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THE GROUP ANALYSIS OF
STOCHASTIC DIFFERENTIAL EQUATIONS

S.A. Melnick (Donetsk, Ukraine)

Abstract. In this work the criterion of invariance of Ito stochastic differ-
ential equation with respect to a one-parametric group of transformations
is proved. This result allows us to find out possibility of constructing an
ergodic process from the initial one by using the transformations of time
and phase variables and demonstrates how it can be done.

On a complete probability space (Q,F,P), we consider the stochastic
differential equation in R!

(1) du(t) = A (t,u(t)) dt + B (t,u(t)) dw(t),

€0;T7), u(0)=wup.

Here w(t) is a standard Wiener process with respect to the filtration {Ft}jzog ,
F; C F and ug is Fy - measurable random variable with M \u0|2 < +oo.
The functions A(t,u) and B(¢,u) are non-random and have one derivative on
the variables ¢ and u. Suppose that the functions A(t,u) and B(t,u) satisfy
conditions which guarantee the existence and uniqueness of the strong solution
of equation (1). For example, suppose, that the conditions of Theorem 3.1 [1,
p.109] are satisfied. Transform the variablest and u : t = f(s,a), u = g(s,v,a),
where a € R'. Let us demand that the following conditions are satisfied for
the functions f and g:

Al) f(5,0) =5, g(s,0,0) = v;
A2) 3fs(s,a) and fs(s,a) > 0 for every q;

A3) 3¢V (s,u,a) such that g(~1 (s, g(s,v,a),a) = v, Vs,
)

Ve, Ad) f(f(s,a),b) = f(s,a+0b), g(f(s;a),9(s,v,a), )—g(sva+b)

A5) 3fsa, sa Gova-
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The alphabetic subindex means a partial derivative with respect to the
appropriate variable.

Definition 1. The equation (1) is invariant with respect to the group of
transformations ¢t = f(s,a), w = g(s,v,a) if there exists the Wiener process
w(s) such that the process v(s) = g~ (s,u(f(s,a)), a) is a solution of equation

(2) dv(s) = A(s,v(s))ds+ B (s,v(s)) dw(s),

s € [so;8T), v(so) = g(_l) (s0,u0,a) .

Here s, = f(1(0,a), sy = fCU(T,a), fCV(t,a) is an inverse function to
f(s,a).

According to [2, p.25], we denote (£(s),n(s,v)) as a tangent vector of a
considered group, i.e.

£(s) = fa(s,a)la=0,  n(5,v) = ga(s,v,a)|a=0.

Theorem 1. FEquation (1) is invariant with respect to the group of
transformations with the tangent vector (£(s),n(s,v)) if and only if

*m( V) + As(5,0)E(8) + Au(s,0)1(5,0) = 5700(s,0) B> (s, v)+
(3) ( )(fs( ) (s U)) =0,

Bs(s,v)&(8) + By(s,v)n(s,v) + B(s,v) (%ﬁs(s) - nv(s,v)) =0,

Vs, v.

Proof. Let equation (1) be invariant with respect to the given group. We
shall prove, that the coefficients A and B satisfy the system (3). Transform
the time variable t = f(s,a) and denote 4(s) = u(f(s,a)) . Then

di(s) = A(f(s,a),0(s)) fs(s,a)ds + B (f )V fs(s,a)dw(s
@ (s0) = ug-
Here w(s) is a Wiener process such that w(f(s,a)) = fs v/ frn(h,a)dw(h)

Transform the phase variable

v(s) = gV (s,als),a) = gV (s,u(f(s,0)), a).
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By the Ito formula we obtain
(4) dv(s) = |g$ " (s, 9(s,v(s),a),a)+

+9 (s, 9(s,0(s), a), ) A(f(5,), g(s,0(s), @) f(s, @)+

+ 505595, 0(),0), ) BA(F (5, 0), 905, 0(5), @) o (5,0) | st

9.V (s,9(s,0(s), a), ) B(f(s,a), g(s,v(s), )/ fs(s, a)dii (s).

