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ON THE CONVERGENCE OF
STEFFENSEN-GALERKIN METHODS

I.K. Argyros (Lawton, OK, USA)

Abstract. In this study we prove the asymptotic mesh-independence
principle for Steffensen-Galerkin methods. This principle asserts that when
Steffensen’s method is applied to a nonlinear equation between some Banach
spaces, as well as to some finite-dimensional discretization of that equation,
then the behavior of the discretized process is the same as that for the
original iteration. Local and semilocal convergence results as well as an
error analysis for Steffensen’s method are also provided.

I. Introduction

In this study we are concerned with the problem of approximating a locally
unique solution z* of the equation

(1) f(z) =0,

where f is a nonlinear operator defined on an open convex subset D of a Banach
space E/ with values in F.

Steffensen’s method given by

(2) Tp+1 = Tn — [xnvg(xn)}_lf(xn) (n > 0)

has been used [5], [6], [7] generates a sequence which converges quadratically
to *. Here ¢ : D — FE is a continuous operator. [z,y] denotes a divided
difference of order one of f on D, satisfying

3) [, 9ly —2) = f(y) — f(z) foralla,ye D witha £y
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(4) [z,2] = f'(z) (z€D)
if f is Fréchlet-differentiable on D.

Several authors have used various conditions to show convergence [5], [7],
[8]. In the first part of this study we use a new affine invariant Mysovskii-type
hypotheses [6] to provide semilocal-local convergence results as well as an error
analysis for Steffensen’s method given by (2). In the second part we consider
discretized versions of (1) and (2) and try to relate the solution z* with the
solutions obtained through the discretized equations. This is important because
in infinite dimensional spaces it is very difficult or even impossible to compute
iterates given by (2). This leads to an asymptotic mesh-independence principle
for Steffensen’s method. Mesh independence of Steffensen’s method means that
Steffensen’s method applied to a family of finite-dimensional discretizations
of an operator equation behaves essentially the same for all sufficiently fine
discretizations.

We also show that for special choices of the operator g our results reduce
to the ones obtained in [6] for Newton’s method. Another choice of g leads to
the secant method. Many other choices are also possible. We denote by Uz, r)
the set {y € E | [|[x—y| < r}, whereas U%(zq, ) is the set {y € E/||z—y|| < r}.

I1. Convergence analysis

We show the following semilocal result:

Theorem 1. Let f,g be continuous operators defined on an open convex
subset D of a Banach space E with values in E. Consider numbers a,b >
>0, c€10,1] and a point xg € D.

Moreover, assume:

(a) operators f,g satisfy:

G) My 9@ (2 9] = [z, w))(y — 2)|| < alllz = z[| + |y — wl)]ly — 2],
(6) lz = g(a)|| < bllfz, g(x)] =" f(2)]],
and

(7) lg(x) =gl < cllz -yl
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for all z,y,v,w € D.
(b) The Newton-Kantorovich-type hypothesis

(8) h=dp<1

is true, where

(9) d = 4amax{b, 2c}
and
(10) 1o, g(x0)] " f (zo) | < 0.

(¢) The smallest solution m* of the scalar equation

(11) f(r):gr2—r+n:0,

and number R satisfy

(12) r* <R, U(zo,R)CD,

> |20 — g(x0)||

(14) al(24¢)r* + R+ ||lzo — g(zo)||] < 1.

Then
(i) scalar iteration {t,} (n > 0) generated by

ac

o1 —tn)? >0
T abltyes — ) 1 ) (020)

(15) tn+2 - tn-‘rl =

with to = 0 and t; = n s monotonically increasing, bounded above by r* and
lim t, =r*.
n—oo

(ii) Steffensen’s iteration {x,} (n > 0) generated by (2) is well defined,
remains in U(xo,r*) for all n > 0 and converges to a solution x* of equation
f(x) =0, which is unique in U(xzq, R).
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Moreover the following estimates are true for allm >0

ac
16 — Ty < — 2| <tpgo —t
( ) ||In+2 Ln 1H =71_ abllanrl — xn” ||xn+1 an = In+2 n+1
and
(17) |zn — 2% <77 =ty

