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NUMERICAL INVESTIGATION OF A
CYCLIC–WAITING QUEUEING SYSTEM

WITH TWO TYPES OF CUSTOMERS

G. Farkas (Budapest, Hungary)

Abstract. The paper investigates by means of simulation a queueing

system which enter two Poisson processes, the service times are exponen-

tially distributed. The customers of first type may only join the free system

and there can be present only one of them, all other ones of this type are

refused. There is no restriction on the customers of second type. The service

may start at the moment of arrival (in case of free system) or at moments

differing from it by the multiples of a given time T . The paper deals with

the determination of equilibrium distribution, the simulation shows a good

coincidence with the theoretical results from [12].

1. Introduction

In recent decades the examination of certain public-service systems has
come into the forefront of probability theory. In this paper we investigate a
process in which customers with different priorities arrive at a system, and
they are either refused or, after some period of waiting, they are served. The
operation conditions of such queueing systems raise several interesting mathe-
matical problems. It is relevant, for example, to examine the distribution of the
customers’ arriving times and of the service times. These investigations, called
the theory of queues, have developed into an important field of probability
theory. However, accurate mathematical descriptions can only be provided
about very simple systems. In practice more complicated systems occur whose
examination necessitates the implementation of computer-simulation methods.
In the present paper we concentrate our attention on a question which has
yielded remarkable theoretical results. Our goal is to assist the examination of
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the system’s operation with the use of computer simulations, and to support
the validity of mathematical calculations.

Depending on the complexity, we have two ways to investigate the queueing
systems. The first way is examination by exact mathematical methods, the
second one is a model constructed by a computer program. In order to clarify
our aim we describe the functioning of our system more accurately and refer
to some papers which presented interesting results prior to our investigation of
this field.

2. Problems and results

2.1. Description of the problem

In this paper we focus our attention on a model describing the landing of
airplanes. While in a conventional queueing system the service process runs
continuously, in the system investigated by us the starting moment of a service
process depends on the moment of the completion of the previous service and
the moment of the arrival of the actual customer. Naturally, by customer we
mean an airplane having a landing request. If there is free system, i.e. the
entering entity can be serviced at the moment of request, the airplane can
start landing. However, if the server is busy, i.e. a formerly arrived plane has
not accomplished landing yet or other planes are already queueing for service,
then the incoming plane starts a circular maneouvre. The radius of the circle
is fixed in a way that it takes the airplane T cycle time to be above the runway
again, i.e. the airplane can only put further landing requests to the control
tower at every nT moment after arrival, where n ∈ N. Naturally, the request
can only be serviced if there is no airplane queueing before it. The reception
and service of the incoming planes follow the FIFO rule, according to which
the earlier arriving planes are given landing permission earlier.

In general the object of the investigation is the probabilities in free systems
of having 0, 1, 2, ... airplanes in the queue at the starting moments of services,
because this system only operates properly if there are not too many planes
cyclic queueing.

2.2. Previous achievements

In [1] we examined by computer simulation some continuous cyclic-waiting
systems in which the arriving customers form a Poisson process with parameter
λ, the service time distribution is either exponential with parameter µ or
uniform on the interval [c, d]. In [2] similar results were published for discrete
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cyclic-waiting systems. In this case the time between two arriving requests has
geometrical distribution with parameter r, the service time with parameter
1 − q. [3] presents some computations connected with the convergence to the
limit distribution, which support the mathematical results.

The basic theoretical results for such systems were obtained in the papers
[5-11], the ergidicity condition for a generalized system was examined in [4].

2.3. The purpose of the present research

In this paper we consider a queueing system which involves customers
with two different priorities. The arrival times of the two types of airplanes
constitute Poisson processes with parameter λ1 and parameter λ2. The
distributions of the related service times are exponential. In this system
exclusively second-type airplanes are allowed to join the queue, while first-type
planes are serviced right upon arrival provided there is free system, otherwise
they are refused. Thus, from the aspect of the second-type costumers the
system operates in the way described in the previous subsection, but the service
can lose some first-type ones.

3. Theoretical results

The exact solution of the investigated system is contained in [12], the
theorem below is taken from it.

