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Abstract. The integral equation method is frequently used for the solution
of problems following from an electromagnetic sounding. Important element
of using the integral equation method is a denoting of the Green tensor
function. In the paper the algorithm for calculating the Green tensor is
developed for the stratified space.

For the calculation of the hypersingular integrals in the Green tensor
a formula is obtained for the principle value of the singular integral in a
parallelepipedon.

1. Introduction

In our days among the different geophysical methods of the ore explo-
ration the electromagnetic soundig method plays an important part. An
electromagnetic field which can be measured on the surface of the Earth
depends from the distribution of the electric conductivity inside a medium.
A measured electromagnetic field gives information about the structure of
upper layers of the Earth and specifically about the presence of inhomogeneities
who give marks for ores. The efficiency of the electromagnetic sounding used
depends on the elaboration of the fast methods for computer modelling of the
electromagnetic fields in an inhomogeneous conductive media.
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These scientific researches play an important role in the scientific co-
operation of the Moscow’s and Budapest’s universities. The initiators of this co-
operations were Prof. I.Kétai (from Hungarian side) and Prof. A.N.Tikhonov
(from Russian side) (see [10]).

In our age special systems exist for the mathematical modelling of the prop-
agation of electromagnetic fields in stratified media with local inhomogeneities,
in those the electric conductivity is an arbitrary function. In this case a basic
model is a stratified medium (with electric conductivity o(z) depending only
on depth) which contains a local inhomogeneous domain V with an arbitrary
electric conductivity o(z,y, 2).

For this problem the integral equation method is frequently used ([5, 4, 9]).
For reducing this problem to the solution of an integral equation in the local
domain V we need know the Green tensor for the vector Maxwell equation in the
stratified medium. Therefore an efficient algorithm is needed, which is adapted
to using in the integral equation method, where values of the Green tensor can
be computed fastly in many number of points of the domain V. Moreover, the
singular part of the Green function must be separated analytically, because
the integral equation, which is equivalent to a boundary-value problem for the
Maxwell equations, is hypersingular (i.e. contains a non-integrable singularity)
([7]). Therefore beyond numerical solving of the integral equation a singularity
of a kernel of the integral equation must be integrated analytically.

2. Formulation of the problem

The propagation of the electromagnetic waves is described by a system of
Maxwell equations. The Maxwell equations formulated in frequency variables
in the three-dimensional Euclidean space 2 are ([2])

(1) rotH = —iwpgE +j, rotE = iwuoH,

where E , H are the vectors of the electric and magnetic fields, correspondingly,
w is the frequency. The medium is assumed to be stratified, magnetically
homogeneous, i.e. a permeability is constant and equals to its value in vacuum:
1 = po, the conductivity o(z) is a piecewise continuous function of the depth
only:

0(2) =0m, Zm-1<2<2zp, m=12,...N—-1

(2)

o(z) =09 = const, z < zg=0; o(z) =0n = const, zy_1 < 2.
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For an arbitrary source function the vectors of electric and magnetic fields can
be written in the integral form with the fundamental solutions, which are Green
tensor functions of electric £(R,R’) and magnetic H(R,R’) types:

() E(R):/S(R,R’)j(R’)dR’, R=(z,9.2), R =y, )
1%

(4) H(R) = [ H(RROJR)IR,
v
where V is a support of j.

The Green tensor function is an analogue of the Green function for the
case of the vector differential equation. £ and H satisfy the equations

(5) rotH = o(2)€ + D, rot€ =iwpeH;
where
(6) D=4§R—-R/)T.

is the unit tensor, S(R—R') = d(z —2')d(y —y’)d(z — 2’) the three-dimensional
scalar Dirac delta-function.

The Green tensors £, H can be represented by using the tensor-potential
function A(R,R’) (see [5, 7]) as

N
(7) HER,R') = o rotA,
(8) ER,R)=A+V <]€12divA) .k =iwpgo.

The tensor A satisfies the equation

9) AA+K2A+ Q= — iwpeD, Q=k>V <k12divA> — VdivA,

where for the differential operators a variable is R.
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If k2 is the function of z only we obtain for tensors Q and .A:

0 0 0
(10) Q=10 0 ];
QI QY Q;
and
G1(R,R/) 0 0
0 G1(R,R/) 0
(11) A= ’ ’ 5
89(R7 R ) 89(R, R ) Go (1;{7 R/)
oz y

where the scalar functions Gy, G2 and g satisfy the following equations:

AGq + /€2G1 = —’L'CUMO(;(R - R/),

1
(12) k2div (k2VG2> + k*Gy = —iwpgs(R —R/),

(1 o (1
k2div <]€2vg> + kg = 4&5 (kg> G1.

