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ON THE MEAN VALUES
OF MULTIPLICATIVE FUNCTIONS
OVER RATIONAL NUMBERS

V. Stakénas (Vilnius, Lithuania)

Professor K.-H. Indlekofer zum 60. Geburtstag gewidmet

Abstract. Two mean value theorems for the multiplicative functions of
rational arguments are proved. One of them may be viewed as an analogue
of the Delange’s theorem well-known in the theory of arithmetical functions.

Definitions and results

A complex valued function f(m/n), defined on the set of positive rational
numbers, is called multiplicative, if for all irreducible fractions m/n

F(2)=s0m-£(5)

holds with g(n) = f(n), h(n) = f(1/n) being arithmetical multiplicative
functions. Using the unique expression of m/n as a product of powers of primes
(positive and negative ones) we may write

F(5) =TI £

V||
Y|

here p” || for v > 0 means that p”||m and for v < 0 it means that p~"||n.

Let forx > 1 a =« [ =0; and 0 < a < (. With the system of
intervals
Im:(aaﬂ)a 0<a<ﬂa lea
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we define the following subsets of rational numbers
fz:{mEIz:ngx};
n

here and in the following all fractions are supposed to be irreducible.
We are interested in the asymptotical behavior of the sums

0= 5 1(2)

TeFs

where f is a multiplicative function.

This problem was considered in particular cases in the papers [4], [7]. Tt
is our aim to prove in this work the following analogue of the Delange’s mean
value theorem for the multiplicative functions defined for rational numbers.

Theorem 1. Let with some £ € (0,1) and ¢ > 0 for intervals I, = («, 3)
the following condition

(1) max{z % a/z} < f-a<z* (0<a<f)

be satisfied. If for a complex valued multiplicative function f(m/n), |f(m/n)| <
< 1, the series

@) ) 2 —Ref(p) —Ref(p™")

- p

converges, then

3) S(f,x) =y (x) - Ma(z) - Mg(z) +0(1) (2 — o0)

#]—'

holds with I1;(z) defined as follows

) =11 ( p+1> Z

. = min{(8 — @)z, x},

p<e V>0 pM |
T ()
e 1 (-)(-2).

where P, = {p : there exists m/n € F,,p|lm}.
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With some stronger constraints on intervals the asymptotics may be
written in more simple form.

Corollary. Let for every ¢ > 0
réfpf-a< Kzt

hold. If the condition (2) is satisfied, then

#F o )_H( p+1> >4

p<z |v|>0

pIV\ (x — o0).

The proof of Theorem 1 is based on the following statement.

Theorem 2. Let with some ¢ € (0,1) and ¢ > 0 for intervals I,
the conditions (1) be satisfied. Then for the complex valued multiplicative
functions f(m/n) with the conditions

1
‘f(@)lél, f@")=1 as |[=1, p=y, y—eXP{cl Ogm}
n log,

the asymptotics

@ st =T] (1 pﬂ)zf

p<y |v|>0

Bw) (z — o0)

holds uniformly with an arbitrary constant B > 0.

This theorem is formulated in a slightly different form in [4]. A sketch of
the proof is given in that paper, too. We present here the proof in details.

Proofs

We start with the proof of the Theorem 2 and then, using it prove the
Theorem 1.

Proof of Theorem 2. We denote

an<m<@n
(m,n)=1
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Let 6 be a real number, £ < § < 1. Then for n < ¢
S, < (6 —a)?.

Hence, from the obvious equality

S(fx) =Y f(n")S,

we obtain

(5) S(f,x)= Y f(n71)Su+0((8—a)z™).

zf9<n<z

For the natural number n we denote

n
TL* — H py7 n** — —.
n

pY|n
Py

Sa= > fm+o| > 1

an<m<f@n an<m<f@n
(m,n*)=1 (m,n**)>1

The sum under the O-sign can be estimated as

<<Z Z 1<<M.10g$.

y logy

P|7l** an<m<fBn
plm

Hence,

(6) sn—s;+o<<ﬂ—0‘)”f.logx>, si= S fm).

y logy

We estimate now the sum

Si= 3 fm= Y fm")

an<m<fBn an<m<fBn
(m,n*)=1 (m,n*)=1

an<m<fn
(m,n*)=1
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for 2% < n < z. Let us choose a small number 7 € (0,1) and taking w = 27
split the sum into two parts S}, Sk, according to whether which of the two
conditions m* < w or w < m* is satisfied. Hence,

