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PERMUTATIONS
AVOIDING CONSECUTIVE PATTERNS

R. Warlimont (Johannesburg, South Africa)

Karl-Heinz Indlekofer zum 60. Geburtstag

Abstract.  Given some permutation 0 € S, (m > 3) denote by
B(n,m; o) the set of all permutations 7 € S,, with the property that

w(k+o(1)) <...<7w(k+o(m)) is false for 0 <k <n—m.

We conjecture that to any o € Sy, there are constants ¢(0) > 0, {(0) > 1
such that
|B(n,m;o)|/n! ~ c(0)é(c)™™ as n — oo.

We prove this for m = 3 and for the particular o € S, being the identity:
o(j)=j A<j<m).

1. Introduction

Let S,, denote the set of all permutations 7 of 1,...,n. Let m > 3 and
some permutation o € S,, be fixed, € the identity (e(j) = j for 1 < j <m).

1. Let A(n,m; o) denote the set of all © € S,, with the property that
s (jg(l)) <...<m (ja(m)) is false for all 1 <j; <...<jm < n.

In particular A(n,m;e) is the set of all those m € S,, with the property
that
7(j1) < ... <7(jm) isfalse for all 1<j; <...<jm <n.
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The Stanley-Wilf conjecture states that to any m > 3 there is some constant
K(m) > 1 such that

|A(n,m;0)] < K(m)" forall o€ Sp,.

The following facts are known:

1 2n
|A(n, 3;0)| = T < \ ) for all o € Ss,
(*) [A(n,m;€)| < (m —1)*",

(m — 1)

m(m 22 as n — o0.

|A(n, m; €)] ~ c(m)
|A(n,m;o)| varies considerably with o already for m = 4.

References for this can be found in Richard Arratia’s paper ”On the
Stanley-Wilf conjecture for the number of permutations avoiding a given
pattern”, FElectronic J. Combin. 6 (1999), #N1. The right guess for K(m)
should be (m — 1)2.

We mention that we could sharpen (x):

|A(n,m;e)| < m(jg nbid
T

2. Let B(n,m;o0) denote the set of all 7w € S,, with the property that
mk+o(l)) <...<m(k+o(m)) isfalse for 0 <k <n—m.
In particular B(n,m;e) is the set of all 7 € S,, with the property that
m(k)<...<mk+m—1) isfalsefor 1<k<n-m+1.

Since the conditions imposed on 7 there concern only m consecutive values
of the argument of m they are less restrictive than those met before; hence
A(n,m;o) C B(n,m;o). Our results for B are at this stage as incomplete as
those for A. Put

B .
b(n,m;o) := M, b(0,m;0) :=1,
n!
b(n,m) :=b(n,m;e), b(n):=b(n,3),

b(n) :=b(n,3;01), where oy := <§ % g) ’
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We obtained:
(%]
1 m
(1) b(n,m;0) < <1 - |) for all o € Sy,;
m!

(2) lim b(n,m; 0)% exists and is equal to inf b(n,m; a)% for all o € S,p;
n—oo n

(3) i::o b(n,m)z" = P,,(2)~!, where

k=0 ¢
k=0(m) k=1(m)

(4) b(n,m) ~ c(m)¢(m)~™ as n — oo, where
c¢(m) >0 and &(m) =1+ %(1 +0(1)) as m — oo;

in particular

(5) b(n) ~ exp <\7/T§> (i{f)nﬂ as n — 0o;

(6) f b(n)z" = P(z)~', where

1¢2
(7) b(n) ~ eXI;Eff) as n — 0o, where £ is given by

3

/exp (—;t2> dt=1 (1<&<o0);

0

1 2 3
(8) b(n,3;0) = b(n) for o =, (3 9 1),
b(n,3;0) = b(n) for the 4 remaining o € Ss.

We conjecture that to any o € S, (m > 3) there are constants c(o) >
>0, £(o) > 1 such that

b(n,m;o) ~c(o)(o)™™ as n — oo.
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In the last section of our paper we report on m = 4, where we could achieve
only partial results.

3. Acknowledgement. The author thanks Arnold Knopfmacher and
Helmut Prodinger for bringing to his attention the PhD problem of their
student Albert Tshifhurmulo on permutations avoiding consecutive patterns.

Tshifhumulo in his thesis will study these problems mainly using an
approach based on geometrically distributed random variables. (3) of our list of
results will appear in the thesis. Here I will study Tshithumulo’s problem from a
different (elementary) perspective based on a direct treatment of permutations.

Finally I am obliged to Arnold Knopfmacher for localizing and bringing
to my attention Arratia’s paper.