We introduce the following probabilities:
aji - the probability of appearence of i customers of second type at the

service of j-th type (from the beginning of service of a j-th type customer till
the beginning of service of the next one) if at the beginning there is only one
customer in the system;

bi - the probability of appearence of i customers of second type at the
service of second type (at the beginning of service there are at least two
customers in the system);

ci - the probability of appearence of i customers of second type for a service
after free state;

their generating functions are

Aj(z) =
∞∑

i=0

ajiz
i, B(z) =

∞∑

i=0

biz
i, C(z) =

∞∑

i=0

ciz
i, j = 1, 2.
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Theorem. Let us consider a queueing system with two types of customers
forming Poisson processes with parameters λ1 and λ2, the service time distri-
butions are exponential with parameters µ1 and µ2, respectively. There is no
restriction on the customers of second type, the customers of first type may only
join the free system and there can only be present one of them, all other ones
of this type are refused. The service of a customer may start at the moment of
arrival (in case of free system) or at moments differing from it by the multiples
of cycle time T according to the FIFO rule. We define an embedded Markov
chain whose states correspond to the number of customers in the system at
moments just before starting their services. Then the generating function of
equilibrium distribution is given by

(1) P (z) =
p0

[
C(z)− B(z)

z

]
+ p1[A2(z)−B(z)]

1− B(z)
z

,

where

(2) Aj(z) =
∞∑

i=0

aiz
i =

µj

λ2 + µj
+

λ2z

λ2 + µj

e−λ2(1−z)T (1− e−µjT )
1− e−[λ2(1−z)+µj ]T

;

(3) B(z) =
∞∑

i=0

biz
i =

λ2

(1− e−λ2T )[1− e−[λ2(1−z)+µ2]T ]
×

×
[
1− e−λ2(2−z)T

λ2(2− z)
− 1− e−[λ2(2−z)+µ2]T

λ2(2− z) + µ2

]
+

λ2e
−λ2(1−z)T

(1− e−λ2T )[1− e−[λ2(1−z)+µ2]T ]
×

×
[
1− e−[λ2(2−z)+µ2]T

λ2(2− z) + µ2
− e−µ2T 1− e−λ2(2−z)T

λ2(2− z)

]
;

C(z) =
∞∑

i=0

ciz
i =

λ1

λ1 + λ2
A1(z) +

λ2

λ1 + λ2
A2(z)

and p0 and p1 are the first two probabilities from the desired distribution. They
are connected with the relation

p1 =
1− c0

a20
p0.

p0 is determined by the condition P (1) = 1, it is equal to

(4) p0 =
1−B′(1)

1−B′(1) + C ′(1) + k[A′2(1)−B′(1)]
,
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where k establishes connection between the customers of two types

k =
λ1λ

2
2 + λ3

2 + λ2
2µ1 + λ1λ2µ2

µ2(λ1 + λ2)(λ2 + µ1)
.

The condition of existence of ergodic distribution is the fulfilment of inequality

λ2

µ2
<

e−λ2T (1− e−µ2T )
1− e−λ2T

.

The limit distribution P ∗(z) as T → 0 is given by the formula

P ∗(z) = p∗0×

(5) ×
λ1

λ1 + λ2

µ1

λ2(1− z) + µ1
+

λ2

λ1 + λ2

µ2

λ2(1− z) + µ2
− µ2

z[λ2(1− z) + µ2]

1− µ2

z[λ2(1− z) + µ2]

,

where

p∗0 =
1− ρ2

1− ρ2 + λ2
λ1+λ2

(ρ1 + ρ2)
, ρj =

λj

µj
, j = 1, 2.

4. Computed results

The numerical investigation was implemented with different values of the
parameters. For every fixed T, λ1, λ2, µ1, µ2 we carried out 1000 independent
experiments with different computer generated arrival and service times. In
order to support the above mentioned theoretical computations we examined
the values p0, p1, p2, ..., where pi denotes the probability in free system of having
i airplanes in the queue at the starting moments of services and 0 ≤ i ≤ 30.

We included our results in tables where the values pi are given in columns.
The index number of each row shows the number of the incoming airplanes.
We present a table of probabilities for the values of parameters T = 0.1, λ1 =
2, λ2 = 3, µ1 = 10, µ2 = 6 in Figure 1. For the sake of clarity we give the values
pi multiplied by 1000.

The diagrams in Figure 2-3 present the calculated results where the values
of probabilities p0, p1, p2, p3 are found on the Y axis and the number of incoming
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airplanes on the X axis. Also the exact values of pi can be read here, which
appear as horizontal lines in the coordinate system.

Since every experiment starts from an empty state and the computations
include the initial values, therefore the average value for p0 is a bit increased
and the other probabilities a bit decreased.

Inspite of this fact we can observe that considering 1000 independent
experiments the cases 100 first-type and 100 second-type arriving airplanes
show that the computed results clearly approximate the exact values.
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