On the surfaces z = z;, i = 0,1,... N —1 (see (2)) the coeflicients o(z) and
k(z) are discontinuous, and from the general conditions, that in the surfaces of
discontinuity the tangential components of the electric and magnetic fields are
continuous, we have for G1, G2 and g the conjugate conditions in the form

6G1 1 6G2 1 89 . .
(13) G1, Ga, g, 92 002 o (82+G1) are continuous.

Now let us suppose that o(z) is a piecewise constant function, i.e. in (2)
om = const, m=1,2 ... N — 1. In this case equations (12) are reduced to the
following forms

AG: +k*(2)G1 = —iwpod(R — R),
(14) AGy + k*(2)Gy = —iwped(R — RY),
Ag+k*g =0,

and the conjugate conditions

0G
[Gl]szl - 07 |: 0z :|zm—1 - 0’
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190G,
(15) [GQ]mel - O’ |:0' (32:| Zm—1 B 0,
19g 1
[g]szl - O’ |:U(92:| Ze1 T |:U:| Zm—1 Gl’

where for Vo [¢].., _, = ¢#(zm-1+0) — ¢(2—1—0), m=1,...,N —1.
At infinity the radiation conditions are satisfied.

3. Numerical algorithms for the Green tensor

Let us introduce the cylindrical co-ordinates

{Tv 0, Z}u r= \/(x - x0)2 +(y — y0)2'

From the equations (14) and conditions (15) one can see that the functions
G1,Gs, g are independent of 6. Therefore it is useful to apply some integral
transformations. We use the Hankel-transformation (see [5]).

Let the Bessel-operator
(16) lf) = [ Jofers(z. ot
0

where Jj is zero-order Bessel function of the first kind.

Let us define the representations

iwito

Gi(r,z,2") = ym Io(V1),
w
a7) Galr,2,2') = =0 1o (Va),
w
g(r,z,2") = 4':0 Io(v).

After that for V7, Vo, v we obtain the boundary value problem for ordinary
differential equations
d*vy
dz?

(18) — 12 (2)V1 = —26(2 — 2'),
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%
[‘/l]zm,l = 07 |:dl:| = 07 Zm—1 7é Z/a m = 17 L 7N - 17
< Zm—1
d2V2 2 !
(19) LR Ve = ~26(:— <),
1dVs
[ 2],2,,1,1_07 |:d2:| _Oa Zm—l#z/7 mzla"'aN_17
g az 21
d*v
(20) T2 n*(z)v =0,

1d 1
[’U]z 1:07 |:U:| :_{:| Vl, Zm—17é2’/, mzl,...,N—l,
" g dz Zm—1 g Zm—1

where 7?2 =t — k2, Re(n) > 0.

The problem (20) can be reduced to a simpler one if we define the new
function

(21) W(z, 1) = t20(z, 1) + %.
z

This function satisfies the problem

W
dz?

(22) 1P ()W = —=26(z - &),

1dW
W], =0, [} =0, zm1#2, m=1,...,N—1.
g dZ Zm—1

Now since (17) and (21) we have

iw/.to w 1 dV1
(23) 9(7"72',2/) = e (IO <t2) —1I (ﬁciz)) .

The problems (18), (19), (22) can be reduced to a single problem for the
common fundamental function U%(z,t). For this function we can write ([2])

d2Ue
dz?

— (U =0, z€(—00,7) U(z’7oo),
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1 dUg ,
« — - — oy = 1 e N — 1
[U ]Z.,,L 1 ) [a(z) dZ :|zm ) 07 Zm—1 # Z, m 9 9 )
d*Uo
« _ a _
24 Usle =20 |G| =-20-0)
U —0 if |z] = oo,
where o = 0,1; a = 1,0. Now using the fundamental function US we get
(25) Vi=U); Va=UY; W=U,},
and, because of (17) and (23),
Wl Wwito
(26) Gl = 4 I()(Ul) G2 = ? I()(Ug);
W Ul 1 dU?
= Lhl=2|-L|ls—] -
e <O<t2> O<t2 dz
After that for the components of the tensor £ we obtain
. zwuo 1 02 1 9 dU} _
B = IO(U )+ dro(z) Ox? preal U+ dz '
1 2 1
E? = EY = 0 — I | = (KUY + Uy ;
(27) Y 470 (z) Dxdy dz
iwiio 1 82 9 dU;
EY = Iy(U — =] E2UY ;
Y 4 o(U7) + Ao (z) 0y2 ° (tQ ( Vodz
iwpg O iwpg O 1
E? = — 1 ; EBY = —1I ;
z 471_ ax O(U )’ z 47T 8y (Ua')7
iwpg O ou? iwpg O ou? zw,ug 0
E=———Ih|5%|; B, =——-1 ; B2 = ItU
T Arm 8m0<8z YT am oy P\ oz ) T o(Uz)-
For the derivatives of the Bessel operator Iy(¢) we can write
0 x—a 0 y—y
— 1 =— Li(tp); —1 =— I, (t¢);
97 o(®) 1(t); 3y o(¢) 1(to);
92 o — /)2 o — 2 — N2
o tofo) = - gy T TV ),
(28) 3; ( " ) ( /)2 i ( /)2
9 y—y y—y)y-—(z—=
— 7 = I (to);
52 lo(@) =~ Lo (#%0) + = 1(t0):
0? (z —a')(

a5 10(0) = == (1) - 1))
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where operator
o0