Proof. (i) Using the initial conditions we get t; > to > 0, and 5,40 > tp41
ift41 > t, >0(n>0) (by (15)). Hence {t,} (n > 0) is monotonically increas-
ing and nonnegative. Moreover from the initial conditions and the definition of
r* we have tg < t; < r*. Let us assume that t, <r*, £=0,1,2,...,n. Then
from (15) we obtain in turn

ac
1-— ab(tk+1 — tk)

acr”®
(trot1 —tr) <

(thr1 — tr)? <

thtr2 = tht1 +
<t P —
S tet1t 1 — abr*

< acr
= =T T e

<+ 2ac(r*)? = r*

(th41 —to) <

by the choice of r* and (8). That is {¢,,} (n > 0) is bounded above by r*. Since

*

r* is the minimum number satisfying (11) it follows that lim ¢, = r*.
n—oo

(ii) By hypotheses (7) and (13) it follows x1, (o), g(x1) € U(xg,7*). Let
us assume i, g(xg) € U(zo,7*), k = 0,1,2,...,n+ 1. We first show that
g(xp11) € U(zg, ™). Indeed from (7) and (13) we get

lg(zrr1) — 2ol < llg(zrr1) — g(@o) |l + [lg(x0) — 2ol <
< cllzpyr — ol + [lg(wo) — zoll < er™ + |lzo — g(@o)|| < 7.

That is g(xg41) € U(zo,r*).
Using induction on n > 0 we will show

(18) Hxn—i-l - xn” <tpy1—tn (Tl > 0)

Estimate (18) is true for n = 0 by the initial conditions. Suppose (18) is true
for k=0,1,2,...,n+ 1. Starting from the approximation

f@rt1) = f(@p41) = flor) — [zr, 9(@p)](Th1 — 28) =

= ([g, Trot1] = [Tk, 9(@8)]) (Tt 1 — k),
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hypotheses (5), (6) and (7) give in turn

(19) @kt1, 9(@rg1)] ™ F@rg) | < allznsr — g(@o)ll [lzrer — all,

but

ki1 = g(@p)ll < lleksr — g(@rr)ll + lg(zria) — glan)| <

(20) .
< bl[whr1, 9(@pr1)] (@il + cllzrrr — 2kl

Hence from (19) and (20) we get
(21)

@hs1s 9(@re)] " f (@rr)l] < e

2
Tp1 — Tg||” <
1— abl|zpir — x| k41 I

ac
<
1 —ab(tger — tg

)(tk+1 —t5)? = tpro — trtr

which shows (16) for all n > 0. Estimate (16) shows that iteration {z,} (n >0
is Cauchy in a Banach space F and as such it converges to some x* € U(xq, "
(since U(xg,r*) is a closed set). By letting k — oo in (21) we deduce f(z*) =
= 0. That is the point z* is a solution of equation (1). Estimate (17) follows
immediately from (16) by using standard majorization techniques [1], [5].

To show uniqueness of the solution z* € U(xo, R), let us assume that there
exists a solution y* € U(zp, R). From the approximation

Tnt1 =Y = ~[n, (@) (Y 2] — [0, 9(2a)]) (@0 — ),
we get
(22) [2ni1 ="l < alllon — 4"l + llzn — g(zn) [Dllen =yl
But we also have
[2n =yl < llzn — 2ol + [lwo —y*| <r" + R
and

[2n = g(zn)ll < [l2n = zoll + lz0 — g(zo)l| + llg(x0) — g(2a)]| <
<1+ [lzo = g(@o) | + o™ = (1 + )7 + [[zo — g(zo)-

Estimate (22) now gives

(23)  Nznsr — ¥l S eollen — ¥l < .o S 5T 2o — vl < Repg T
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where

0 = a[(2+¢)r” + R+ [lzo — g(zo)]l]-
But from (14) we have 0 < gy < 1. Letting n — oo in (23) we get lim z, = y*.
We have already showed lim z, = z*. Hence, we deduce z* = y*. That

n—oo

completes the proof of the theorem.

Remark 1. (a) Condition (8) and the choice of r* given by (11) can
be replaced by the following weaker hypothesis: there exists a minimum
nonnegative number 7] satisfying

T(ry) <ri,
and the number 7] must also satisfy
abry < 1.

This follows immediately from part (i).

(b) Moreover the condition on uniqueness (14) can be replaced by the
hypothesis
0<e1 <1, ri<R,

where
g1 =al(1+2b)r] + R].
Indeed this follows from (22) and the estimate

lzn — g(zn)]l < b||[xn,g(xn)]71f(mn)|| <bl[Tnt1 — ]| <
< b(|[znt1 — 2ol + [lzo — 2n|l) < b(ry + 1) = 20r7.