(1) Sp=Sm+Sm Su= >, fm"), Sp= > f(m)
an<m<fBn an<m<fBn

(m,n*)=1 (m,n*)=1
m* <w w<m*

We shall use the notations p~(m), p™(m) for the smallest, respectively, largest
prime divisor of m, m > 1, i. e.

p~(m) =max{q: if p<gq, then p| m},

pT(m) =min{q: if p>gq, then p| m},

here p, g are primes. We set formally p~ (1) = +o0, p*(1) = 0. We estimate
Sro as follows

X an on  _
|Shal < Z f(m)#{l:m<l<m’p (Z)>y} <
w<m<Bn
(m,n*)=1

(8) pr(m)<y

an /67'2; _
< w<;[jn #{lm<l<m’p (l)>y}

(m,n*)=1
pt(m)<y

Represent now m in the last sum as m = m’ - m/, where w < m’ < w? and

pt(m’) < p~(m”). For the uniqueness choose m’ the largest possible. Hence,
the sum in (8) is bounded by

Z Z #{m”l::;}<lm”<5:,p(l)>y}.

w<m! <w?2 w/m!/<m!’ (m! n*)=1
(m’,n*)=1 pt(m/)<p—(m’)
pt(m/)<y pt(m/)<y

For fixed m’ and different m”’ the sets

{m”l : % <im" < %,p_(l) > y}
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do not intersect themselves. This observation leads to the bound

an 6n _
2 < Z #{m:m/<m<m/,(m7n*)=1,p+(m/)<p (m)}
w 7”./ ’UJ2
(7:/,n"‘§):l
pt(m’)<y

We estimate the summands on the right-hand side using the folowing sieve
result (see [1], Theorem 2.5).
Lemma 1. Let 2 <s <wv <wu, ¢, €{0,1} for all primes p,

Py = Hp6p7

p<s

and
S(u,v, Ps) =#{m:u—v<m<u,(m,Ps) =1}.

Then
S0, P = [[ (1 - ;) (1+O(R)),

p|Ps

uniformly for all sequencies {¢,}, where

1 I
R =exp {—02 080 log ( ogv)} + exp{—log1/2 v}
log s log s

We apply this Lemma with

On (B—a)n log x
u = R v = 7 s = y = eXp Cl )
! ! logy

m m

P = H p.

p<pt(m’)
or pln*

If 7 is chosen such that 0 = 0 — & — 27 > 0, then

v = (6 :n/a)n > x0—§—2r = .

It is easy to check, that the Lemma 1 is applicable. Because of logv > ologz,
we have for the remainder term R the following bound

R < exp{—cslog, = - logs x}.
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We have then

Sal<@-an Y ] (1_1>.

w<m! <w? p<pt(m’) 4
(m/ ,n*)=1 or p|n*
pt(m/)<y

Let ¢ = pT(m'); then m’ = q -1, p*(I) < q and

©  Bul<@-aon X LI (1-5) X ¢

w/q<l<w?/q
=1 or pln (I,n*)=1

pt(1)<q

Due to ¢ < y we have with some small constant € > 0

(10) > %s > %

w/q<l<w?/q wl=—€<y
(I,n*)=1 (I,n*)=1
pt()<q pt()<q

For estimating this last sum we apply the technique used in [5], [3] as well as
in [4] for similar sums. With some z,¢,t and 6 € (0, 1) consider the sum

1 1 1 1 1
Z Szl—é z ﬁgzl—a H <1+p§+])26+)§

z<b,pt(b)<gqg z<b,pt(b)<q r<q
(b,t)=1 (byt)=1 (p,t)=1

<expq —(1—d)logz+ Y {;+cp(5)}+2<151> ;

S| =

P=q p<q p p
(p,t)=1
where
() .
cp(0) = 3
m>2 pm
Using the obvious arguments we have
11 PP -1 1= ((1—0)logp)"
P D DD DL D nl =
p<q p<q p<q " n=1
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Hence,