Substituting

(“V(s g.q) = — (D (s g q) = _95(5:0:0)
Gu s,9,0) = o 95 (89:0) Goa)
(D g q) = _ Joo(:0:0)
uu ' (5,9,0) (00(5.0.0))°
into (4) we obtain
LD L s,a),9(s,v(s),a s5,a)—
n(s) = | EE A (f(s,0).(5,0(9).0) o (500)
—lez s,a),9(s,v(s),a s,a)| ds
5 o P B (5.0) (5, 0(5) ) (o, 0) |
e B(f(s.0), (5, 0(),0) VG (),

v (80) = up.

The invariance of equation (1) with respect to the considered group of
transformations is equivalent to the equalities

_9s A(f,g) — Jov _p2 , Js = A(s,v),
5 7 + |A(f.9) 2 (o) (f,9) ” (s,v)
VL b(5,) = Bls.o)

Vs, v, a.
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The condition (5) is equivalent to following equalities

iH (s,v,a) =0,
(6) da

d%G (s,v,a) =0,

where
. _gi _ Gov 2 é
H= ot A(f.g) 2(gv)23 (f.9) 7’
=Yg

v

Consider the second equality of system (6). According to the Lie equations
[2, p.29)

a _ dg _

2o =&, oo =n0lf.9).
Then of p
s _ 49s _
da *gffw da nffernggsa
dgv dgvv 2
(7) da = NgGv, “da_ = Tgg (9v)" + NgGuvv-

Substituting (7) in the second equality of system (6) we obtain

da o

e =YL [anssnr08,+ (3600 - (0 B =0

Since this equality should be satisfied for all a, hence we obtain the second
equality of system (3).

Let us do for the first equation of system (6) the calculations similar to
what were done for the second equation. Using (7) we obtain

aH _ fs

1
da Gv {Af§ + Agn+ A& —ng) —ny — 7327799_

2

_ (zv’;2B [Bfg + By + (;gf - ng> B] } =0.
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The expression in square brackets is equal to zero, as it was proved earlier (this
is the second equality of system (3)). The remaining part in braces coincides
with the left part of the first equality of system (3).

Now we shall prove the inverse assertion. Let us prove, that the second
equality of system (3) implies the equality G(s,v,a) = B(s,v) Vs,v,a.
Compute

dG(s,v,a) fs(s,a)
= X
da guv(s,v,a)

1
E(t)By + n(t,u)By + <2§t(t) - nu(t,u)> B] .
By the system (3) and condition A1 the function G is a solution of the problem

dG(s,v,a)

- =0, G(s,v,0) = B(s,v).

This means that G(s,v,a) = B(s,v) Vs,v,a. Let us do for the first equation
of system (3) the calculations similar to what were done for the second one.
Then H(s,v,a) = A(s,v) Vs,v,a. Thus, Theorem 1 is proved.

Theorem 1 allows us to solve the following tasks:

Task 1. The coefficients of equation (1) are given. It is required to find
all one-parametric groups of transformations satisfying to the conditions A1 -
A5, with respect to which equation (1) is invariant.

Task 2. The group of transformations is given by the tangent vector. It is
required to find a general form of equation (1), which is invariant with respect
to the given group.

Let us demonstrate the obtained results by some examples.
Example 1. We shall construct all one-parametric groups of transforma-
tions with respect to which the equation

(8) du(t) = Au® 1 (t)dt + Bu" (t)dw(t),

u(0) =ug >0

18 invariant.
Ify>1, A<-— m, then the conditions of Theorem 3.1 [1, p.109] are

satisfied and there exists a unique solution of equation (8).

Lemma. Ifvy>1, A<
(8) is non-negative for all t with probability 1.

Q(TBZD, ug > 0, then the solution of equation
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Proof. Use Pardoux’s method [3, p.152]. Consider the equation
(9) du(t) = AJu(t) PO~ Du()dt + Blu(t)~ u (H)duw(?),

u(0) = up > 0.