(29) I(tg) = / Ji(tr)g(t)t3dt.
0

So the calculating problem for the electric Green tensor £ have been reduced
to solving the boundary-value problem for the ordinary differential equation
(24) and integrating the Bessel integrals with fundamental function U.

Note that in [1] the algorithm is given for computing the Bessel integrals.

For the components of the magnetic Green tensor H we have from (7) and

(11)

2 2
He — 1 89'H‘”— 1 (89_86’1);}[1. 1 0G|

iwpg 020y’ Y dwpe \Oy2 0z * dwpg Oy’
(30) HY = 1 0G1 _@ Y — 1 9% CHY 1 0Gy
¥ dwpg \ 0z Oz Y iwpg 0xdy’ % dwpg Ox
1 8G1 1 aGl
= — L pE o HE =0,
T wpg Oy Y dwpg Oz R

The functions G, Ga, g can be computed from (26) as above.

4. Analysis of the singularity of the Green tensor

For an analysis of the singularitiy of the electric Green tensor in stratified
media it is very important (and fortunational) that the singularity in any space
is the same as it is in the homogeneous space. In the homogeneous space the
Green function can be written in analytical form (see [5], [9]).

For the homogeneous medium

1 Uy
(31) Uto = Ugo = %6 wle=l gl = WO?
dul, / 1 dU} 1 '
o0 _ —mplz=2"l. (20 90 )\ _ 0 — o lz=7|
o e - ( pUio t e > 10 77p€ )

where 1, = const is the value of 7 in the pole R’.
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Let us denote

1 : T ntdt etk R
32 Ag(R,R)) =1, (e—”PZ—Z ) = /J tr)e~mwlz—2 1 22 — ’
(32) o ) =1Io " o(tr) ” 7

where R = /12 + (z — 2’)%. Note, that the last equality in (32) is the well-
known Sommerfeld formula. After that we can write the singular part of £
as

L0 4o(R,R)T +

47 TO)p

(33) £ = (V- V") Ay(R,R)),

where the matrix differential operator

0? 0? 0?
022  Ozdy OOz
0? 0? 0?
Oxdy 87342 oYz
0? 0? 0?
0xdz Oydz 022

(34) (V-V7) =

So in (32), (33) we obtain the analytical form for singular parts of the
components of the tensor &£.

As it was mentioned above the Green tensor function is important in the
theory of the integral equation method, where the solution of the Maxwell
vector equation in an infinite space with bounded inhomogenuous domains can
be reduced to the solution of the singular integral equations in the bounded
domains. The kernel of the integral equations is a Green tensor.

The obtained hypersingular integral equation can be solved numerically.
The local domain V is decomposed into subdomains V;, where subdomains are
assumed so small, that inside V; the regular function can be taken for constant
one:

(35) /S(R,R’)f(R’)dR’z E(R,R)dR’-f(Ry), Ry Vi
Vi Vi

If R €V, the integral in (35) will be singular with non-integrable singularity.
Let us rewrite this integral as

/(5 —ENAR’ + [ £%R/.
Vi Vi
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The integrand in the first integral is bounded or has a weak singularity and can
be integrated numerically for example in spherical or cylindrical co-ordinates.

Let us write £° (33) in the form

1
=

: ik, R ik, R

wpg e*r 1 et —1 1 T
T V- V-

4t R +47r0p( vY) R +47r0p( vY)

(36) £0 =

The first term has the first order singularity and can be integrated easily. In
the second term (e?*»% — 1)/R for small R is analytical function.

Let the subdomain V; be symmetrical and let be

1 1
0= -V —dR'.
g /471'0,)(v v )R

i

It is easy to see that the terms in G° with non-diagonal differential operators
from (34) are equal to zero, and we have

1 a;, 0 O

(37) Gl = 0 a 0],
4oy, 0 0 a
where
0% (1
(38) o = /W <R> dR!, a=z,v,z.
Vi

Note the other peculiarity of the integrand

1 1
(Vr - Vﬂ)ﬁ = (Vr - VT/)E-
For an analytical calculation of the integral (37) a usual method is using
Cauchy’s principal value for a singular integral, where for integrating a small
domain is separated in the form of ball with centre in R. However this
choice is not convenient, because for a numerical solution the domain usually
is decomposed into small parallelepipeds.