Z <exp{ —(1—6)logz+2¢"~° + Z {]1?4—0,,(5)}

z<b, pt(b)<q p<q
(b,t)=1 (p,t)=1

S =

We use this bound with z = wl™¢ = z% ¢t = n*. Because of ¢ < y =

= exp{cy logz/log, z} taking

1-6= 1
c1 logx 083 ¥
we get
1 1
(11) Z 7 < exp Z — — ¢5logy xlogy @
(w1*6)<l ( pS;} L p
I,n*)=1 p,n*)=

pT(<q
We obtain now from (9), (10) and (11)

[Sh2] <

< (ﬂfa)nexp{fc5log2xlog3x} Z E H (1;) exp Z %
pr<gq or

a<y r<q
(g,n*)=1 pln* (p,n*)=1
Using
1 1 1
H <1>exp Z - <<H<1>,
p<q or p P<gq p pln* p
pln* (p,n*)=1
we get
* 1 1
Sial < (3~ a)mexp { s logy wlogz} [ (1-1) 3 L
pln* p <y q
(g,n*)=1
and, finally,

(12) |Sky] < (B — a)nexp { — cglogy zlogs x}.
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Let us now for 2% < n < z investigate the sum

m= > fm).
an<m<fBn

(m,n*)=1
m* <w

‘We have
nlf Z f { <k<ﬂlnap(k)>y}

I<w
(1,n*)=1
pt )<y

Now we apply the sieve result formulated in Lemma 1 above with u =

=pn/l, v=(B—a)n/l,s =y and P; = [] p. The inequality v > 277¢ /w > 2°
p<s

for some ¢ > 0 ensures that the remainder term is bounded uniformly by the

same term as above in (12). Then

* =(1+O0(R —anH(l—) Z ERSEA

< 1<
p=y (1, n*l)u 1
pT(D<y

R =exp{—cglog, z - logs x}.

Using for the sum an obvious relation

l l 1
> - el 2

l<w (1,n*)=1 1>w
(1,n*)=1 )<y pt )<y
pT()<y

one gets expanding the first sum into product of primes and estimating the
remainder term (using, for example, (11) with n* = 1,¢ = y) the following

expression
f f
> =11 Z (R),

I<w r<y v>0
(L,n*)=1 (p,n*)=1
pt()<y

with R = exp{—cg log, « - logz x}. Now we can deal with the sum S}, :
(13)

(14 O(R))(B - anH<1> 11 zf (R)

p<y r<y v>0
(p,n*)=1

—p-an]l(1-5) I S22+ 0-amowm.

p< r<y v>0
Y (p,n*)=1
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We may due to (6), (7), (12) and (13) write now uniformly for 2% < n <

— (5 anH(1_> [y ~ a)eR).

p<y p p<y v>0
(p,n*)=1

With this equality and (5) one gets

(14)
stra) == [T (1-1) Snso) ] Z;f —a)*R),
Py n<x pr;;;; . v>

we extended the range of summation, but this affected only the remainder term.
We proceed further by considering the cases

f(27) f(2")
Z o #0 and Z g =

v>0 v>0

Consider the non-zero case first. We can rewrite the equality (14) then as

) LB S ngtn) + 0105 - 1),

v>0 n<x

1) s(r0 == ] (1-

p<y

where R = exp{—cg log, z-logs 2} and g(n) is a multiplicative function defined
on the powers of primes as follows:

flo™) =1, o, ey
(16) g(p”) = Fr- )<2>:0f<1’>> , ifp<uy.

Note, that g(p”) is bounded on the powers of primes. We proceed using the
following Lemma (see [2], Theorem 02).

Lemma 2. Let A > 0 and 0 < a < 1. Then there exists yo = yo(4, &) so
that for every complex valued multiplicative function h(m) such that

h(p
|h(p)| < B, Z' R C, hip)=1 asp>y=>yo,

p,v>2
we have uniformly for z > exp { A~ (B +1)logylog, y}, y > vo,

ST ) S5 vo (ool g}

n<z p<y v>0
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and the implied constant depends only on A, B and C.
We have g(p) = 1 as p > y,y = exp{cylogx/log, x}. Then with chosen
A > 0 we may apply Lemma 2 for h(n) = g(n) as z > exp {%7 logx} . We have

§) S o (en{-ait ).

It is enough for us that we can use (17) for z/(logx)*4 < z < =z
with A as large as it is needed the remaining term in (17) still being
O(zexp{—A;log,z}), A1 = A/cs.

