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ERROR OF AN ARBITRARY ORDER FOR THE
APPROXIMATE SOLUTION OF SYSTEM OF
SECOND ORDER DIFFERENTIAL EQUATIONS

WITH SPLINE FUNCTIONS I.

Th. Fawzy (Ismailia, Egypt)
Z. Ramadan and A. Ayad (Cairo, Egypt)

Abstract. In this paper we introduce a method for approximating the
solution of the system of nonlinear second order differential equations ¥y’ =
= fi(z,y,2), 2”7 = fa(2,y,2) with y(zo) = o, ¥'(z0) = ¥'(z0),
Z(.’L‘o) = 2o and z'(:c()) = z{. We use spline functions which are not
necessarily polynomial spline for finding the approximate solution. The
method is a one-step method O(h?™+%) in y()(z) and z()(z), where
i=0(1)2, 0 < @ <1 and m is an arbitrary positive integer which equals
the number of iteration processes describing the spline functions defined in
the method, assuming that fi, fo € C([0,1] x R?). It is also shown that
the method is stable.

1. Assumptions and procedures

(1)

()

Consider the system of nonlinear second order differential equations

v = fi(z,y,2), y(zo) =wo, ¥(x0)=1,

2’ = fo(z,y,2), z(zo) =20, 2'(20)= 2,

where f1, f € C([0,1] x R?).

Let A: 0=zp< 2] < 23...< T < Tp41 < ... < Ty, = 1 be the

partition of the interval [0, 1], where zx4; —zr = h <1l and k =0(1)n - 1.
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Let L; be the Lipschitz constant satisfied by the functions f;, where 7 = 1
and 2, 1.e.

(3) [fi(z,y1,21) — fi(z,y2, 22)| < Li{ly — 2| + |21 — 22|}

for all (z,y1,21) and (z, y2, z2) in the domain of definition of the functions fi
and f,. Choosing the arbitrary positive integer m, for any = € [z}, Tk 41], k =
= 0(1)n — 1, we define the spline functions approximating the solutions y(z)
and z(z) by Sa(z) and Sa(z) as follows

Sa(z) =S (z) = ST (24) + ST (24) (2 — z2)+

(4) VS L
+/ / Aluz, ST (w), S5 () ldwdty
and
Sa(z) = S (2) =87 (2x) + ST (2a)(z — i)+
(5) T - o
+_//fz[u1,5£ 11(”1):5'}; 11(“1)]duldt1,

where S!I"l](zo) = yo, S'[_";](zo) = Yo, 5’[_";](1'0) = zp and S’ET](:L'O) = z.

In equations (4) and (5) we use the following m iteration processes. For any
T € [zk, k1), k=0D)n -1, 7 =11)m, 2t < um <tm < Up-g <tmog <
< oif€um—j41 Stmj1 < ... Sup <ty <z <z

SV (z) = S (2x) + ST, (2h ) (= — z)+

T tm-j+l
+ filtm—s41, 8 ™ (ttm—j41), SF " um—j 1)) dum—j 11t _j 41,
T T
80 (2) = 8™ (ze) + S (za)(@ — i)+
z tm—j41
+ faltmj+1, SE T (1), ST o 41)]dUm 41t g,

Tx Tk
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~\m m N
S (@) = ST () + ST (@e)(@ = ) + e - 2,

i < (m N
(6) S‘%) = 8 (2) + ST (2a) (@ — 2a) + Sz — 2n)?,

= filzx, ST (2i), ST (2],
N = falzx, ST (2i), Sy (2

By this construction, it is clear that Sa(z) and Sa(z) € C([0, 1] x R?)
We give the flow-chart diagram of the method

The flow-chart diagram of the method:

Start

!
Read

m,n

k=0

J=1

I = Tk

!

Read
Sgc"—lll(zk): S)[cmll(zk)
S (k) S (2)

B
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$@), (@)

J=J+1
l
No if J=m
B
7
k=k+1
i
Yes |
fk=n-1 No
Yes |
Write

2. Error estimations and convergence

(M)

For the purpose of error estimations, we write the exact solution in the
following forms

r t;
y(z) = y[m](“’) =y + (e —zi) + //fl[ul, y[m’”(ul), z["“”(ul)]duldtl,

(8)

Tk Tk

2(z) = 2M(2) = 2 + 24 (z — 7)) + //fz{lll,y(m—l](ul), 2= (uy))duydt .

Tk Tk
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We use the following notations: y{)(z;) = yg) and z()(zy) = z,(:) where ¢ = 0

and 1, also the following iterations are defined: for zy < upm < tm < uUm_y <
Stm-1- S umejt1 Stmojir1 <. Sup <t <z < gy, We have
©
Wiz) = ue + vh (e — o)+
T tm—j41
+ fi [um—j+lyyU_1](um—j+1); z[j—ll(um—j-}-l)]dum—j+ldtm—j+1,
T Tk
2V(2) = zx + zh(z — i)+
z tm—j-f—l
+ Faltmejs1, 09 " N umejs1), 29" N umjg1)]dumej41dtm—j 11,
T Tk
Y (€e)(z — zx)®
2 )
2 (i) (z — zx)?