2. The proofs of (1.1), (1.2)

Since B(m,m;c) = S, — {071}, we get

(1) b(m,m;o) =1-— %
Put B(k) := |B(k,m;0o)| and b(k) := %, b(0) = 1. Then we have
(2) b(n) < b(p)b(n —p) for 0<p<n.

Proof. This is true for p = 0,n. Assume 0 < p < n. From

Bn,mio)= |J {re€Bnmio)|x(Lyp]) =P}

PC[1,n]
|P|=p

and
#{m € B(n,m;0) | 7([1,p]) = P} < B(p)B(n — p)

we obtain
n

B(n) < <p

) BB~ )

which gives (2).
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From (2), (1) we infer

which is (1.1).
From (2) we get

b(p +q) < b(p)b(q) for all p,q >0,

which yields (1.2).
3. A formula for b(n,m) and the proof of (1.3)
We shall need two formulae whose proofs are left to the reader.

(1) > (N—;tlés> - (Zﬂ)

5520 (1<s<t)

Put

Put m = ¢+ 2. Then

@) s =3 (=1)"*S(h,q,a — h) =
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Put p = m — 1. The sieve formula yields
anw=1+gfbdﬁ y o 2ol
j=1 1<k <...<kj<n—p
where
D(k1y... k) =#{m €S, | w(ki) <...<m(ki+p) for 1<i<j}.
We find

n!

D(kl,.,kj) == m7

where M (k1,...,k;) is defined in the following way:
j=1: M(k)=m!
j=>2: Put

L(ky,....k;) ={i|1<i<j, kiy1 —k; >m}.
If L(k1,...,kj) =0 then
M(k1,...,kj) = (kj — k1 +m)!
If L(ky, ..., kj) # 0 write
L(ky,....kj) ={t,.... 0} with 1</ <...</l <}
Furthermore, put ¢y =0, ¢;11 = j. Then

t+1
M(ky,... k) =[] (ke, = ke, 1 + m)!

s=1

This, too, should be verified by the reader.
We have

j—1
mtSZ(ki+1—ki) =kj—ki <n—m.
i=1

Therefore 0 <t < T = [ﬁ} — 1. We get
m

T
b(n,m) =1+ X(t),
t=0
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where
X(O)Z—n_,erg(—l)j > MKy, ... k)"
m Jj=2 1<k;<...<kj<n-—p
L(ky,...k;)=0
and (t > 1)
n—p
X(t) - Z (_1)] Z M(kh 7k])71
j=t+1 1<ky <...<hj<n—p

IL(ky,. k)=t

We have to evaluate (j > 2, ¢ > 0) the inner sums

X;(t) == > M(ky, ... k)L

1<k <...<kj<n—p

We begin with ¢t = 0.

1
X;(0) — =
1<k1<.;j<np (kj — ki + m)!
kit1—k;<p (1<i<j)
1
= X wwn 1
> :
j—1<d<n—m (d+ m) 1<ky<...kj<n—p
kip1—ki<p (1<i<j)
kj—ki=d
0= Y e 1gd- (- 1)
J N ESY - 4,4, d— - .
j—1<d<n—m (d+m)
Now let ¢t > 1.

X;(t) = > > M(ky, ... k)L

1<0 <. <lp<j  1<k1<..<kj<n—p
Lk, kj)={t1,..., 04}

Denote the inner sum by S;(¢1,...4;) and write L(t) := {¢1,...¢;}. Then

t+1 -1
Si(ly, ... b)) = > (Z (ke, — ke, 41 + m)!> :

1<k;<...<kj<n—p \s=1
L(kq,.skj)=L(t)
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We introduce the differences d; = k; 11 — k; (1 <i < j). They satisfy
d; <p (1€ L)) and d¢, >m (1 <s<t).

‘We have
0,—1
ke, ko= Y d;
i=fs_1+1
and
j—1
S odi=ki—ki— > de<n—m(t+1).
1_5(1” LeL(t)
Therefore
t+1 £,—1 -t
Si(ly,. .. b)) = > It > di+m) - X,
1<d;<p (i€L(t)) s=1 \i=ls_1+1
Di= Z d;<n—m(t+1)
igL(t)
where
X= ) >, 1=
dg >m (1<s<t) 1<ki<..<kj<n-—p
t kip1—kij=d; (1<i<j)
> g <n—m-D
s=1
t
= Z <n—p—D—Zd55>:
dg >m (1<s<t) s=1
t
> a4, <n-m-D
s=1
_(n—-pt+1)-D by (1)
t+1 v
Therefore

