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DISCRETE APPROXIMATION ON THE SPHERE
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Abstract. In this paper we construct continuous and discrete approx-
imation processes on the sphere 52 using spherical functions. These
processes are generated by summations of Laplace-Fourier series. Replacing
the continuous invariant measure on the sphere by a convenient discrete
measure we get a discrete approximation process closely connected with
the continuous approximation. It turns out that the surface-measure can
be obtained as the limit of the discrete measure in question. Among others it
will be proved that the discrete and the continuous L? norms are equivalent
on the space of corresponding spherical functions. This is an analogue of
Marcinkiewicz-theorem regarding to the equivalence of the discrete and
continuous LP norms for trigonometric polynomials. The clue of proof is
the de la Valée-Poussin type summmation method for spherical functions.

1. Introduction

Spherical harmonics play an inportant role in Fourier analysis. They are
restrictions to the sphere 27 + 23 + ... + 22 = 1 of homogeneous polynomials
that are solutions of the n-dimensional Laplace equation (see [3, p.445]).

There is another way to introduce them, namely for example in the case
n = 3 they are matrix elements t?k of unitary irreducibile representations of

the matrix group SU(2) ( [7, p-278]) (see (1.2)).

For £k = 0 we obtain the classical spherical functions. The functions
{V20+ 1t§0 :0=0,1,...,—¢ < j < £} constitute an orthonormal system with
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respect to the invariant measure (given by formula (1.6)) on three dimensional
unit sphere S? and the corresponding Fourier series is convergent in L?(S5?).

Taking the classical spherical functions we will construct an approximation
process with the nodal points defined by (2.1). We will show that the
approximation function can be written as a discrete integral (see (2.6)). The
advantage of the integral notation is that it brings to light the formal similarity
between the n-th approximation process of the function f defined on S2? and
the n-th partial sum of the Laplace-Fourier series (1.8).

It is natural to ask for conditions under which the spherical approximation
process will tend to f?

In the one variable case there is a rich bibliography where the approxi-
mation properties of algebraic and trigonometric polynomials are studied, for
example P. Erd6s and P. Turdn in [4], R. Askey in [2], G, Szegd in [5] etc.
From the point of view of the numerical method the discrete approximation
process plays an important role. An example of such a discrete process is
the trigonometric interpolation studied in Zygmund’s book [6, vol.IT]. Another
method which is based on the discrete § —summation is applied in control theory
(see [9]).

In this paper we construct continuous and discrete approximation pro-
cesses on the sphere S2 using spherical functions. These processes are generated
by summations of Laplace-Fourier series. Replacing the continuous invariant
measure on the sphere by a convenient discrete measure we get a discrete
approximation process closely connected with the continuous approximation.
It turns out that the surface-measure can be obtained as the limit of the
discrete measure in question. Among others it will be proved that the discrete
and the continuous LP norms are equivalent on the space of corresponding
spherical functions. This is an analogue of Marcinkiewicz-theorem regarding
to the equivalence of the discrete and continuous LP norms for trigonometric
polynomials. The clue of the proof is the de la Valée-Poussin type summmation
method for spherical functions.

2. Spherical functions

In this section we will summarize some results connected with spherical
functions. The spherical functions can be expressed by irreductible represen-
tations of the group SU|[2], where

SU@2)={geSL2):g"=9g""}
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is the set of second order unitary matrices. If ¢ € SU(2), then it can be
represented in the following form:

9=(_a5 5) o +15* =1, a,BeC.

Every element from SU(2) can be represented with the so called Euler
angles, namely there exist 6 € (0,7), ¢ € [0,27),9 € [—27,27) so that:

9= <6ig/2 e?w?) (z’csc;i(f@//é)) ifié?f/ff) (eig/z eZQWQ> =
= k(p)a(0)k(v),

where |a| = cos(0/2), Arga = (p +)/2, ArgB=(p — +m)/2.