(c) If f is Fréchet-differentiable on D and we choose g(z) = z (x € D),
then iteration (2) reduces to Newton’s method. In this case (6), (7) are satisfied
for b = 0 and ¢ = 1, whereas by (9) d = 8a, and by (5) 4a = ¢, where ¢ denotes
the usual Lipschitz constant in (5). Hence (8) becomes

20n <1,

which is the Newton-Kantorovich hypothesis for Newton’s method [5]. If oper-
ator g is chosen so that g(z,) = z,—1 (n > 0), then iteration (2) reduces to the
secant method. Another common choice is given by g(z) = x — f(z) (z € D).
Many other choices for g are also possible.

(d) Condition (13) can be replaced by the stronger ||zo —g(zo)|| < (1—c¢)n,
since r* > 1.
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(e) Tt can easily be seen by (6) that condition (13) is satisfied if b+ ¢ <1
for r* # 0.

We will also need the following

Theorem 2. Let f,g be continuous operators defined on an open convex
subset D of a Banach space E with values in E, and numbers a,b > 0, ¢ € [0,1],
and a point x* € D such that conditions (5)-(7) are satisfied and f(x*) = 0.
Let kg € D be such that

(24) U(z", [|zo —z™||) C D,

and

(25) zo € U%(z*,13), |lwo —a*|| < 73,

where

(26) 0<r; < #
a(2+c)

Then Steffensen’s iteration {x,} (n > 0) generated by (2) is well defined,
remains in U(z*, ||xo — x*||), and converges to =* which is the unique solution
of equation (1) in U®(z*,r}) with

(27) [Znt1 = 2%l < a2+ )|z — 2| (n 2 0).

Proof. We first show that all iterates z,, € U(z*,|zo — 2*||). From the
approximation

Tpp1 —Y =Ty — 2" — [$n7g(xn)]_1(f(xn) - f(aj*)) =
= _[xnvg(xn)]_l([x*vxn] =[x, g(@n)]) (2n — 2¥),
hypotheses (5), (6), (7) and (26) we obtain, if =, € U(z*, |xg — z*||)
[ent1 = 27| < alllz® = znll + 2 — g(@n)[))[Jen — 27| <

<a(llz® —znll + llon — 2™ + [lg(z7) = g(zn)l))[l2n — 27| <
< a2+ )z — 2*|* < a2+ c)llzo — 2| < flwo — 2",

which shows x, 11 € U(a*, ||zg — z*]|).
To show uniqueness let y* # 2*, f(y*) = 0 and y* € U%(x*,r}). Set
xo = * in (2), then 21 = z* also. Hence, the above inequality gives

ly" = 2% <a@+o)lly" — 27| <" — 27,
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which contradicts the hypothesis * # y*. That completes the proof of the
Theorem.

We show uniqueness of the solution z* inside a special set by the following

Theorem 3. Assume that hypotheses of Theorem 1 are satisfied: for d°
replacing d, given by

(28) d® = 2amax{2b,4c,a(2 + c)},

r* denoted by 0* in this case, and (8) being true as a strict inequality. Define
the set

(29) D* = G U%z,,6") N D.

n=0

Then the following are true:
(i) Znt1 € U2y, 8*) and x* € U%(x9,0%);
(ii) D* is a connected set;
and

(iil) «* is the unique solution of equation (1) in D*.

Proof. (i) Since the iteration {x,} (n > 0) converges, we have
Jns1 — ol < o — 2ol <0< 6 (n20),
Hence we deduce 41 € U%(zy,,0%) (n > 0). Moreover we have
[l — o] < 0.

That is 2* € U°(xo, 6*).
(ii) It follows immediately from part (i).

(iii) Let y* € D with f(y*) = 0, and choose x¢ € U®(y*, §*), which implies
y* € U%(x0,6*). By Theorem 2 y* is unique in U°(y*,5*). Assume there exists
another solution 2* € U°%(zq,8*)\U®(y*, ). It follows that 2* is the unique
solution in UY(z*, §*). Moreover the Steffensen’s iteration initiating at x¢ must
converge to z*, which contradicts the uniqueness of the iteration. That is y*
is unique in U°(xg,6*). The same argument applies to all iterates x,,(n > 0),
which leads to the definition of D* given by (29). That completes the proof of
the Theorem.