Using the Cauchy-Buniakowski inequality and the bound for the sum of
values of multiplicative function we estimate

in this range then

z>zzg<n):zn<l

n<z p<y

1/2
> ngn)| < >ooa? gy <
n<=z/(logx)24 n<z/(logz)?4  n<z/(logz)24
2 22
< log® z <
log“* x & lo gA
Hence,
72
(18) Z ng(n) = Z ng(n) + O (1 T ) .
n<x z/(logz)2A<n<z og &

Integrating by parts we have now
> ngn)=
z/(log x)?A<n<w
[ 1 g(p x2
R (e
/ ]‘:‘[ ;0 logA* x
z/(log )24 Py v
with A, = min(A4, 4;).
Using this in (18) we derive from (15) taking into account that the product

over primes is bounded by log®° x, we obtain that with an arbitrary constant
B

19 sign =2 [ (1-1) £ 20 06w t).

p<y V>0 log™ =
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If we take h (ﬁ) =1, then S(h,z) = #F, and (19) is applicable for the
n

function f = h. Hence after some routine calculation we have

1 1\? 2 \ " 2
20) #F, = —2*(B—a (1) (1> < a >
@) #7 =g I (1-3) (1753 (B

It is now almost straightforward to derive (4) from (19) and (20).
Let now

(21) > f(;:) =0

v>0

We write the sum over n in (14), then

Sareh [ DI 1 2

n<x r<y v>0 2<p<yv>0
(p,n*)=1

Z *(n)7

where g*(n) =0, as 2 [/ n and g*(n) = g(n) as 2|n with g(n) defined in (16).

Let
S=Y ng*(n)
Then
(22) S(f.2) = (B—a) (1 - ;) 11 <1 - ;) 3 f;p;)s+o((ﬁ—a)m21~z).
2<p<y v>0

We proceed with the expression

(23) S=>"ng*n)= > 2"f(27™) > nh(n)

n<x 2<2m <y n<x /2™

with h(n) being a multiplicative function, h(2m) = 0 and h(2m+1) = g(2m+1).
The Lemma 2 implies that for z > exp {CZ? log x}

(24) H(z) =
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As above this asymptotical equality is needed for z > z/(log z)?4, the remain-

A
ing term still being O(z exp{—A4; log, 2}), A1 = - We split the sum (23) into

two parts:
S =5+ 8,
Si= > 2mf2™) Y nh(n),
2m < (log z)24 n<x/2™
So= > 2mf(27™) Y nh(n).
(log z)2A<2m n<x/2™

Using the Cauchy-Buniakowski inequality

1/2
Z nh(n)| < Z n?. Z |h(n)|? < (u® - ulog™ u) V2« u?(log u)®2,
n<u n<u n<u
we have
z? 1 x?
S. 2M —— 12 .
2<< Z 22m(0g$) < 1OgA$

(log I)QA <2m

For S; we split the range n < x/2™ of the inner sums into two intervals:
n < z/(logz)?* and z/(log x)*4 < n < 2/2™. Let according to this partition
S1 = S11 + S12. Using the Cauchy-Buniakowski inequality as above

2

X
S _—
1< (log z)4
Hence
x2
2m < (log x)24 z/(log x)2A<n<z /2™ og &
z/277l
_ a?
= Z 2" f(27™) / zdH(z) + O A )
2m < (log )24 o/ (log 2)2A og T

Using (24) and integrating by parts we derive

_;x2(1;>3£y<1;>zgg> ) fg;mua( 2 >

A
2”"S(10g m)214 log z
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If we extend the summation over all m the error introduced will be swallowed
by the remainder term. Hence,

-3 (DB 1)

m>1 3<p<y

500 ()

A
>0 log” x

and this asymptotics holds for the whole sum S in (23) as well. Then we derive
with this asymptotics after some routine calculations from (25) the equality (4)
required for the case (21).

The proof is finally complete.

Proof of Theorem 1. With y > 2 we define the multiplicative function
fy(m/n) for the powers of primes taking the values

fp”), ifp<uy,
1, if p>y.