Let £ € Nand I; := {—f,—¢ +1,....,/}. Denote by X* the space of all
homogeneous complex polynomials of degree 2¢ in two variables. This is 2+ 1
dimensional and is spanned by the polynomials

0+k bk
1 2

Y4 —
k(21 22) = s =

where k € I.
Denote by
[t54)jker, =T
the matrix of this representation regarding to the base {ef : k € I;} of the
group SU[2].
If g has the form g(0) = a(0) let define

(2.1) P!y (cos 0) := t4,(a(8)) =

= \/((4_ k)éﬁ:‘;))"(g +j)!Qj*lij*k(cos(9/2))j+k(sin(9/2))j’k.

dé +J

W[(y — DY+ 1) M |y=coso-

If g = k(p)a(8)k(y) € SU(2), then the correspondent t?k has the following
form

(2.2) t5.(9(0, 0, ) = e "TPTFI P (cos ),
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where (6, p, ) are the Euler angles.

For k = 0 we obtain t5,(g) = e7?Pfy(cos0) := Yy;(,0), L €N, j € I,
which are called spherical functions.

Let denote by S? the three dimensional unit sphere.

The normalized spherical functions

V20 + tjo(go, 0), teNjel,

form an orthonormal system regarding to the scalar product generated by the
following continuous measure on the unit sphere

2w

(2.3) / Fx)dp(x / / F(0,0) sin 0dfdep.

(2.4) VU+1) (20 4+ 1) /t Dt (9)du(g) =

’0

2T
20+ 1)(20 + 1 - -
= ( +4)( + )//el(m—m )# Pt (cos0) P, (cosB) sin OdOdp =
™
0

= 6mm’ (SM’ .

Moreover, every function f from L?(S?) can be represented in the following
form

oo k=t

(2.5) Fl,0) = (20 +1) D Curtio(,0),
=0 k=—¢

where
o1

(2.6) Cop, = i//f(gp,@)tﬁo(go,e) sin 0dfdp
0 0

are the Laplace-Fourier coefficients and the series being convergent in L?(S?)
with respect to the measure on S2. For m = m’ the relation (2.4) implies

NCED N S
(2.7) 20+ 2)( o )/PiO(COSG)PTiO(COSQ) sin 0d6 = ¢
0
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and by substituting cos @ = x we obtain

2
P (2)da = ,
(2.8) / P )dl‘ =T 15@(

Let N e N*, £ € {0,..., N — 1}, m € I;, then there are

N-1

Z (20+1)

£=0
spherical functions of order less than N. For more details connected to spherical
functions see [7]. In what follows we need the following theorem (see [5] p.47).

Theorem A. Let denote by A\ € (—1,1), k € {1,...,N} the roots of
Legendre polynomials Py of order N, and for j =1,...,N let

_ (m—)\{v)...(x—)\jy_l)(x—)\ﬁ_l) (= AN)
AF = A A = ALY = M) (A =A%)

be the corresponding fundamental polynomials of Lagrange interpolation. De-
note by

(2.9) AY = /ZkN(x)dx (1<k<N),

the corresponding Cristoffel-numbers. Then for every polynomial f of order

less than 2N,
1

N
[ Hands =37 s 4Y.
k=1

-1

3. Discretisation

In what follows, taking as starting point that the spherical functions form
an orthonormal system regarding to the continuous measure given by (2.3),
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we will give the set of nodal points in [0, 7] x [0, 27] and the discrete measure
regarding to the orthonormality property is also valid. Let denote by

21y .
(3.1) X ={zi; = (Or, ;) = (aurccos)\kN7 2N+1) :k=1,N,j=0,2N}

the set of nodal points, and

A

MN(ij) = m

Let define the following discrete integral on the set of nodal points X

N 2N 2N AN
/fduN = 30D Flerun (o) = ZZf(ka*"f)z(zT'll)'
k=1 j=0 =17=0

Theorem 3.1. Let N € N, N > 1, then the finite collection of normalized
spherical functions

(V2e+ 1t :S*> = C|lmel, £e{0,..,N—1}}

form an orthonormal system on the set of nodal points X regarding to the
discrete integral defined by (3.2), i.e

(3.3) V%+hmﬁ+1/#@w@N,@w%p

X

(f,gl <N, mely, pe Ig/).

