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Abstract. We give a complete characterization of g-multiplicative
functions that are almost-periodic.

1. Introduction and results

The starting point of the definition of (classical) multiplicative functions
is the unique representation of the natural numbers

n= Hpap("), ap(n) = max{a : p“|n}
peP

as a product of prime numbers. Then f : N — C is called multiplicative in case

Fn) = T ).

peP

Now, let ¢ > 2 be an integer and A = {0, 1,...,q— 1}. The g-ary ezpansion of
some n € Ny is defined as the unique sequence o(n),e1(n), ... for which

(1) n= Zf?j(n)qj , gj(n) €A
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holds. &¢(n),e1(n),... are called the digits in the g-ary expansion of n. A
function f : Ny — C is called g-multiplicative if f(0) = 1, and for every
ﬂEENm

(2) f(n) =TT £(e;(m)@).
§=0

For f : Ny — C define, for any real number o > 1,

1
(3) Ifllo:= | limsup = > [f(m)* ]

N—oo 0<n<N

and let
LY ={f:Ng—=C, |flla <o}

An arithmetical function! f : Ny — C is called uniformly summable in case

1

lim sup — f(n)|=0.

A sup éN £ (n)]
I£(n)|>K

The set of all uniformly summable functions, denoted L£*, is a proper subset of
L. Obviously (a > 1)
LY cLrc Lt
£ #

Let e(3) := exp(2mif3). f is called a-almost-periodic, if for every € > 0 there is a
linear combination h of exponential functions® eg, 8 € R, such that || f — k|, <
< &. The linear space of a-almost-periodic functions is denoted by A%. If A can
always be chosen to be periodic then f is called a-limit-periodic. The linear
space of a-limit-periodic functions is denoted by D. We have the inclusions

D' c A C L.
27 7
For every function f € A', the mean value

M) = Jim S fn)
0<n<N

L If f is defined on N we may extend f to Ny by putting f(0) = 0.
2 e5: N — C with eg(n) = e(8n) is a g-multiplicative function.
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and, for every 8 € R, the Fourier coefficient

exist (see, for example, W. Schwarz and J. Spilker [7] Chap. IV and VI).
For f € L! the Fourier-Bohr spectrum o(f) is defined as

o(f) = { # € R/Z: limsup }Vn;vf(n)e_ﬁ(n) >0

If f € A' then § € o(f) if and only if f(3) # 0.

In his paper [4] K.-H. Indlekofer gives s complete characterization of a-
almost-periodic multiplicative functions. He proved the following results.

Proposition 1. ([4], Theorem 1) Let f € A' be multiplicative. Then
M(|f]) =0 if and only if o(f) = 0.
Proposition 2. ([4], Theorem 2) Let f € A% be multiplicative. Then f is
a-limit-periodic.
Proposition 3. ([4], Corollary 1) Let f : N — C be multiplicative. Then
the following assertions are equivalent.
(i) f€A* and || f]1 > 0.
(i) f € A and the spectrum o(f) of f is non-empty.
(ii) f € L*NL* and there exists a Dirichlet-character x such that the mean-
value M (fx) of fx exists and is different from zero.

(iv) There exists a Dirichlet-character x such that the series

7 > f(p)x;p) -1 3 |f(p)x(p) — 1]

p p
|£(p)|<3/2
and
f(p A fpk A
(5) v <p>\ Yy <pk>|
Hf(p)\—pl\>1/2 p k>2

converge for all X with 1 < A < «a.

Remark 1. The equivalence of (ii) and (iv) was proved by H. Daboussi
[1]. The equivalence of (ii), (iii) and (iv) was shown by K.-H. Indlekofer in [5],
Corollary 7.



406 Yi-Wei Lee

The aim of this paper is to find corresponding characterizations for g¢-
multiplicative functions belonging to D' and A!, respectively. A first step in
this direction was done recently by J. Spilker [8] who proved the following

Proposition 4. ([8], Theorem 4) Let f be g-multiplicative and the
following two series

(6) > > (flag") —1)
r=0a=0

and
oo gq—1

(7) > > Iflagn) — 1P
r=0a=0

converge. Then

(i) fen a>1

(id) M) =] (f] f(aqr))

r=0 a=0

SEERS r r . c
(4id) f(B) = H <qu(aq Je_¢ (ag )) if 3= o
0 if 3 irrational.

Remark 2. Assertion (iii) of Proposition 4 is not correct as it stands.

1
Choose, for example, f = 1 and 8 = —, where p is a prime which does not divide
p

) ol N L—e(g""/p)
q. Then f(3) = 0 and for all r € Ny, Zf(aqT)e,%(aCf) = 1—e(q"/p) 70,
a=0

e q—1
1
i.e. the infinite product H ( f(aqr)e_l(aqr)> does not converge in this
q = z

r=0 a

case.

We shall characterize the g-multiplicative functions f € D! and f € A\ D*
by their respective spectrum o(f). First we show that the spectrum is empty
only in the trivial case. We prove
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Theorem 1. Let f € A' be g-multiplicative. Then M(|f]) = 0 if and only
if o(f) = 0.

Recently K.-H. Indlekofer, Y.-W. Lee and R. Wagner [6] could describe
the mean behaviour of uniformly summable g-multiplicative functions. In the

special case that the mean value exists and is different from zero their results
can be summarized in the following

Proposition 5. (see [6], Corollary 1) Let f be q-multiplicative. Then the
following assertions hold.

(i) Let f € L*. If the mean value M(f) exists and is different from zero then
the series (6) and (7) converge and

-1

flag™) #0 for each r € Ny.

