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THE STRUCTURE
OF THE BOOLEAN-ZHEGALKIN TRANSFORM

J. Gonda (Budapest, Hungary)

Dedicated to Professor I. Kdtai on his 65th birthday

Abstract. In [6] a linear algebraic aspect is given for the transformation
of a Boolean function to its Zhegalkin-representation. In this article, we
investigate the linear-algebraic structure of that transform.

In this article the elements of the field with two elements are denoted by
0 and 1; N denotes the non-negative integers, and IN the positive ones.

In [6] we pointed out that if we consider the coefficients of a Boolean
function of n variables and the coefficients of the Zhegalkin polynomial of n
variables, respectively, as the components of an element of a 2"-dimensional
linear space over Fy, then the relation between the vectors belonging to the
two representations of the same Boolean function of n variables could be
given by k = A™q. Here k is the vector containing the components of the
Zhegalkin polynomial, « is the vector, composed by the coefficients of the
Boolean representation of the given function, and A(™ is the matrix of the
transform in the natural basis. In the article mentioned above is proved that

(1), if n =0,

A(n) = A(nfl) O(nfl) )
Alr—=1)  An=1) |> ifneN,
and as a consequence that
AM? — 1),
where I and 0™ denote the 2"-dimensional identity and zero matrix,
respectively. From this follows that if k = A(™q, then a = AME
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In the following part of our article, we consider the transform given above
by A,

Theorem 1.

(1 + /\)I(n)7 zfn =0,
A™) + AL = T(n—1) o(n—1) .
(O(nl) (1 + )\2)1(711)) 3 Zf?’l S N7

where U(A) = V(\) means that the two A-matrices are equivalent, that is there
are invertible A-matrices R(X) and L(\) so, that V() = L(A)UAR(A).

Proof. If n = 0, then
A A1 = AO LATO = (1) 2(1) = (14+1) (1) = A+NIO = (14 A)1™),

Now let n € Ny,

o) An) " I AWM L A0 "
(I(") O +/\A(”)> = L( +1)(/\)’ (0(”) Al ) — R( +1)()\)
N (») o)
and let C(**+1D()\) denote (0(") (1+ )\2)1(”)>’ then
L(n+1) \ A(n+1)R("+1) \) — o) Am)
(\) N =1 1m 10 L yam | >
A A1) o) 1AM L \I(™)
A AM £ I o™ A =
1) ) (nt1)

(AM)* = 10, 50 1 = det (IM) = det ((A™)") = (det (A™))’,
and then det (AM) = 1. As det (L"*V (X)) = det (A(™), we get that
det (L("*Y(a)) = 1. With a similar calculation we can get that

det (R("+1)(a)) =1,

so L(\) and R(\) are invertible matrices, and

i+l — L+ ()) (A(n+1> n A1<n+1>> RD()),
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i.e. the two matrices are equivalent.

From the previous theorem, we can get many results. First, we can read
out the minimal polynomial and characteristic polynomial of A (™).

Corollary 2. If u(") denotes the minimal polynomial of A", and ™
denotes its characteristic polynomial, then

A+1, ifn=0,
Mm:{

A +1, ifneN,
™ =\ 41,

Proof. The minimal polynomial of a quadratic matrix is its last invari-
ant factor, in our case the abovementioned polynomials. The characteristic
polynomial is the product of the invariant factors. If n = 0, then the
only invariant factor is A 4+ 1, and A 41 = A+ 1. In the case, when
n € N, that is when n > 1, then there are 2"~! invariant factors equal
to 1, and each of the further 2"~! invariant factors is equal to A2 + 1, so

M =2+ =2 1= 41

The results mentioned above are not surprising. A(©) 4+ X\ = (1 4 ))
and det((14+ X)) = A+ 1, s0 A+ 1 € Fy[)] is the characteristic polynomial of
A The degree of that polynomial is equal to 1, which is the order of the
matrix A(®. As there is no nonzero polynomial of degree less than 1, of which
A is the root, A + 1 is the minimal polynomial of A as well.

Now let n > 0, then A # I and A £ 0", 5o neither A nor X + 1
can be the minimal polynomial of the matrix. On the other hand, A =
= I shows, that A(™ is the root of the monic polynomial A2 + 1, and the
minimal polynomial of a matrix is uniquely determined. Now let us consider
the characteristic polynomial of A(™). The degree of that polynomial is equal
to 2™, and the set of the roots of the characteristic polynomial is equal to the
set of the roots of the minimal polynomial. As A2 +1 = (A + 1)? over Fs, the
only root of the minimal polynomial is 1. From this follows the characteristic
polynomial of A(™ is a polynomial of degree 2" with exactly one root, namely
1. The only (monic) polynomial with these properties is (A +1)2" = A2" + 1,
and then the characteristic polynomial of A is A2" + 1.