We give an analytical formula for a principle value of the hypersingular
integral in the parallelepiped with sides hg, hy, h,. We have

2
Ay = dz dy a— S dx =
ox? /22 + y2 + 22
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h./2 hy /2
dy
39 = —h, d =
—h./2  —hy/2
h./2
d hyh.
= —8hghy / : = —8arctg Y .
iy (B4 22)y [h2 + b2+ 422 hw\/m
Analogously,
hoh hyh
a, = —8arctg a, = —8arctg Yy

hyy/h3 + h2 + b2 hzy/h2 + h2 + b2

For the cube (hy = hy = h, = h) we obtain
(40) ay = ay = a, = —8arctg— = ——.

Note, that the formula (40) does not depend on h and so it is the same for
arbitrary small h. Note, farther, that this last result is the same as it for ball,
i.e. for Cauchy’s principle value ([3]).

The above stated algorithm can be used efficiently for a fast calculation of
the Green tensor in the subdomains which are more suitable for numerical cal-
culations in parallelepipeds and cubes, therefore the integral equation method
can be used more widely and successfully.

References

[1] Bezvoda V., Farzan R., Segeth K. and Tako G., On numerical
evaluation of integrals involving Bessel functions, Aplikace matematiky,
31 (5) (1986), 396-410.

[2] Ovmurpues B.W., Daexmpomazrummsie noas 6 HeoOHOpoORnT cpedar,
m3n. MI'Y, Mocksa, 1969. (Dmitriev V.I., Electromagnetic fields in
inhomogeneous media, Moscow Univ. Publ., Moscow, 1969.)

[3] Dmitriev V.I. and Farzan R., Method for calculating anomalous
electromagnetic field from local inhomogeneity, Mathematical models of the
electromagnetic sounding and mapping in geophysics, eds. V.I.Dmitriev
and [.LK&tai, Budapest, 1980.



82 V.I. Dmitriev and R.H. Farzan

[4] Ovurpues B.W. u Ilozmuasxoa E.E., Meron pacuera smekrpo-
MarHUTHOTO IIOJIS B CIOUCTON Cpejlie C JOKAJILHOW HEeOMHOPOIHOCTLIO,
Axmyanvrsie gonpocet npursadholl mamemamuru, uzn. MITY, Mocksa,
1989, 98-104. (Dmitriev V.I. and Pozdnyakova E.E., Method for calcu-
lation of the electromagnetic field in the stratified medium with local
inhomogenity, Actual problems of applied mathematics, Moscow Univ.
Publ., Moscow, 1989, 98-104.)

[5] Ovurpues B.M. u 3axapos E.B., Humezpaavuue ypasrenus oas
Kpaesns 3a0ay anexmpoounamury, u3n. MI'Y, Mocksa, 1987. (Dmitriev
V.I. and Zakharov E.V., Integral equations for the boundary value problems
in electrodynamics, Moscow Univ. Publ., Moscow, 1987.)

[6] Farzan R., On approximate solution of one integral equation in electro-
magnetic sounding, Colloquia Math. Soc. Jdanos Bolyai 50, Numerical
Methods, Miskolc’86, North-Holland Publ., Amsterdam, 1987, 429-438.

[7] Farzan R.H., Integral equation method for Maxwell equations, Annales
Univ. Sci. Budapest., Sect. Comp., 16 (1996), 103-127.

[8] Farzan R.H., Numerical solution of a three-dimensional integral equa-
tion, Numerical analysis and mathematical modelling, Banach Center
Publ. 24, Warsaw, 1990, 409-414.

[9] Farzan R.H., Integral equation method for three-dimensional partial
differential equations, Colloquia Math. Soc. Jdnos Bolyai 62. Differential
equations, Budapest’91, North-Holland Publ., Amsterdam, 1993, 119-132.

[10] Tikhonov A.N., Dmitriev V.1., Kdatai I. and Szabadvari L., Math-
ematical modelling and numerical investigations concerning the problems
of electromagnetic sounding, Mathematical models of the electromagnetic
sounding and mapping in geophysics, eds. V.I.Dmitriev and I.Kéatai,
Budapest, 1980, 84-94.

(Received May 8, 2003)

R.H. Farzan B.A. IImurpuesB
Széchenyi Istvan Egyetem MIY, ¢akyarrer BMK
Fizika Tanszék KRagenpa mar. ¢pusurnm
Egyetem tér 1. JlenuHCKME TOPLI

H-9007 Gyér, Hungary 119992 Mocksa, Poccus