Proof. Using the definition of the discrete measure and properties of the
roots of order 2N + 1 of the unity, the left side of (3.3) is equal to

V20U 1V20 /QNOWN:

N 2N

AN
= V20 +1V20 + ZZtmo Ok, ©;5) po(t‘)k,%)m
k=1 j=0
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2N

AN ) 2
T N\DOZ ANY__ Tk i(m=p)anit —
mm; (OO a1y 2
O’ m;ﬁp’
. N
(3.4) T W2 V20 T 1Y PLyONPL,ONAY, m=p.
k=1

Taking into account that grP?, OanO =/{+/¥¢ < 2N, we can apply Theorem
A and using the relation (2.8) we obtain

\/ﬁ V20§ Z oOAMPE (AN AN =

\/2z+ VT / ) P7o (2)de =

1 0, ¢+,
= V22U +1V2' +1—Fyp
2 20+1 1 ¢=¢

In [8] P. Barone proved that the discrete harmonics transform operator of
the function f evaluated on the lattice £ (similar defined as X') has orthonormal
columns.

Next we will prove that the discrete integral defined by (3.2) tends to the
invariant measure on SU(2) given by (2.3), namely

Theorem 3.2. For all f € C(S?),
A}im /fdu]v:/fd,u.
X 52

Proof. Let denote by U = (C(S?), and introduce the bounded linear

functionals An(f) = [ fdun, A(f) = [ fdu. Theorem 3.2 is a consequence
X 52

of the Banach-Steinhaus theorem. We will check that all conditions of this
theorem are satisfied for the functionals Ay : U — C and A : U — C. Let
denote by Z the set of all spherical functions. It can be proved that Z is a
dense subset of C'(S?) on the base of the Stone-Weierstrass theorem, because
of the points of U are separated by the functions in Z. Namely if g, h € SU|[2]
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so that g # h, then t},(g) # tiy(h). It is enough to prove that the product of
two spherical functions can be expressed as a linear combination of spherical
functions. This follows from properties of representations. It is well known

that the direct product of two representations 7 and TY can be expressed as

o410
S>> T*. This implies that
k=t—t'

et = > CC ke, mn, O kom0, 5k,

k3,3

where C'(¢,¢',k,m,n, j) are the so called Clebsh-Gordon coefficients. Because
of orthonormality of elements ¢, these coefficients can be computed in the
following way:

C(£’€/7 k? m7 n’j)c(€7 6/7 k’ m/7n/7j/) =

2

= (2k+1) 16772 /
0

-2

2

3

o Utk sin 0dOdpdap.

nnJ

O\:\

3

Taking into account that ! ,(g) = ei(m“’er/w)Pf;Lm,(cos 6), the above integral
is different from zero only when m +n = j and m’ +n’ = j'. From this we get
that if m’ =n' = 0, then j/ = 0 and we obtain that

thotho = > C. 0 k,;m,n,j)C(L, ', k,0,0,0)t5,
k.j.j’

From [5 p.48 (3.4.5)] it follows that Ay is a bounded linear operator, namely

N 2N LAY | N

Ianll =323 v

—1<oo.

From the orthonormality property it follows that for all z = ¢! , € Z, for all N
sothat I < N  An(z) — A(z) = 0, consequently A}im |[An(2) — A(z)| =0,

z € Z. Applying the Banach-Steinhaus theorem we get that

|[An(f) — A(f)| — 0, forall feC(S?), N — cc.

In fact Theorem 3.2 means that the limit of the 0-th disccrete Laplace-
Fourier coefficient is equal by the 0-th Laplace-Fourier coefficient. In an
analogous way can be proved that in general the discrete Laplace-Fourier
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coefficients of the function from C(S?) tend to the corresponding Laplace-
Fourier coefficients of f.

4. (C,a) kernel of Laplace-Fourier series

Let denote g = a(0)k(p), h = a(8’)k(¢’). Let n < N and denote by

n £

(41)  (Inah)(9) = Unaf)O.0) =D (20+1) > chitio(0. ),

£=0 k=—1¢

the n-th partial sum of discrete Laplace-Fourier series of f, where ¢} is given
by

N 2N N
N m
(4.2) Cop, = / kOfd'uN = mzljzo f(Orms Pj tko(em’ @j)m.