Another simple way to prove A2" +1 is the minimal polynomial of A(™) is
as follows. We saw above, that ¢© = X\ +1 = 2" + 1. If e(=D = \2"7" 4 1,
then
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" N An—1) +/\I(n—1) o(n—1)
= det (A( ) + AL )) = det (( A(n—1) A(r=1) L Z\(n=1) )) =

=" 41,

so for any nonnegative integer n ¢ = A\2" +1.

Corollary 3. For any n € Ng the 2"t! dimensional linear space over Fy
is a direct sum of 2™ two-dimensional cyclic subspaces invariant with respect to

Aln+1)

Proof. The only invariant factor of A+ is equal to A2 + 1 and
the multiplicity of that invariant factor is equal to 2™. From this two facts
immediately follows the statement above.

Let A ~ B denote that the matrices A and B are similar, that is there is
an invertible matrix T so, that B = T~ 'AT.

Corollary 4.

0 1
n (1):
AM !B (1 O)’

(n) _ (B(n—l) O(n—l)

O(n—l) B(n—l)) ) I1<ne N7

where for any nonnegative integer n B is the Jordan matriz of A,

Proof. c@D(\) = A+ 1= p@\) and ¢V (N\) = A2 +1 = pM(N), that is
the 2°- and the 2'-dimensional linear spaces over Fy are cyclic and invariant
with respect to A(© and A respectively. In such a case the Jordan matrix of
A and AM is equal to the companion matrix of their minimal polynomial,
and then B(®) = (1) and B = ((1) é)

Now if n > 1, then by Corollary 3 the 2"-dimensional linear space over
F, is the direct sum of 2"~ ! two-dimensional cyclic spaces invariant to the
transform represented by A(™) in the canonical basis of the space. The Jordan
matrix of such a transform is the hypermatrix containing 2”~! blocks equal
to B(!) in the main diagonal, and the zero matrix of order two in the other
positions of that matrix. But the structure of B(") corresponds to that form,
and if the structure of B, where n € N, satisfies this rule, then B("t1)
satisfies, too.
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Corollary 5.

CO = (1) = AO),

11
n 1 =
A ) C (0 1),

(C(nl) O(nfl)

o(n—1) C(n1)> , 1l<neN,

where C") is the classical canonical matriz of A™.
Proof. ¢(®(\) = A+ 1= u(®()), and then the classical canonical matrix

of A is the identity matrix of order 1, that is C(®) = (1).

Over Fy 1P (A\) = A2 4+ 1 = (A + 1), so the classical canonical matrix of
1 1
D is c =
AWV is C 0 1
proof of Corollary 4, substituting the Jordan matrix by the classical canonical
matrix, and BM) | B and B*tD by CM | C and C+Y) | respectively.

) , and for n > 1 we can argue similarly as we do it in the

Now we can give a basis of the 2"-dimensional linear space over Fso, in
which the matrix of the transform represented by A in the canonical basis
of the space is equal to B(™). For n € N and 2" > i € Ny let e("% be the i-th
vector of the canonical basis of the 2"-dimensional linear space over F5, that
is the j-th component of (™% where 2" > j € Ny, is equal to

(nyi) _ R 17 le:.]7
€ 5”{0, if i 5.

Let us denote the i-th column of an arbitrary matrix M either by M, or by
(M);, and let U™ be that 2" by 2" matrix, in which for 2" > i € Ny

U _ {e("?i), ifi=0(2)
=i A iri=1(2).