With the notation

(25) f") =r(p")exp{if(p”)}, —-7<O(p”)<n

)= G e (3

where 0 < r(m/n) < 1 is a multiplicative, #(m/n) an additive function,
respectively.

we have

It is our aim to show, that the difference

1
#Fx

(26) Alyle) = 1S(f,x) exp{—iA(z)} — S(fy, x) exp{—iA(y, z)}|

vanishes as y < x, and y — oco. Here

I* = {p“ : |1/| = 1 there exists % € -7:x7pVH%}'
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Note, that for the set P* from the formulation of Theorem 1 P* C II* holds.
We start with the following obvious bound

A(ylz) <

S JexpliA@) = Aa)} T] F67) —1].

m/neFy y<p
PV

1
# o

Using the inequality |ug ... u;—1] < |ug —1|+...+|u;—1[, valid for the complex
numbers |u;| < 1, the notation

0, (%) = > 06)

y<p
pV || T
PV |

and the expression (25) for f(p”) we write
(27)

Al) < 3 X A—r)+

¥ m/neF, A
+% Z ‘exp {zﬂy (%) —i(A(z) — A(y,:v))} - 1‘ = A1+ Ag.

m/neFy

Changing the order of summation in the first term we obtain

(28) A= S S0 {T I e R

n
#F y<p|v|>1

We proceed with the following bound valid for intervals satisfying conditions

(1):

m m m m m 1
(29) #{g ;p”HE,g 6.7:1} < #{g :p‘””mn,g € fx} < ]W#f$

This bound is proved, for example, in [6], p.125; for the interested reader we
include here the proof.

Let u be a natural number. We consider the set

m
E(x,p*) = {E cF, :p"|mn} =D (p",z) UDy(p", x),

m m
Dip"a) = { = € Foip'im}, Da(ptia) = {= € Fo:p¥in}.
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We have to prove that
“ 1
(30) #E.0") < S P

Evidently,

m m 1

(31) #D:(p",x) = { i — € —(a,f),n <z, (myn)=(n,p) = 1}.

n o on ke

For the following we shall use the Lemma ([6], Theorem 1).

Lemma 3. Let with the real numbers 0 < A\; < A9, and the natural
numbers Qy, Q1 and Q2 having no common prime factors (all numbers may
depend on x)

S(w, A1, A2, Qo, Q1,Q2) =

= #{% € (A 2) : (mum) = (m, Q0Qa) = (m, QoQ2) =1}

Then uniformly in Qq, @1, Q2 and 0 < Ay < Ao, we have

3 2
5(1’7)\17>\27Q07Q17Q2) :ﬁ()\Q - )\1).')32 H <1 o p+ 1) X
PlQo

X H( = ){l—i—BR(:cQ)}

p|Q1Q2

log x 1
R — 9(2+e)w(Q) 7
(va) x + Z‘(AQ _ )\1)
where @ = QpQ1Q2, w(Q) denotes the number of distinct prime factors of @,
€ > 0 is an arbitrary number, and the quantity B, is a bounded function with
the bound depending only on e.

Using this Lemma for (21) we obtain

w N 3 z? 1 Blogx Bp*

Since p* < Bz we have #D; (p*, z) < (B—a)z?p~ ¥, provided that 3/(B—a) <
< 1, or, equivalently, a/(3 — o) < 1. Let us now consider the case, where the
last condition is not satisfied.
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Let ¢13(8 — @) < a < c14(8 — a)x with some positive constants ci3,c14.

We then have

#D1(p", ) Z Z 1<

m<ﬂ1/p“ mpt <n <7np“
B ==

< Z {mp“ﬁaﬁa—kl} <

m< Bz /p*

o u(m>2+m_
p* p

here we have used the inequalities 8/a = 1+ (8 — a)/a < 1+ 1/¢13, and

Br = azr + (8 — a)r < (8 — a)z?. Hence,
22
#D,(p",z) < (B — a)ﬁ

holds provided that o < (3 — «a)z.
For Dy (p*,x) we have

Da(p",m)={: %Ep (a, B), né}%,(mp) 1}-

Lemma 3 now yields

2
#a(p ) =S50 - )% (1 1) x
2

p* log(z/p") 1 z
x{1+B . +x(ﬁ_a)}<<(ﬂ—a)pu

Using the bounds for #D; (p*,x), #D2(p*,x), we obtain (30).

