4)

It is obvious that for a = 0 (mod 2) or a = 2 (mod 4)

Fy(s) = F_(s) = Go(s)(g+(s) — g-(s)).
plag; k +2™b,2™2) = p(ap; k — 2™b, 2™F2).
For a =0 (mod 4) we have
(8) plap;0,4) =16, plap;2,4) =0, plap;k+2mb,2"2) =0 if m > 1.

So we have
Fi(s)=F_(s) if a=0 (mod 4).

For a =0 (mod 4) and k = b (mod 4)

Z plap; k + bt, 4bt) Z plap; k bt 4bt)
t<\/Ny t</Ny

(a,t)=1 (a,t)=1

3 plap; k +bt, bt)plap; k +bt,4)  plap; k — b, bt)p(ap; k — bt, 4)]
2 - 2 -
v t t

(a,t)=1

+ + -
PSRRI DRI I DD »
t<\/N1 t<y/Ny t<\/N1 t<y/N1

(t,a)=1 (t,a)=1 (t,a)=1 (t,a)=1
t=1 (4) t=—1 (4) t=1 (4) t=—1 (4)

By (8) we obtain for a =0 (4), k=b (4)

(9) S _16 Z xa(t ago,k bt)

t<\/N
(a,t):l
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Similarly, if a =0 (4), k= -b (4)

t<\/N1

(a,t)=1

Hence,

Ry (M,N) ifa#0 (mod 4),

(11) Yo1 =1 X151 if a =0 (mod 4) and k = —b (mod 4),
Y11 if a =0 (mod 4) and k = b (mod 4),
where
Ri(M,N) =
vDN ®(n, k + bt, 4bt) — ®(n, k — bt, 4bt 2
t<+/Np t n<M \/ﬁ ¢
(a,y)=1

aD 1/2
+O (bM) N +O(D1/2N1/2+6).

Now consider Yoo. Similarly as sum Y57 we have

T (N2 + %) Z plap; k + bt,4bt) — p(ap; k — bt, 4bt)

E =
2 T4/ D 2

t</N
(a,t)=1

VD > \ Nat + % S ®(n, k + bt, 4bt) — ®(n, k — bt, 4bt)
X

t<v/Ny t n<M vn

1/2
2 k aD 1/24€ Hy1/2
x Iy <4bt Dn <N2t+a)> +O<<bM> N) +O(N D).

Thus after analogous calculations we obtain

Ro(M,N) if a # 0 (mod 4),
(12) Yo =< 211 if a=0 (mod 4) and k = —b (mod 4),

Y11 if a =0 (mod 4) and k = b (mod 4),
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where

Not+ & _ _
= vD 5 \/72 ®(n, k + bt, 4bt) — D(n, k — bt, dbt)

¢ NG
t<y/N7p n<M

% I (j; Dn (Ngt—&-];)) +O<<CJL\?) v >+O(N1/2+5).

Hence, we proved

Theorem 1. Let p(u,v) = ayu’+2byuv+civ? be primitive positive definite
quadratic form, D = ajc; — b? > 0, D is square-free number, (a1,2) = 1. Let
A,(N,a,b, k) be the number of the solutions of diophantine equation

ap(ur,v) = b(uf +vf) =k, a,bkeN, (a,b)=(ak)=(bk)=

under the condition p(u1,v1) < N. Then the asymptotic formula

A (N, a,b,k) = E(a,b, k) - <N - k) + S1(N) = S5(N) + S3(N)+

+0 (N1/2 (’;)) +0 (lb)log N) ((ZJ\Z)W N> + O(NY/2+)
holds, where
BEy(a,b k) ifa#0 (mod 4),
E(a,b,k) = { 2E5(a,b,k) ifa=0 (mod 4), k= —b (mod 4),

0 ifa=0 (mod 4), k=b (mod 4),

4 L(1,x4)
VDb L(2,x9)

D(n, k, bt) k bt) (@ (27r\/b§nN> |

E2 (CL, b7 k) =

9(0),

T

Si(N

PR

%\
M

g\/\
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VDN 5 1 5 ®(n, k + bt, 4bt) — B(n, k — bt 4bt) | <27r\/DnN>
1 9

b = /i - t 4bt
(a,t)=1
S3(N) =
YD2N 1 Z O (n, k + bt,4bt) — ®(n, k — bt, 4bt) I <2m/DnN2>
= 1 )
4(&[))1/2 n<M " t<\/Np \/i b\/i
(a,t)=1
N —k b
Ny =2 . Np=-N2
b a