Theorem 6. The matriz of the transform represented by A in the
canonical basis of the 2"-dimensional linear space over Fy is equal to B in
the basis given by the columns of U™,

Proof. For any two quadratic matrices M(") and M(® of order 2", where
n is a nonnegative integer, and for any 2" > ¢ € Ny,

(M(l)Mm)) — (Mu)M(z)) ) — M) (M@)g(nn)) = MOMP)

(3
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(A("))2 =1 so A(")Ag.n) = (A(")A("))j = (I("))j = e(™J9) | Let us consider
0 1
1 0

is for any nonnegative integer i less than 211 = 1 B = ¢l

the columns of B™. B() = < >, ) ﬁél) =D and le) = 19 that

e(12i+1) ang
Eg)ﬂ = e132) Now suppose if n € N, then for any 2"7! > i € Ny
E;?) = (m2i+1) gnd Qg;}rl = e(™2) or with an ¢ equal to either 0 or 1,
E;"}ra _ g(m2it(1-)

B(n+1) — B(n+1)§(n+1;2i+s) _ (B(n) o)

n+1;2i+4¢)
=2i+e om B® ) g( 7,

where 2" > i € Ng. If 271 > i € Ny, then

B(n) O(n) n+1;2i+¢e
<0<n> o ) €T =

B\ [ gn2ite) B\ (sise
= ompm o )=\ gm Je"TTT =
_ B(n)g(n;2‘i+6) _ Bg;bjrf _ e(ni2i+(1-2)) _ it (o))
00 g(ni2i+e) o) o™ e

and if i is an integer so, that 27"~! < ¢ < 27, that is if 2771 > i — 277! € Ny,

then - -
B 0™ n+1;2i4e) _
(O(") B ) el € —

_ /BM™ o0 2 AR
“lom B || em2i-2""te) | T { B | € =

O(n)e(n;Qi—2"71+e) Q(”) Q(n)
= <B(n)e(n;2i2”1+s)) = <Bé?ig> = (e(n;2i2"1+(16)) =

g(n+1;2i+(178))'

Joining together these two results we get that ﬁé?;l) = e(nH12+(1=9)) is true,
too. Applying the equations A(”)Agn) = ¢(™J) and Eé’f;f) = g(n+1i2i+(1-2)
for 2"~ > i € Ny, where n is an arbitrary positive integer,

( A<n>U<n)) = AU = A emi2i) — g(0)

21

— Qéﬁ_l _ U(n)g(n;%+1) — U(n)ﬁé?) _ (U(”)B("))gi
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and

(A(n)U(n))2 ) — A(W)Qgi)q — A(n)ASZ) _ Q(n;%) —
i+

= U = uMem2) = ymp) | = (U(mB(n))%H.

This means that for any n € N and 2" > i € N (AMUM),; = (UWBM),,

and then AU = UMBM® | We have to prove that U™ is a regular matrix
for every positive integer n.

We shall see that the set { | 0<i< 2”} spans the 2"-dimensional

linear space over Fa. If it is true, then this set is a generator system of the
2"-dimensional linear space over Fo, and the cardinality of this set is less than
or equal to 2. In this case the vectors of this set, so the columns of U™,
are pairwise linearly independent, so U(") is regular, and the above-mentioned
set is the basis of our space. Then with the preceding result, namely that
AMUM = UMWB® | we get that in that basis the transform determined by
A (") in the canonical basis is equal to B(").

We put now to use that if 0 < ¢ < 2j < 2%, then A;2; = 0, Agj2; = e,
and Agjy1,2; = e. By the definition of um given above, we get that Ugi) 9 =
=22 and UG, + US| = e =D 1+ 4D, = (2" 1. Now suppose
that for an integer k, for which 21 —1 > k € Ny, <Q§”) |2k +1<i< 2n> _
= (™" | 2k +1 < i < 2"), where the angle brackets denote the space spanned

bydthe vectors in the angle brackets. Then U(n) = e(2k) and U Z)H Aé’,?,
an

2" —1

U(n)+U;Z)—&-1+ Z A(”) (n3i) _e(n 2k) —|—A(n)+ Z A( k+e(n i)
1=2k+2 1=2k+2
:Aén) Z A(" e(n i) n2k:+1)

z;£2k+1
that is
<Q§.”) |2k <i< 2"> - <g<"ﬂ'> |2k <i< 2”>
and from this follows that { U o<i< 2”} = (e [0<i<2).

For n € N we can give a recursive form for generating the sequence of the
matrices U™ as follows.
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) o
Theorem 7. Let V() = (8 }) and V+) = (X(n) 3(71)) for

n € N. Then UM = <(1) 1) and for any positive integer n UMHY =

u® o
“ v gy |-
Proof. The first column of UM is e(® and the second column of the

matrix is apparently A, so UM = ((1) 1)