In, f is n-th partial sum of the discrete Fourier-Laplace series of the function
f defined on the unit sphere S2. We can observe that

(4.3) (Innf)(0,p) =
n 0 N 2N — A% ,
:;(2[—‘,—1) k;g n;jgof(em,(pj)tko(em,(pj)m tko(eﬁp) =
:/f(e )( (204 1) Zt (0, " )teo (6, ))duN.
% k=—t

Let denote by
(4.4) XH0,0 0,0 Z £, (07, " )tho (0, ).
k=—2

Taking into account that the representation T of SU(2) is unitary (see [7]
p.284), and using that every element u := h='g € SU(2) can be represented as

u=vk(t)v™ v € SU(2),
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we obtain that

(4.5)  X'(0,0,0.¢") =X (h""g) = spur(T“(h™"g)) = spurT* (vk(t)v™ ") =

sin(¢ +1/2)t

= spuT" )T RN () = — o

Denote by

n

(4.6) Dn(h7lg):=> 20+ 1)x"(h"g)

£=0

the kernel function. Then the discrete Fourier-Laplace sum can be expressed
in the following way:

A7) Unaf)9) = Iy f)(6 / () D (hg)dp (h).

It can be seen the analogy between the (I, f) and the partial sum of the series
(2.5):

(48) (8.0)(9) = [ 10D (1 g)duh)
S2
Let denote by

a+1)(a+2)..(a+n)
n!

(49) K := —ZA (20 + 1)x Agzz( ,

the (C, «) kernels of the Laplace-Fourier series. It is easy to show that

ZAQ 1Dg,

néO

consequently K2 is a (C, ) kernel and similarly to the trigonometric case (see
[6] vol.I, chap.II.) K& corresponds to a (C, ) summation method. From (1.14)
of [1] we get that for o = 2

1 n
(4.10) ._—22 2 20+ 1)x" > 0.

'n.e:
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Using the orthonormality property (2.4), (3.3) and the definition of x* it is
easy to check that

(4.11) [ 20 () = [ K20 g)dutr) = 1.

The last two properties show that K2 has two important properties of Fejér
kernel. Let introduce the analogue of de la Valée-Poussin kernel denoted by

1

Note that the partial sum of order n of M, is equal to
(4.13) Sn[M,] = D,

Let denote by 7, = span{ti,,¢ € {0,1,...,n},k € I;}. From the
orthonormality property of spherical finctions and (4.13) follows that

/ F)M (™ g)dp(R) = f(g), forall fe T,
SZ

Denote by
(4.15)

(0nf)(g / FEE(hg)du(h),  (Vaf)(g / )M (b g)du(h)

and
(0w 8)0) = [ KB o) h),
X
(4.16) (Vaxf)(g) = / F ()Mo (h™ g)dpun (h)
SQ

(feC(S?), geSU2).

the continuous and discrete summmation processes corresponding to the K2
kernels and M,,.

Theorem 4.1 For all f € C(5?),
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1)
(4.17) lonf = FfIl =0, if n— oo,

2)

(4.18) WVaf = fIl =0 if n—oo
3)

(4.19) [lon.nf— fIl =0, if N,n— o0, sothat n <N,
4)

(4.20) NWVonf—fIl—=0 if n—oo, sothat 3n <N,

where the norm is the maximum norm.

Proof. In the proof of Theorem 3.2 we have already showed that the set
Z of all spherical functions is dense in C'(S?). From (4.10) and (4.11) we obtain
that ||o, f|] < ||f|] for all f € C(S?), consequently the linear operators o, :
C(8?) — C are uniformly bounded. Let denote by o : C(S?) — C, of := f the

identity operator. Because of orthonormality property of spherical functions
2
n—~_

¢ ¢
yp to = tros
n

we get that for every z = ti,o from Z, if n — oo then antio =

consequently for all z € Z

lim ||opz —oz|| =0.
n—oo

Applying the Banach-Steinhaus theorem we get that (4.17) is true.
From (4.10) and (4.11) we obtain that

1
IVafll < —3 (A3, + 243, + AD)IfI] < 25]1 ]
Consequently V,, : C(S?) — C are also uniformly bounded. If I < n, then

Vntf;o = t£0~ In analogous way as before we get that (4.18) is true. The proof
of (4.19) and (4.20) is similar.