Si(ly,... b)) = > <n_p(t+1)_ie§(t)di> X

1<d; <pGEL(1)) t+1

Z d;<n—m(t+1)

igL(t)

-1
t+1 ls—1

xH Zdi+m! =

s=1 i=ls_1+1

t+1 t+1
_ Z n—p(t+1)—§1as (H(as—l—m)!)!.y’

aj+...tapp <n—m(t+1) t—'— 1 s=1
as>ls—Ly_1—1 (1<s<t+1)
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where
t+1
D ST | D SR
1<d;<p (igL(t)) s=1 1<d;<p (£5_1<i<ls)
Ls—1 Ls—1
ST di=as (<s<e+D) > di=as
i=Lg_1+1 i=0g_1+1
t+1
= H S(gs - gsfl -1, q, as — (és - 6571 - ]-))
s=1
Therefore we obtain
Si(ly, ... 4) =
t+l t+1
- Z n—p(t+1)— as H o (as, ls —ls—1)
- s=1 | ’
apfo.tagyq <n—m(tf1) t+1 =1 (as + m)

as>lsly_1—1 (1<s<t41)

where
O'(awgs - Es—l) = S(és — b1 — 1, q, as — (69 — b1 — 1))

Now we have

n—p n—p
Xt =Y (xm=3 (1 Y Sh,...0)=
j=t+1 j=t+1 1< <. < <j
t t+1 1
- Z nopli+l) - Zlas A Fla art1),
= ' R
ayp+...tagypg <n—m(t+1) t + 1 s=1 (CLS + m)
ag>0 (1<s<t+1)
where
n—p t+1
Flay,...,ap41) = Y (=1) > [eas s =),
j=t+1 1<01 <. <y <j s=1
ts—ty_j<as+l (1<s<t+1)
Since

t+1

J=ligr— Lo =Y (s — s 1),

s=1
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we get

n—p t+1

Ls—Ls_ —

F(ala-~-aat+1): § E H(_l) s 10’(a57£s_€571)—

j=t+1 1<) <. <y <j s=1

t5—l_1<as+1l (1<s<t+1)
t+1 as t+1
h 1
=TS (-)"'S(h, g, a0 h Hfm (as) by (2).
s=1h=0

We summarize. Writing ¢t + 1 = k we arrive at the formula

[%]
b(n,m) =1+ ZSk(n7m),
k=1
where
(m -1k ¥ a; | 17 _Imla)
n—(m-—1)k— a; mla;
Si(n,m) = =) U
a;>0 (1<5<k) k j=1+"1 )
iajgn mk
j=1
with
-1 ifa=0(m),
fm(@)=91 ifa=1(m),
0 else.
Proof of (1.3). Put Sy(n,m) =1 and introduce
o~ fm(a)
F,, = z%.
(=) GZ_O (a+m)!
Then we have
Zb(nm)z :Z Z Sk(n,m) | 2" =
n=0 n=0 \0<k<2
= Z Z Sk(n,m
k=0n>mk
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The inner sum is equal to

i 0tk *El a; H I 2= (1—2) *IE,(2)k.

l
(1<j<k) k j=1 a] +m

Therefore
S LS (2l ! Pofz)
= m A
2 e\ T 12— 2mF,(2)

4. The proof of (1.5)

‘We have
S 1 > Zk e Zk
> b(n)z" = Py(z)~" with Ps(z) = o =
n=0 e ps
k=0 (3) k=1 (3)

o
Putting & := exp (?7)”) we get

Py(2) = 5(6 ~ D explEz) (€7~ exple(€ ~ 1)2))

Therefore the zeros of Ps(z) are

2 (1
=— (=Y {=0,%1,...).
e \/§<3 ) (E=0.%1,.)
We find

Pifwn) = (-1 exp (T3¢ - 1).

L
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The residue theorem yields

In particular we get (1.5).
5. The proof of (1.4)

Since m = 3 has been settled we may assume m > 4. We show first that
P,,(%) has a zero on the open interval

I(m) = 1—1—%(1—04(771)), 1+%(1+ﬁ(m)) ,

where o oml+1 _ 2(m+1)
U el e i ECA UL e T pr
We have
Pul)=1-2+ 2 <1x+1> + S (),
= ! T
Sm(@) = ; (m?)! ( ml+ 1)

Let 1 < < 2. Then S,,(z) > 0 and

o <£(5) - () s

m!