Kéi) — Kél) — Q(l) and thll — Kgl) — Agl) — Q§1)7 if n = 1 and
211 > § € Ny. Suppose for an n € N with any 2"~! > i € Ny Kg’;) =0

and V) | = U . Then for any 2" > i € N

1S (CONNVICOI NP U™ (i) U™
v oy )€ T v | T g ) T

n;2j
<6( j)> _ g(n+1;2j) _ Qg;"rl)’ if 4 = 27,

0™
Ag}) (n+1) (n+1) e .
) T Ay = U, =24

and if 2" < i < 2"+, that is if 2" > i — 2" € Ny, then

u® o) (n+134) 0(”)Q(n;i_2n) Q(”)
v g )€ = | ghemi-2t) ) = v, )~

( 0 ) — e(nt120) — U g — 9,

e(mi2j=2")
- Q(n) n+1 n+1 . .
(AQ"J 2 ) =45 = Uy, if 27 +1,
AL,

so for an arbitrary positive integer n and for any 2"+! > i € Ny

U™ 00\ s oimsn)
(V(n) g ) e =0

U™ o

vin ym ) is equal to the column of the

This means that every column of (

(n) (n)
same index of U+ that proves that (g(n) I(j_(n)) =yt
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Similarly, if 2" > i € Ng or 2" > i — 2™ € Ny, then

V(_”+1) _ AVACO RN D) p(n+1s) _ V(n)g(nﬂ:) _ Kz(n) _
Vi V(n) V(n) = V(n)g(nﬂ) V(7l)

(n)
N Ag") (n+1) (n+1) . .
Z(rjz) =4y =gy, =241,
195

i) (VO 00\ omemi=z) gy
v —(v<n> V) ety = Vmemi=2") | =y )~

(n)

(8<n>> =0, if i = 2j,
é(n) (n+1) (n+1) o . .
am ) =4y =gy, =241,
Ao

respectively, so for any 2"t! > i € Ny,

(nt1) 00D, if § = 25,
vt =

(2

Uy, ifi=2j+1.

The next Corollary is a consequence of Theorem 1 again.

Corollary 8. For any n € No, A" has one and only one eigenvalue,
which is equal to 1.

Proof. The characteristic polynomial of A(™ is ¢(™ = X2" 4+ 1, and over
F, this polynomial is equal to (A +1)2".

Now we deal with the eigenvectors belonging to the only eigenvalue 1 of
the transform given by A(").

Theorem 9. A© + 10 = 00 gnd if n > 0, then A"TD 4 1+ =

(n) (n) L 1(n)
((I)(n) A 0(—::)1 ) The only eigenvector of A© is e(%0  and the

eigenvectors of A™ | if n > 0, are all of the vectors of the 2"~ '-dimensional
A(n—1) + 1(n—1) )

linear space spanned by the columns of the matrix ( [(n—1)
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Proof. A(® +10) = 0" is obvious. If n > 0, then

o A A 4 1) o™ ) A 4 1)
) A 1) A A L1 ] = o ) ;

SO

o) o)

1™ A 1) AM 4 1) o)
o) o™ 1™ Lo |-

(n) (n) (n)
) < (5 ) i

A | pnt1) — (I(") A 4 I(m) |

and

=27 and A"t is a regular quadratic matrix of order 2"t so the nullspace of

(n) (n)
A+ 11+ §g 4 27 dimensional linear space. But rank <(A I(—:)I >) =

= rank (I(”)) = 2" and this proves the second half of the statement.

Corollary 10. For n > 0 the eigenvectors of A™ are of the form
( (A(nfl) + I(nfl)) v
v

) , where v is an arbitrary vector of the 2"~ -dimensional

linear space.

Proof.

( (A=) 4 -1 V) <A<n—1> N 1<n—1))
= v,

v - I(nfl)

(n—1) (n—1)
SO ( (A +1 ) V> is a linear combination of the columns of

v
A® 4 1)
1) :
(n—=1) 4 1(n—1)
The form of the eigenvectors given above by ((A —ZI )V)

(0)
shows, that if v = <Z(1) )is an eigenvector of A, then v(©) is an eigenvector

of A"~ The details are in the next corollary.
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(0)
(1)> two
eigenvectors of A . Then v(0) = 7 if and only if vV — o belongs to the
nullspace of A1),

Proof. (A= 410=1) (1) =y = @ — (A(=1) 4 1(=1) D) g
true if and only if (A(=1) 4 T(=1) (g(l) — g“)) — 0, that is if and only if

(0)
Corollary 11. Letn € N, and v = <Z(1)) and U = (

NI

v — 5 ig an eigenvector of A1),

Earlier we saw that the 2"-dimensional space is the direct sum of 2"~ two-
dimensional cyclic subspaces invariant to the transform of the space determined
by A(™) in the canonical basis of the space. We saw as well, that each element
of the set of the vectors e(™?) where 0 < i < 2"~', belongs to different
components of these subspaces, and these vectors are cyclic with respect to
A ™) in the subspaces containing them. Let P(") denote the nullspace of A(™) 4+
+I(™ . As we have altogether 271 different vectors of the form e(™29), and
these vectors are pairwise linearly independent, the set of all of the linear
combinations of these vectors, denoted by £(™), is a 2" !-dimensional linear
space over Fy, containing therefore 22""" vectors. Let T(™ denote the 2"-
dimensional linear space over Fa. Then we get the following theorem.