1

2

a

(i) If the series (6) and (7) converge then f € L*, the mean value M (f) exists,

M(f) =] (1 Zf(acf))

r=0 q a=0

and || f — frlli — 0 as R — oo, where

fan) = T fe-(n)q").

r<R

(iii) Let f € L*. If the mean value M (f) exists and is different from zero then
the mean value M(|f|*) of |f|* exists for each o > 1 (and is different from
zero).

Using Proposition 5 we shall obtain
Theorem 2. For every q-mutiplicative function f, the following assertions
are equivalent:
(a) f € D' and the mean value M(f) is nonzero.
q—1
(b) The series (6) and (7) are both convergent and Zf(aqr) # 0 for each

a=1

r € Ng.
(c) f €L and the mean value M(f) exists and is nonzero.
(d) f e D> for all « > 1 and the mean value M(f) is nonzero.
(e) f € A' and the mean-value M(f) is nonzero.
(f) f €A for all a > 1 and the mean value M(f) is nonzero.
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(9) f €LY for all a > 1 and the mean value M(f) exists and is nonzero.

Concerning the description of the spectrum o(f) for g-multiplicative
functions f € D! or f € A\ D! we establish

Theorem 3. Let f € D' be g-multiplicative with non-empty spectrum

o(f)-
(a) If M(f) # 0 then

c (& .
o(f)={ 81 B=1mod1, T eQ; pprime, plb = pla

q—1

Zf(aqr)e,g(aq”) #0 forall reNy } .

a=0

(b) If M(f) =0 then there exists some By € Q/Z such that

C C .
U(f)={ﬁ| B=Po+pmodl, o €Q; pprime, plb = plg;

b
q—1
> flad")e-slaq’) £0 forall reNy }.
a=0

Corollary 1. Let f € A\ D! be g-multiplicative with non-empty spectrum
o(f). Then there exists some By € (R\ Q)/Z such that

C .
- €Q; pprime, plb= plg;

o(f)={B] B=po+3modl, 3

q—1

Zf(aq”)e_ﬁ(aqr) #0 forall reNg}.

a=0

Example. Let f = eg where 8 € (R\ Q)/Z. Then, obviously, the mean
value M(f) equals zero and o(f) = {3}.

2. Proof of Theorem 1 and Theorem 2

We use the following well-known result.
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Lemma 1. (see [7] Chap. VI.8. Proposition 8.2 ) For a > 1 and every
arithmetical function f, f € A~ if and only if f € A and |f| € A~.

Proof of Theorem 2. The implications “(a)=(e)=(c)” are obvious and
“(c)=>(b)=-(a)” hold by Proposition 5, (i) and (ii). Using Lemma 1 together
with Proposition 5 for |f|%*, a > 1, gives “(c)=(d)”, whereas the implications
“(d)=(f)=(g)=-(c)” are again obvious. This proves Theorem 2.

Proof of Theorem 1. If M(|f|) = 0 then obviously o(f) = 0. Assume
that M(|f]) # 0. Then, by Theorem 2, |f| € A% and M(|f|?) # 0, and Lemma
1 implies f € A%, By Parseval’s equation M (|f|?) = Z |M(f-e_g)?, and

pea(f)
o(f) = 0 implies M(|f|) = M(|f|?) = 0. This contradiction proves Theorem 1.

3. Proof of Theorem 3 and Corollary 1

Let f € D! be g-multiplicative and let the mean value M(f) be nonzero.
Then the series (6) and (7) both converge for f. Let 5 € o(f). Then 8 € R/Z
and the mean value M (f - e_g) is nonzero. Putting g = f - e_s implies that

oo g—1

(8) > lglagn) — 1

r=0a=0

is convergent. We show that this happens if and only if § = ¢/b is a rational
number and each prime divisor of b divides q. We consider three cases.

e Case 1: Let 3 be irrational. The function e_g is g-multiplicative and its
absolute value is equal to 1. By Delange’s result [2] for g-multiplicative
functions f of absolute value less or equal to 1, whose mean value M(f)
exists, the series

-1

le—p(ag") — 12
1

-Q

(9) 3 3

r=0 " a

converges if and only if the representation

Me_s) =] (1 i<eﬁ(aq’“>>>

r=0 q a=1
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12

holds. Since M(eg) =0 and - Z(e,,@(aqr)) # 0 for all » € Ny the series
q a=1

(9) diverges.

Case 2: Let 8 = ¢/b be rational and assume there is a prime p which
divides b, but does not divide ¢g. Then for all 7 the numbers {¢" are not
integers. This implies

o (5) =12 - ()

)

and the series

(10) >

1 -1
r=0 q

~Q

r) o 1‘2

le—
1

g
b

a

diverges.
c
Case 3: Let § = - be rational, and assume that for each prime divisor of

b divides ¢, too. Then for all a = 1,2,---,¢ — 1 and all » > r(, we have
e_g(ag”) = 1. Now

11— e—plag")* < |1 — g(ag")|* + |1~ f(ag")|*.
Since the series (7) and (8) converge, cases 1 and 2 can not occur.

Therefore, the mean value M (f - e_g) is zero for the cases 1 and 2. In
case 3 the series

=

o0 1 q—
S 1S otar) - 17
r=0 q a:O

and
e 1 g—1
> = (glag) - 1)
r=0 q a=0

converge. Then

00 q—1
(11) M(g) =] ézgwqw
r=0 * a=0

and the mean value M (g) is nonzero if and only if each factor of (11) is
nonzero. This proves (a).
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For the proof of (b) and Corollary 1 let the mean value of f be zero, and let
Bo € R/Z such that the mean value of f-e_g, is nonzero . Then f-e_g, € D'.
Since f € A\ D! if and only if 3, is irrational, (a) yields (b) and Corollary 1.
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