From this we see that for 1 < z < 2 we have

(1) Pm(x)>1x+n1ﬂ<1mil>,

(2) P’m<ﬁ_$-

m!
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In (1) take 2 = 14 —(1 +0), 0 <0 < 1. Then

Pm(““")>ri!(5<”(mi1)!> *mil <1+ﬂ1ﬂ>) =0 for &= a(m).

1 146
In (2) take z =1+ —(1+4), 0 <d <1, andputezi'. We get
m! m!

Y

Pp(r) < ———,
(2) m! — xm

where
y=(1+em" —(146) <

<exp(e(m+1))—(1+46) <
<(142(m+1)—(1+9)=

T)i!(m+1)5(lni!(m+1)) _

=0 for § =p(m).

1
Next we show that P,,(z) has on the disk |z| < 1+ — just one zero and
m

that this zero is simple.
This will follow from Rouché’s theorem if

1
|Pr(2) — (1 —2)| < |1 —2| for |Z‘:1+E'

Since

i (;ZZ! (1 a m£Z+ 1>| =
()R ()

and since |1 — z| > |z| — 1, it is enough to show that

oo 4
Ed 2™ 1
1 -1 f =14+ —.
< +m+1 ; - <z or |z| —|—m
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1 m
Since <1+m) < 3 the left side is
%) ¢
1 3 3 51 1
<14+ —)— — ] <-=< =.
( +m> m!gz_(‘:(él!) —Tm m

1

Denote the unique zero of P, (z) on the disk |z| <14 — by £(m). Since it is
m

simple we have P/ (£(m)) # 0. Since

1—|—%(1+B(m))<1+% (m > 4)

we have £(m) € I(m).
The residue theorem yields

where

6. An invariance property of b(n,m;o)

Let 7 € S, be given by 7(k) =n+1—k (1 < k < n). Let p € S;,, be given

by p({) =m+1—+¢ (1 <£<m). One finds
7 € B(n,
n

).
;0)<=moT € B(n,m;poo),
7 € B(n, )

m
m;o) < Tom € B(n,m;oop).
From this we deduce

b(n, m: ) = b(n,m; po &) = b(n,m; 0 p) = b(n,m; po o p).

We apply this on
o _J(1 23 1 2 3 1 2 3 1 2 3
373\ 2 3)°(3 2 1/)°\2 1 3)'\2 3 1)°
1 2 3 1 2 3\ _
1 3 2)'\3 1 2/~

= {67p7 01,02,03, 0—4}
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and see that b(n, 3; o) is the same for o = €, p (= b(n)) and for 0 = 01,02, 03, 04.
We select o1 as a sample for our analysis.
B(n,3;01) is the set of all w € S,, with the property that

w(k+1) <7m(k) <m(k+2) is false for 1 <k <mn-—2.
The fraction

|B(n,3;01)|

b(n) = p

will be studied in the next section.
7. A formula for b(n) and proof of (1.6), (1.7)

The sieve formula yields
- =, Ly D(ky,... kj)
b(n) =1+ Z(_1)J Z AP )
j=1 1<ki1<...<kj<n—2
where
D(k17"'akj) =#{re S, |mlki+1) <nw(k;) <m(k;+2) for 1 <i<j}.

We find
Dk k) = n!
T My, k)

k1,...,k;) is defined in the following way.

> 2 : D(ky,...,k;) = 0 if there is some ig (1 < ig < j) such that
Kig+1 — kip =1
Now suppose that k;11 —k; > 2 (1 <7< j). Put
L(k:h)k]) :{Z | ISZ<.75 kz+1—k123}
If L(k1,...,kj) =0 then

M(ky, ... k;) = (2§ + 1)2741.
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If L(k1,...,kj) # 0 write
L(ki,...kj)={t,...., 60} with 1<{; <...</{ <]
Further put £o = 0, f411 = j and define ds := €311 — €5 (0 < s <t). Then
t
M(ky,... k;) = [ (2ds + 1)2%d,".

s=0

We must leave the proof of this to the reader. We now have

b =1-"224 Y (-1ys(),

3 2<j<nt
<j<H5

S(j) = > MKy, ... k)~

1<ky<...<kj<n—2
kiy1—k; =2 (1<i<j)

For L c {1,...,7—1} put

S(j; L) == > M(ky,... k)~

1<k1<...<kj<n—2
kip1—k;=2 (1<i<j)
L(ky,....k;)=L

Then we have (5 > 2)

SGy = >, SGIL)=

LC{Lmj—1}

SSG0+Y. Y SGilt. b)),

t=11<0:<...<:<j

We have

. 1 n—2j
S(5;0) = ‘ = —
1§k1<.Z<:kj§n—2 (25 +1)2750 (25 +1)2i5!