Theorem 12. £ is a direct complementary subspace of P

Proof. Suppose u is a common element of the two subspaces. Then on

211, 1_
one hand u =}’ )\ e(™2) and on the other hand (A(") + I )) u=0,so
1=0
2n 1 -1
0= (A(n)—FI(n))g: ( ”)_|_I(n)) Z \; enZz _
on—1l_q gn—1_1 .
Z i AM L 1) Q(n;%) _ \; AM 4 1) Qz? _
(a0 )3 (a0 1))
277'_171 277/—171 27171
) 5 (e ) = X
=0 i=0 —

where for 27! > i € Ny g = A\j = f2iy1. But the columns of U™ are
2m—1

linearly independent, so Z wil;" M =0 is possible if and only if all of the
1=0

coeflicients p;, and then every \;, are equal to 0. This means that the intersec-

tion of the subspaces £(™ and P(") contains one and only one element, the zero

vector. As both £ and P(™ is a 2"~ !-dimensional linear space over Fy, and
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the dimension of 7™ is equal to 2" = 2-2"~1 = 27~ 14271 e get that 7(") =
= &) 4 pn),

Corollary 13. For anyn € N

m _ ) (A1) y
P _{( utv

Proof. The elements of P(™ are vectors of the form

( (A(nfl) + I(nfl)) U))

w

ue P D Ape 5(”_1)} .

where w is an arbitrary element of 7(~1). But there is exactly one (u,v) €

e gln=1) » pn-1) pair so, that w = u + v, and then
(AP +10 D) = (ACD 410D () = (ACTD 410D ),

as (A(”’l) + I(”’l)) u=0.

Earlier we gave a generator system of P(™) if n > 0, namely the columns

(n—1) (n—1)
of the matrix (A I(ni_ll)

). From the previous results follows, that the
following set of vectors generates P, too.

Corollary 14. Let G™ a basis of P™) for any nonnegative integer n.
Then

Gt { <)‘ (Qgil) + Qg?il) >

AUSY + pu

2"‘1>ieN0AueG(”)/\/\+u:1}

is a possible basis of P™).

Proof. With the n-dimensional e("%29) vectors, {g(";zi) | vl s g NO}U
UG is a basis of 7). As

{/\g("?%)Jruulzn_l >ieN0/\g€G(")/\)\+u:1} _
= {g(’“zi) | s e No} U {Qm € G(”)} =

- {gw?i) 271> e NO} uGm,
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S0
Gntl) .=

_ { ( (A 4+ 1) (Ae®) 4 ) )

n—1 - (n) —
Ae®) 4 2 >i7e NgAued /\A+u_1}

is a basis of the nullspace of the 2”*1-dimensional space over Fy. But e(2?) =
U™ and
Yo

(A +107) (AUS + ) = 2 (A0 + 1) U = A (U + UG,

that proves the statement of Corollary 14.

We give another two bases of P(").

Theorem 15. {Ué?) +U2¢+1 | 2l > e No} and the columns of

(n—1) (n—1)
(A A(::II) ) are bases of P for any positive integer n.
A(n—l) I(n—l)

regular, so the second statement of the theorem is true.