In the following section we follow the formulation first introduced in the
elegant study [6].
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III. The asymptotic mesh independence for Steffensen-Galerkin
methods

Iteration {x,} (n > 0) can rarely be computed for infinite dimensional
space E. That is why in practice equation (1) is replaced by a family of
discretized equations of the form

(31) fi(zi) =0 (i >0),

where f; : D; C FE; — E; is a nonlinear operator defined on a convex domain
D; of a finite dimensional subspace E; C E with values in itself. Let =} be a
solution of (31). Then f; must be chosen so that

(32) lim z] = z™.

1—00
To achieve this we introduce a disretized Steffensen’s method of the form

(33) o™ = af — [af, 9 (aD)]; fila})  (n20),

K3

where [,]; denotes divided difference of order one on the space F; and g; : D; C
C FE; — E; is a given family of continuous nonlinear operators.

Assume:

(I1): there exists a family {p;} (¢ > 0) with p; : E — E; of linear projection
operators and a scalar sequence {d;} (¢ > 0) such that

(34) Ips(@)[| < dif|lzll, ze€E, di<e<oo (i=0);

(I3): there exists a scalar sequence {e;} (i > 0) such that

(35) |z —pi(x) < ellz]], =€ E(i>0),
(36) €i+1 S €; (Z 2 0)

and

(37) lim e; = 0.

The discretization method is described by a family

(38) {fispisgiseit (1 >0)
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(39) (Is): UP(pi(z*),6) CD; €D (i >0).
(1) : If u; € E; and u € E are solutions of the linear equations

[pi(), gi(pi())]sui = fi(pi(2)),
[z, g(@)]u = f(),
where z € E, p;(z) € D;, then there exists a positive constant ¢y such that
(40) [ui = pi(w)[| < coei (i =0).
(I5): If w; € E; and w € E are solutions of the linear equations
(25, gi(2i)liwi = ([74, 2 + vils — [Zi, Wi]i)vi,
(26, 9(z0)]w = ([w3, ws + vi] — [Z3, W3] )vi,

where x;, 2;,Z;, w; € D;,v; € span(z; —x;), then there exists a positive constant
c1 such that

(1) lwi = pi(w)[| < ereilllzs = Zill + llzi + v =@l |vil] - (@ = 0).
(Is): If w; € E; and w € E are solutions of the linear equations
[, gi(z:)]i(wi — gi(wi)) = fi(@:),
[zi, 9(za)(w — g(w)) = f(x2),
where z; € D;, then there exists a scalar sequence {b;} (¢ > 0) satisfying

(42) lim b; = b

11— 00

and

(43) [[(wi —gs(wi) = pi(w—g(w)|| < bl [x5, s (x:)]7 " fi(wa)ll = llpi (w =g (w))]l

Note that from the triangle inequality it follows that

| <

[wi = gi(wa)[| < [[(wi = gi(wi)) — pi(w — g(w))[| + [Ipi(w — g(w))

44
“ < billlws, gi(x)]i filza) - (i >0).

(I7): Assume that there exists a scalar sequence {h;} (i > 0) such that

(45) lim h; =c¢

11— 00
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and
lgi(vi) = gi(wi)|| < hillvi — wi|
for all v;,w; € E; (i > 0).

In this next result we examine the relationship between the constant a
appearing in (5) for the operator equation (1) and the associated a; for the
finite-dimensional equation (31).

Lemma. Let f,g: D C E — E be nonlinear operators. Assume:

(a) condition (5) is satisfied;

(b) the discretization method (38) satisfies (34), (35), (36), (39) and (Is).
Then for alli > 0

(46) Nl[zi, 9i ()7 ([zs, witvili=[zi, Wili)vill < as(llei—zil+llwstoi—ws ) llvill,
where
(47) a; = cre; +ad; (i >0).
Moreover if conditions (37) and d; < 1+ e; (i > 0) are satisfied, then
lim a; = a.

11— 00

Proof. Using (I5), (5) we can write

will < ai(l|lzi — Zil| + ||lz: +vi — @) ||vil],

lwll < alllz: = Z:ll + l|lzi + vi — Wil [[oi],
and by (34) and (41) we get
Jwill < llwi = pi(w)l| + [lpi(w)]| < (ecreq + ads) ([l = Zill + [lzi 4 vi — i) |Jvill

which shows (47).
The projection property p? = p; (i > 0) and (34) imply d; > 1, and by the
hypothesis we deduce lim d; = 1. The first result follows by letting ¢ — oo in

11— 00

(47). That completes the proof of the Lemma.

We can now prove the first part of the asymptotic mesh-independence
principle for Steffensen-Galerkin methods.