kip1—k;=2 (1<i<j)
We have (t > 1)

t

Sl b)) = (H(ms + 1)2dsd5!> - X,

s=0
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where

1<ky <...<kj<n—2
kip1—k;=22 (1<i<j)

-y -

9>3 (LeL) 1Sk1<...<kj<n—2
kip1—k;=2 (i¢L)
kgp1—ke=9,p (¢€L)

= > (n—Zj—t—ng>—

50>0 (L€L) LeL

E Sp<n—2j—t

LeL

. n—2j .
si= % (WYt
0<t<min{j—1,n—25—-1}
with ,
7,0 = G e
and (t > 1)

(i)=Y, (ﬁ@ds + 1)2dsd51> -

1<t1<... < <j s=0

+ -1
- (H(2ds + 1)2dsdsl> :
<t)

We arrive at the formula

k
) =1+ (—1)k+1z(”‘ti’“1‘2>5(k,t),
t=0

n—3
0<k<=5=
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where
+ -1
S(k,t) = (H(2a8 + 3)2%H (a, + 1)!) .
as>0 (0<s<t) \s=0
Zaszkft
s=0

> - 1
> b(n)2" = — +50),
n=0
where
[e%S) k
n—2k—2 n
Sz2)=>_ ( 1)’f+lz< b1 )S(k,t) 2" =
n=3 OSkSHT_LS t=0
[e'S) k
n—2k—2\ ,
=S ER S S0 S ( b )
k=0 t=0 n=2k+3
[e%S) k t
) z
— 3 Z(il)k+122k Z S(k, t)m =
k=0 t=0
23 [e’e] —z t oo
= — -1 4 28.
(EsE > (12) (—=1)*S(L+1t,1)z
t=0 £=0
Since

S(+tty= > (H(2as+3)2as+l(as+1)!> 7

as>0 (0<s<t) \s=0
t

> o

s5=0

the inner sum above is equal to F(z)'™!, where

L o (_l)a 2a
PO=2 garmpiain’
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Therefore

() = 1—Z2Z<1—z )t:

23 F(2)
1—21—2+23F(2)

We conclude

oo . 1
2 b= = oy

n=0

But

z

2 —23F(2) = /eXp (—;w2> dw.

0

Proof of (1.7). Put

Since E(1) < 1, E(o0) = \/Z > 1 and E(x) is strictly increasing for

x > 0, there is a unique £ > 1 with E(§) = 1. (1.7) follows with the theorem
of residues if

(1) E(z)#1 forall z, |2|<¢ and z #¢&.
We first show that

(2) z=x+iy, y#0, 2| < Vm=ImE(2) #0

Namely from

ImE(z) = exp (—x ) / exp( )cos(xt)dt

we see that

ImE(z) 20 if y # 0 and |zy| < g

But |zy| < g if |z| < /7.
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From (2) we infer

(3) Let 0 < r < y/m. Then

E(z) # E(r) forall z, |z| <r and z#r.

Proof of (1). According to (3) it is enough to establish £ < /7. But this
holds true since E (y/7) > 1.

Concluding remark. Comparing (1.5), (1.7) one should know if 32\/5 >
T
2m 2m
> L < . This is true if E < 1.
BV <3\/§ )

One has (courtesy Dr. Harald Schmidt, Universitit Regensburg)

21
E(——=) =0.9693304740... .
(3\/§>

8. m =4, outlook

We identified 7 classes of Sy on each of which b(n, 4;0) is the same:

Cr ={e,p}
Cy = {(1423), (4132), (2314), (3241)} U {(4123), (1432), (2341), (3214)},

(4132), (
Cs = {(1243), (4312), (2134), (3421)},
Cy = {(1342), (3124), (4213), (2431)},
Cs = {(1324), (4231)},
Ce = {(3142), (2413)},

(2143)}.

Cr ={(3412), (2143
We obtained

z

Z (n,4;Cy)z" = 1/exp<éw3)dw

- 0

from which we derive

1.
exp (66)
b(n,4;Cy) ~ ———=—~

n+1
2

as n — o0,
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&2 1.
where & > 1 is given by [ exp (615‘3) dt = 1.
0

Further we got
Z b(n,4;C3)2" = F(2) ™' = (1 —2— R(2))7},
n=0

where

We have F(1) >0, F (2) > 0 and F(z) has on the disk |z] < g precisely one

zero &3 and it is simple. Therefore

1
(—F'(&)&™

as n — OoQ.

b(n,4;Cs) ~

For the remaining classes we have no results.
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