Let v > 1,A < —%, then the conditions of Theorem 3.1 [1, p.109] are

satisfied and there exists the unique solution of equation (9). Denote uy =
= sup{0,u}, u_ = sup{0, —u}, &(r) =|r_|?,

2
2 €

re — 5’ if r < —e,
. — 4 493 )
9e(r) —%—é, if —e<r <0,
0, if > 0.
By Ito’s formula
t
(10 ) = A4 [ Ju(o) P V(o) (us))ds+
0
1 t t
387 [ WP (900! ((s))ds + B [ (o) s (5)6 u()du(s).
0 0

For each s we have either uy(s) = 0 or ¢.(u(s)) = 0, also either u4(s) = 0 or
#”(u(s)) = 0. Then last two terms in (10) are equal to zero. As Vu € R!

lim we, (1) = 26(w),

then from (10) under ¢ — 0 we obtain

t

o(u) =24 [ ()P0 Do u()ds,

0

From here it follows, that ¢(u(t)) = 0, i.e. u(t) > 0 for all ¢ with probability 1.
If u(t) > 0, then equations (9) and (8) coincide and because of the uniqueness
of their solutions we obtain the assertion of lemma.
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From Lemma it follows, that R, is a support of coefficients of equation
(8). For equation (8), system (3) is equivalent to

—n + A2y — D0~ Yy — L B2, 0 + A (& —n,) v =0,
(11)
Bynu?~' + B (5& — nu) u? = 0.

From the second equation we obtain 7, — 17 = 1¢;. As ¢(t) does not depend on

u, n(t,u) = in(fzy)u +nMW(t)u?. Substituting this equality in the first equation

of system (11) we obtain

0+ -1 (4= 22 ) g 0w <o

o1 2
Asy>1,A< ﬁ, the last equality is possible only if 5( ) = Cit + Cy
and 7 (t) = 0. Finally, £(t) = Oyt + Cy and n(t,u) = 2(1 sy u- Under the

conditions C7 = 1,y = 0 we obtain the subgroup of non-uniform strains with
the tangent vector (t, ﬁ) Under the conditions C; = 0,Cy = 1 we obtain

the subgroup of transfers along the axis Ot with the tangent vector (1;0).

The invariance of equation (8) with respect to the group of transfers along
the axis Ot signifies, that equation (8) has an invariant measure [4, p.176].
However, this measure is not a probability measure as

—+o0 x

2A [d
/x*%exp ﬁ/?u dxr = 400
0 ug

and the necessary and sufficient condition of existence of stationary distribution
is not satisfied [5, p.337-338]. Thus, the solution of equation (8) is not an
ergodic process.

However, the invariance of equation (8) with respect to the group of strains
allows us to calculate a multiplier, after multiplication by which the solution
u(t) is transformed to an ergodic process. Find the invariant J of group from
the equation

dt du

— =2(1—7)—.
C1t+ CQ ( ’Y) Clu
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Then J = (t + %) *07Y 4. Consider the process v(t) = <t+ g—f) T (),
satisfying the initial condition v(0) = ug. Then v(t) = (¢ + 1)2<W1*1> u(t). The

process v(t) satisfies to the equation

¢

ds 4B v7(s)

1+s V1+s
0

dw(s).

v(t) = ug +/t [2(3@1) + Av271(5)}
0

By replacing r = In(1 + ¢) and denoting V() = v (¢" — 1), we obtain

(12) V(r) = ug +/ [2(‘;@1) +AV271(h)] dh+B/V7(h)du~)(h),
0

where w(h) is a Wiener process such that w (e" — 1) = [ e dw(h).
0

If 2A < B?(2y — 1), then for equation (12) the conditions of criterion of
existence of stationary distribution are satisfied [5, p.337-338] and V(r) is an
ergodic process. The density of stationary distribution looks like

2(1—7)
2( A — T
g(z) =Cx (5 ‘Y)exp{—2BQ(17)2}, x>0,

where C' is a normalizing constant.
As V(r) =wv(e"—=1),s0 V(In(l +¢t)) = v(t) = (1 + t)2<wlfl)u(t). Thus,

multiplying the solution of equation (8) by (1 + )2<7—1> we obtain an ergodic
process with distribution g(z).