Theorem 4. Assume:

(a) hypotheses of Theorems 1,2 and 3 are satisfied;
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(b) conditions (I1) — (I7) are satisfied.
Then

(i) there exist an integer i* € N such that for any ¢ > i* equation (31) has
a solution =} satisfying

(48) |27 — pi(z™)|| < 2c0e; (i = 0).
(ii) Moreover xf is the unique solution of equation (31) in
(49) U7 (pi(z*),67) N D;.

Proof. We will make use of Theorem 1. Define 2¥ = p;(z*) (i > 0).
Denote

ui = [pi(z), gn(pi(e))] ™ filpi(z™)),  af = |luf]].
Since z* is a solution of equation (1), we get
u* = [z, g(a)] 7 f(a) = 0,
and by condition (1) we get

(50) ai = [uill = llui = pi(u*)[| < coes (i = 0).

By (8) we can set

(51) hi =dja; (i>0),
where
(52) d? = 2a7; max{2bi, 401‘, ai(2 + CL)}

By (42), (45), (47) and (51) we see that the Newton-Kantorovich sequence {h}}
is null. Hence there exists ¢* > 0 such that

(53) hi <1 for i>1".
By the definition of ¢} we obtain

(54) 5 < 2ai.
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By Theorem 1 Steffensen’s method (33) starting at z¥ converges to a
solution =} € U (p;(x*),d;) which is unique in

and in the set given by (49). That completes the proof of the Theorem.
As in [6] choose 2 € D; and define

(55) ai(af) = [[[2?, gi(=)] " fi(a)].
If
(56) hi(x?) = diay(af) <1,

then choose

(57) 8i(27) € [ai(2?), 67).
Moreover if we also have

(58) U7 (27, 0i(x7)) € D,

it follows from Theorem 1, 4 and the Lemma that iteration {«}22, (i > 0)
generated by (33) converges to a solution x provided that

* . 1 .
(59) 29 — 27| < AY  with A\ = 0 (1 >0).
K3
Furthermore, whenever the Steffensen iterates (33) remain in D; and
converge to x; the following are true

a;c;
60)  flaf -t < i a7 2P (>0, i>0)
i L= agbil|27 1 — g ’
and
61 o — il < a2+ ¢)llap Tt —2f? (n>1, 02 0).
7 i ? d

We want to find integers 3; = 3;(2Y,¢), 8 = B(zo,¢) for € > 0 such that

(62) o —aill <&, n=p
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and
(63) [z" —2"|<e, n>p,

provided that

(64) ||£L'0 - || < Ao with X\g= @

It can easily be seen from (27), (61), (62) and (63) that §;, 6 can be chosen
to be

In(a; (2 + ¢;)e) ) [

l2f = 2 llai(2 + i)

- o= o (i

and

(66) B = } log, ( 1n(|£(i(i*ﬁac(); )+ c))) [

It follows that since 3; and ( are integer valued, they will differ by at most one
whenever [|2? — z7||d; is close enough to ||zg — 2*||d. This is the case when

(67) lim d) =d° (i >0),
and
(68) o} = pi(a®) (i 20)

are true. Hence we arrived at the second part of the asymptotic mesh-
independence principle for Steffensen-Galerkin methods.

Theorem 5. Assume:

(a) the hypotheses of Theorem 4 are true;
(b) condition (67) is satisfied;
(c) moreover the following is true

(69) R = d’n < 1.

Then

(i) there ewxists i1 > i* such that Steffensen’s iteration generated by (33)
with starting point 29 given by (68) converges to x¥.
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(ii) Estimates (59) and (64) are satisfied and
(70) |8—0;i| <1 forall i>i.
Proof. (i) By Theorems 1,2 and (25) we obtain
lzo —2"|| <6 < Ao,
which shows (64). Using (67), (68), Theorem 4 and the estimate

lllps(zo — @) = llpi(a®) — @ ll| < g — 27| < llps(wo — @) + [Ipi(a™) — 27 ],
we deduce

@ lim [la? = ] = flz0 — o

Moreover from (67) and (64) we get

(72) tim o) — x| = &)z — 2] < 1.

It follows from (71) and (72) that (59) and (70) are satisfied. That completes
the proof of the Theorem.

Remark 2. Forg(z) =z (x € D), b=0, c=1, b =0and h; =1 (i > 0)
our results reduce to the ones obtained in [6] for Newton’s method.
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