As in the case of one variable trigonometric interpolation (see [6] vol.II,
Chap.5) arises the question if we could compare the behaviour of (In,,f) and
(Snf)?

The behaviour of (Iyf) and (S,f) in norm will be the same if we
could prove the equivalence of the norms genereted by the continuous (du)
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and discrete (duy) measures. In one variable case the basic tool to prove the
equivalence of the norms is the so called Marczinkievicz inequality (see [6] vol.II,
p-30). In what follows we will prove Marczinkievicz type inequality regarding
to the spherical polynomials in the system tfno.

5. Marcinkiewicz type inequalities

Theorem 5.1. Let n, N be positive integers so that 3n < N. Consider a
linear combination of spherical functions of order n of the following form

n l
(5.1) S(g) =Y QU+1) D clitio(0,).

=0 k=—1

Then there exist constants A and Ap, depending only on p, such that

1/p 1/p
(5.2) / S(g)Pduy | < 4 / S(@Pdu | (1<p<+oo)
and
1/p 1/p
(5.3) / S@)Pdu | < A, / S@)Pduy | (1< p < +00).

Proof. Let S be a linear combination of spherical functions of order n,
then

(5.4) 5,[](x) = S(z) = / S(y)Day~2)dy.

We can substitute D,, in formula (5.4) by any linear combination of spherical
functions of which partial sum of order n is D,,. One of these functions is M,
defined by formula (4.12).

We observe that

(5.5) A2, 4243, + A% =
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1
= 5[(3n+ DBn+2)+22n+1)(2n+2) + (n+ 1)(n+2)] = (3n +2)%
Replacing in (5.4) D,, by M,, we have

(5.6) 15(@)| =

[ S ) = | [ 50025 U — 243K + KD <

IN

1 1 1
A, [ 18+ 5243, [ 1501y + 542 [ ISy
S2 S2 S2

Let n > 2 and ® be a nondecreasing convex function, and p(z) > 0, then

(5.7) P (/pg> < /z@(g)-

Because K2 is a positive kernel from (4.10), (4.11) and from the properties of
P we get

@ (412|S<x>|) <o ((:,m”jwsm) < g (5/ |S<y>K§ndy> "

(5.8)

1 1

1

< Grrarn / (IS Ky + mmzn / (IS (y)|) K3, dy+
S2 S2
1
gt [ PSRz

S2

Considering the discrete integral of the last inequality we obtain

dpn (z)+

o (s} aunto) < gt [ | [5G
X % L
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1
+(3n+2)22A§n/ L/‘P(IS(y)I)KgNduy] dpn () +

X 2

L/ (S () K2duy

2

(5.9) +%Ai /

(3n+2) J dpn ().

Interchanging the order of the integration and taking into account (4.11) we
get

510 [o(gls@l) duvto) < g it [ @S

n -+ 2
b's &2
1 1
+W?A3n5[¢(ls(y))duy+WA,%S[MS@)WW—
~ [ ®(15)Dduy
S2

If we consider ®(u) = uP from (5.10) results that (5.2) is true and the absolute
constant is A = 42.

Applying the representation theorem of Riesz we have: if 1/p+ 1/p’ =1,
1/p

then
(5.11) /|S|pdu = sup /Sgd,u = sup /SS’n[g]du‘ =
o lgll,r=1 9]l =1
1S2
= sup

1/p , 1/p’
/ ssn[g]dw]s sup (/ ISI”duN> (/ |sn[g]|pdm) _
gl =1 gl =1
p/
-(/ |5”duzv) s (15l |pduN) <, ([ 18y )
Ilg p’ 1

Using (5.2) we obtain

’

(5.12) (/ sn[g]p’dw)l/p, <a(/ |Sn[g1|p’du)1/p .
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It is easy to see that there exists a number R, independent from n and g so
that

, 1/p'
(5.13) sup (/ | Sy [g]l? du) < Ry.

llgll,r=1

Let denote A, := AR, for this constant (5.3) is true.
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