Hence, from (28) and (29) we get

(32) A < Z — Re /(p) = Re f(p") + Zz% =4(y),

p
y<p

y<p

where, due to condition (2), é(y) — 0, as y — oo.
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The function 6, is additive with the values on powers of primes uniformly
bounded. Using the inequality |e®*—1| < |u|, and then the Cauchy-Buniakowski
inequality, we obtain the bound for Ay in (27)

o /;ﬂ’ s (2) = (Aw) - Ay, )| <
< 1
T #Fe

m/nEF,

We proceed with the Kubilius inequality for additive functions, defined for
rational numbers (see [8]).

Lemma 4. Let an additive complex valued function g(m/n) is bounded
on powers of primes,

g(p 2 lg(p*)?
) B = Z—p :

pvell* vell*

I = {p" Sy =1, p”||E for some — € fx}.
n n

Then with the constraints (1) for the intervals («, 3) the following inequality

holds
1

#Fu 2 ‘9 (%)_Ag(x)r«B;(a:).

Due to the bound #2(p”) < 1 — Re f(p¥) (see, for example, this inequality
proved in [9], p. 368) and the convergence of (2), we obtain, that Ay vanishes,
as y — oo. From this fact and (27), (32) we have that A(y|z) — 0 as y — oo.

Then taking into account the form of A(y|x) (see, (26)) we get

(3) o S(f,0) = explilAn) ~ A, )} Y. Sy (5)+o) (@ o0).

m/neF,

1
#Fo
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As y = exp{cy logz/log, 2} we may use for the sum in (34) the asymptotics
(4). Hence,

775U =ewtita) —aean T (1- 27 ) 32 J87 ot

We are going to replace the factor exp{i(A(z) — A(y,x))} by the appropriate
product over primes. We do this as follows:

exp{i(A(z) — A(y,))} =exp Qi Z M _

prens P
1 17
L () (4 222
e p p
1— f(p”) +i0(p” 1
Lp.o)=expd 3 f") +i0®") | <Z 2)
e p =ip

We want to show, that L(y,z) = 1 + o(1). It suffices to prove, that the sum
under exponent vanishes, as x grows unboundedly. It does indeed, as the
following relations show:

3 1— f(") +i0(p") > 1L—r(p")e®®) +i0(p") _

gt p g p
y<p y=p
1—r(p 62 (p¥
-3 s a0 (320,
p¥el* p¥eln* P>y p
y<p y<p

The convergence of the series (2) and the inequality 6%(p”) < 1 — Re f(p")
ensures, that the sum tends to zero, as © — co. Now we have
(35)

gesuo= () (S IT0-5) 200

P<y [v]>0

p"/|

y<p

For to come to the asymptotics (3) required by the Theorem 1 we need to
consider, which primes p or their reciprocals p~! belong to II*. Let us show
first, that for all p < x p~! € II*.
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If m/np € F, with (p,mn) =1, then m/n € (ap, Bp) and n < x/p. For to
count the number of such m/n we use the Lemma 3 again.

According to the Lemma 3 the number of m/np € F, with (p,mn) =1
equals to

3 x? 2 log(x/p) 1
ﬁ—ozp(l—){l—FO( + .
A Ay (e/p) " 2(—a)

Due to (8 — a)x — oo, the value of this expression is positive if z/p > ¢15 with

c15 large enough. If z/p < ¢15, then p > x/c15 and there exists u/p € («, 8),
supposed that (8 — a)p > 2. This is evidently true for x > zy because of

(5‘@1’2%, (8 —a)r — occ.

We proved then that p~t € P* for all p < z.

Let us investigate now which primes p belong to P* C IT*. If there exists
some mp/n € Fy, (p,mn) = 1, then m/n € (a/p,F/p) and n < z. By the
Lemma 3 we get, that the number of such rationals equals

3 /- 2 1
Sb-an(y_ 2 1ro(2L, P .

™ p p+1 x z(B — «)
It is evident, that this term is positive as p < ¢162(8 — ) with an appropriate
constant ¢16. Hence, factors corresponding to primes p < cjex(8— ) all appear
in (35). If we add the factors corresponding to primes in the range cigz(f—a) <

< p < z(8 — a), the changes will affect only the remainder term o(1). Then for
all p such that y < p < min((8 — a)z, z) the product

(-6 ) ) (25

appears in (35). If we replace this quantity by

(l_pi1> 2 f;p:)’

lv[=20

only the remainder term changes. This completes the proof of the theorem.
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