Corollary. For every e > 0, (ab)3™® < N, k= o(aN) and N — oo the
asymptotic formula

k Da 1/2
Ap(N,a,b,k) = E(a,b, k) - <N - > +0 <b> N5/6+e
a

holds.
Now we denote

A(J}) = A¢(£7a’7b7 k) - E(G,, b, k) . (.T — ];)
and consider

T
k/a

. b'e
- / A?(z)dz.

/a
Theorem 2. Letb=k =1 (mod 2) and a > b. Then
1 D Dk\?
= /AQ(x)dx < o xA/3te 4 (b) log? X.
x a

b5/3
1

Proof. By Theorem 1 and the Cauchy inequality we obtain

X
/ A?(z)dr <

k/a



118 G. Belozorov and P. Varbanets

. Dk\* aD
2 2 3 24e
i d — ] Xlog“X —X X“TeD).
<<Z/\S(x)| x+0<<ab> og >+0<bM )+0( )
zzlk’/a
b's
The integrals [ |S;(z)|?dz can be considered on the identical scheme. Thus
k/a
we obtain the estimate only of the first integral

X
[ 181wz -

k/a

X
D 1 @(nl,k,bdl)@(ng,k,bdg)
_D dvd
> \/W/ 2 drda xaldadz)x
<M k/a d

n1N2s 1,do<VMeZ=k
2w/ Dnox 2m\/Dnix
x| ———— || ————— | dx.
bds bdq

We account that for z — 400

I(z) = \E‘m(fé?’f) +0 <231/2> .

Apply a refinement of Hilbert’s inequality given by Montgomery and
Vaughan [9)].

Let {an} and {b,} be two sequences of real numbers, b; # b; for i # j.
Then

M aa M
TS i(bg—bg) 2

> AT <) a.

A (rs) /A (Vr = /5) prt

X
Thus the main contribution in the estimation of [ |S;(z)|*dxz is given by the

k/a
integral
vD L 1® (1, kb, dy)D(na, k, do)]
n1 1 n2 2
R A L
3/4 172
’ ninaSM (nan) k/a dy,do< altjk (dldQ)

n1d§:n2df
(d1dg,a)=1
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By the estimate |®(n, k,d)| = O(d'/?(n,d)*/?7(d)) we obtain

VD
I'< b Z mnz 3/4 / f Z (nl’dl)(nQdQ)T(dl)T(d2)dx
ni,m2< k/a dy,da <4/ Lb

n1d2:n2d2

Observe, that the collection of ni,no,d; define at most one value of ds
such that nqd3 = nads.

Now we have

> (ﬁ > (n1,d1)(ne, d2)7(d1)7(d2) <

nlng) dy.ds
n1d2:n2d?

< Z Z (nin 3/4 Z T(dltl)'r(d2t2)(tl,t2)1/2 <
1 2

ni,nz

T e
azx\ € 7(n1)T(n2) [ax\1/2 172 fax\1/2+2e
<(%) TIUTER (55) T < a2 (52) T 10 M
<\7 Z< (mm)#t \p ) < b o8
ni,n2>

Hence,
D 142
I < g (%) M2 X2 108 M,
Da 1+
/ 1Sy (z)]2dr < \/>b M1/2Xlog M.

k/a

Similar estimates we obtain for + f |Si(x)|?dx (i = 2,3). And therefore

k/a
X AN 2
/ <A¢(1:,a,b,k) — E(a,b,k) - (z - a)> dr <
k/a
2 142¢
< 2P x5 (MDY v 10e? M4 X2 D 4+ VDI ey log? M.
bM ab b2

We take M = (bX)?/? and then we obtain our theorem.
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Corollary. Let k < N2/3a2/3p/6D=1/2. Then for almost all N < X and

any € > 0 the asymptotic formula

1/271/2
A,(N,a,b,k) — E(a,b, k) - (N — ’;) + O. (N2/3+6“/651/)6/>
holds.
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