Proot <A<n—1) n 1<n—1)) B (A(n—1> I ()

) A= and A1 g

Ug;) + Uéﬂl = Ug;) + Ug;ll if and only if Uél) + U;le + U(n)

+U g;)ﬂ = 0. This equality is possible if and only if two of the members of
the sum on the left side are identical, and similar is true for the other two

members of the sum (of course it is possible that all the four components
are identical). Suppose i < j. As in Qg?) and in Qg;) there is exactly
one nonzero value, and in the columns of A excluding the last one there
are at least two nonzero components, ng) # Ué?_)H # Qg;—) # Qgi_l #
# U . In that case the only possibility is, that Qé?) = Qér;) and U. g‘)ﬂ =

= Ug;zrl’

set given in the theorem are pairwise linearly independent. The cardinality of
that set is 2" 7!, so the space spanned by these vectors is a 2"~ !-dimensional
linear subspace of 7(™. Finally, if we choose an arbitrary element of the set,

for instance U(") + Ué’;}rl, then

and this is true if and only if ¢ = j. That means, the elements of the

A (Uf? + U, ) = AU + AU, =

=Ugth + U3 = Us) + Usiys
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so U. 57) + Ugiﬂ)rl is an eigenvector of the operator determined by A(™ in the

natural basis of 7™ that is Qg?) +Q§?_)~_1 belongs to the nullspace of A(") 41"

Let us consider the 2"~ cyclic invariant subspaces of the direct sum
decomposition of A in which {Qé?),gé?j_l} is a basis in the i-th subspace.
Then U g;) + U é?il is an eigenvector of that subspace, and from this follows
the following corollary.

Corollary 16. A possible basis for C™) is the set

(ol o)+ ol jo<i<om

Now let us consider two properties of the eigenvectors of A (™).
Corollary 17.

1. For an arbitrary v € T™ | v+ Ay is an eigenvector of A,

2. If n > 0, and u is an eigenvector of A™ | then ug = 0, and if u # 0,

then for at least one 2"~ < i < 2", u; = 1.

Proof.

LAM v+ AMy) =AMy +y=p+ A0y,

2. {Qg;) —|—Q$’_)~_1 | 0<i< 2”*1} is a basis of the linear space of the

eigenvectors of A(™. As for any 2"~! > i € Ny, the 0-th component of Qé?) +
+U gz)_l is equal to 0, the O-th component of every vector of the linear space of
the eigenvectors of A(™ is 0.

(n—1) (n—1)

Any eigenvector u of A(™ is of the form ( (A —ZI )1/>7 where v
is an arbitrary vector of 7(=1)_ If y = 0, then (A= 4 I("_l)) v =0, and
then u = 0.

The first part of the second statement means that every eigenvector of the
transform given by A(™ in the natural basis of 7(") lies in the subspace of
T() generated of the vectors of the natural basis of 7(") but e(™0).

Finally, let us consider the eigenvectors of A if 0 <n < 3.

1) If n = 0, then A® = (1) = I, so every vector of 7 is the
eigenvector of A, T( has two vectors, 0°) and e(®9) = (1).
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(0) (0)
2) If n = 1, then (A I(—(;I ) = <1+1> = <0> is a basis of the

1

space of the eigenvectors of AM, so ( ) and <(1)> are the eigenvectors.
0
0
0
1

0 0 0 0
AM 1 1 0 1 0
3)Ifn—2,then< o) = , and ol 11110
0 0 0 1
0
and 1 are the eigenvectors of A(?).
1
0 0 0O
1 0 0 O
1 0 0 O
A® 413 1 110
4) If n = 3, then( e =11 0 0 0 , and the columns of
01 00
0 010
0 0 0 1
the matrix
0 00O O0OOOTO0ODOTOOT OO ODOTUO0ODW
01 0101010101010 1
01 0101010101010 1
0110100101 1010°01
01 0101O01O01O0T1O0T1FVO0O]1
00110011001 T1O00T171
0000111 100O0O0T1T1T1:1
0O 0o00O0OOO0OOBTI1T 1111111
are the eigenvectors of A3,
References

[1] Abbott J.C., Sets, lattices, and Boolean algebras, Allyn and Bacon,
Boston, Mass., 1964.

[2] Flegg H.G., Boolean algebra and its application, Wiley, New York, 1964.



40 J. Gonda

[3] Halmos P.R., Finite-dimensional vector spaces, Springer, New York,
1974.

[4] Kérchy L., Bevezetés a véges dimenzids vektorterek elméletébe (An in-
troduction to the theory of the finite-dimensional vector spaces), Polygon,
Szeged, 1997.

[5] Akers S.H., On the theory of Boolean functions, J. SIAM, 7 (1959),
487-498.

[6] Gonda J., Transformation of the canonical disjunctive normal form of
a Boolean function to its Zhegalkin-polynomial and back, Annales Univ.
Sci. Budapest. Sect. Comp., 20 (2001), 147-156.

(Received September 24, 2002)

J. Gonda

Department of Computer Algebra
E6tvos Lorand University
Pazméany Péter s. 1/C

H-1117 Budapest, Hungary