Example 2. Let us find the general form of equation (1), which is
invariant with respect to the group of non-uniform strains with the tangent
vector £(t) = t, n(t,u) = ku, where k € R

Theorem 2. Fquation (1) is invariant with respect to the group of non-
uniform strains with the tangent vector (t, ku) if and only if its coefficients look
like

Alt,u) = t*TA (%), B(t,u) = " 2B (t*u) .

Proof. According to Theorem 1 the coefficients A(¢,u) and B(t,u) should
satisfy to system (3), which for the group of strains looks like

tA(t,u) + kudy(t,u) + (1 — k)A(t,u) = 0,
(13)
tBy(t,u) + kuBy(t,u) + (3 — k) B(t,u) = 0.
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The first integrals of the first equation are J; = t~*u, Jy = t' ¥ A. According
to [2, p.40], they are the invariants of group of non-uniform strains with the
tangent vector (¢, ku, (k — 1)A). The infinitesimal operator of this group looks
SO

0 0 0
and its first continuation
0 0

Compute the value of operator X; on the manifold D = tA;+kuA,+(1—-k)A =
0.
X1(D)|p=0 =

= (tA; + Kud, — (k— 1) A+ (k — 2)tA; — kuAy) [(—1)A=tA, +kua, = 0.

According to [2, p.65], the first equation of system (13) is invariant with
respect to the group with the tangent vector (¢, ku, (k —1)A). Then, according
to [2, p.38], there exists the function A(x) such that A(t,u) = t*"*A (t7*u)
and this equality sets a general form of coefficient A(t,u) in equation (1).

The reasonings, similar above mentioned, give a general form of coefficient
B(t,u) =tF—2B (t7*u) . Theorem 2 is proved.

Theorem 2 can be used for the investigation of limiting behaviour of
solution of equation (1). Consider the equation

wi = (15) " a((105) o) e
" (eg) e (e g) u)aeer

t € [0;4+00), w(0)=uo, T >0, kecR.

The functions A(z) and B(x) should satisfy to the following conditions for
all z,y € R!

(15) 22A(z) + B%(z) <0,

(16) 2(z —y) (A(x) — A(y)) + (B(z) - B(y))” < 0.



78 S.A. Melnick

Then the conditions of Theorem 3.1 [1, p.109] are satisfied and there exists the
unique solution of equation (14). Theorem 2 allows us to calculate a multiplier
h(t) such that the process h(t)u(t) is ergodic and its stationary distribution is
easily calculated. After the replacement s = 1 + % in equation (14) we get the
equation, which is invariant with respect to the group of non-uniform strains.
As it is mentioned above, J = t~*4 is the invariant of this group. Define the

process v(t) by the equality v(t) = (1+ %)_k u(t). Then

du(t) = —%v(t) + A(v(t))} (

+
t
1+ 1) 1+ 4

)

dt BEW) 4

v(0) = up.

Transform the variable 7 = In (1 + %) and denote V() = v (T (¢” — 1)). Then
we obtain

AV (r) = [=kV (r) + TA(V ()] dr + VT B(V (r))di(r),

r € [0,+00), V(0)=up.

Note, that with the help of last replacement of variables the initial equation
is transformed to a form which is invariant with respect to the transfers along
the axis Or. According to [5, p.338], V(r) is an ergodic process if and only if

€T

7 1 2 [ —ky+TA(y)
1 - 2 2 T2

Uo

where (z1,22) is a support of function B(z). Thus, we proved the following
theorem.
Theorem 3. If the coefficients of equation (14) satisfy the conditions (15)

- (17), then the process V (ln (1 + %)) = (1 + %)7]6 u(t) is an ergodic process
and its stationary distribution has the density

xT

2 [ —ky+TA(y)
/ B2(y) Wi

x € (x1,22),

Uo

where C' is a normalizing constant.
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