ANz) = 2z + z4(z — zx) + S E—

YO (z) =y + vi(z — z¢) +

where €k, nk € (zk,Zk+1). The functions y”(€x) and z”(mx) have moduli of
continuity w(y”,h) and w(2”,h) where w(f,h) = sup |f(z1) — f(z2)l.
h

|zy—z2|<

Moreover, we use the following notations

eD(a) = (@) =8/ @): e = I — 52 (@)l

(10) i i i) i i i
é(z) = |:D(x) - s (2)); & = |2 — W (i),

where ¢ = 0 and 1.
Lemma 1. Let « and B be positive real numbers, {A;}IL, is a sequence
satisfying Ay > 0 and A; < a+ BAip1 fori=1(1)m —1, then

m—2
(11) AI<B™"'An+ay B.
1=0

Proof. Since A; < a+ BAi4; for i = 1(1)m — 1, then

A1_<_a+BA2=>A1 < a+ BA;
A2§a+BA3:>BAg§aB+BzA3

Am-1 <a+ BApn = B™ ?Ap_y <aB™?+ B Ap.
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By successive substitutions in these inequalities we get
m—2
A <B™'An+a ) B

1=0

Lemma 2. Let @ and B be nonnegative real numbers, B # 1, {A;}f_, is
a sequence satisfying Ag > 0 and A;4) < a + BA; fori=0(1)k, then

Blc+1 _
(12) Ag41 < Bk+1A0 + g%:—l—l]

The proof is similar to that of Lemma 1.

Definition 1. For any u; € [z, z+1], J = 1(1)m and k = 0(1)n — 1 we
define the operator Tk (u;) by

(18) Te(w) = { (s uwy) = ") + (47 wy) = 7 wy) }
whose norm is defined by

Tl = max {7 (w;) = "7 y) 4 10 () = 57wy

ThSU;SThpr

Lemma 3. For any u; € [zj,zk41), J = 1(1)m and k = 0(1)n — 1 if
Tk (u;) satisfies (13), then

Li+L
(14) 1Tk,mll < [1 + (—1;—2)] (ex +éx) + ek + & + hPw(h)
and
(15) 1Tk 1|l < alex + &) + blek + &) + ch*™w(h),
where
il Li+ Ly it Li+ L, L, + Ly m=1
= —_— b: il —
a g( 3 > ) 2 ( 3 dC 5 )

are constants independent of h.
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Proof. By using (9), (6), (3) and (10), we get

W (um) = s (um)| < Jyp — oI, (i) |+

2
Um — Tk
+Hh — T (@)l [um — k] + |94 (Ex) — N’°|| = 2! | =

m , ™ Viltm — zi|?
< lye — ¥ (2e)] + lys — s a)llum — 22l + 2 2|_k| ’

where

vy = [y (&) — Nl <1y (&) — vi |+ vk — Nk <
<w(y’,h) + Lo{lue — s ()] + |z — 307 (2]} <
<w(h)+ Li(ex + €).

Hence,
(i) 2 y
Lih
max |y[0](um) - sgcol(um)! < ex + hel, + —12 (er + €x) + —z—w(h) <

IkSUmSIk+1
L h2
<e+el+ -?l(ek + &) + mw(h).

Similarly, we obtain the inequality

b L h?
(i) max (2 (um) = 5 (um)] < & + & + 2 (ex + &) + w(h).

T SUm STkt
By adding (i) and (ii), we can prove

ll
(Ly _; —)—} (ex + €x) + €€y + h*w(h).

Teml < [1+
To prove (15), we compute [|T ;|| using (9), (6), (3) and (10). Then we obtain

™= uy) = s )] < Jyi = s ()| 4 vk — 850 (2)lluy — zil+
EIRTESY
“1/ / SIS 7 g 40) — s T g )

Tk Tk

+ 1™ (g 40) = 57T (40 Mgt
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Thus

(it7)

max [y (w;) — 5 wy)| < e+ heft
TeSUjSTh4t

z tj41
+Ly max |y (uyp1) = £ g 0) 1+

Te<u;j41<Tr41
Tk Tk
2

. e Lih
Helm =) = 5T () Y dug ot g < er e+ %—IITk,j+1H~
In a similar manner

. ; m—j . _ Loh?
(iv) max |27 (w;) = 577 wy)| < e+ € + T[Tkl

Tk SU;<Tht1
Adding (iii) and (iv), we get

(Ll + Lz)

[T il < (e + €k + € + &) + =A% Ti s 1.

Using (11) and (14), we get

Li+L - _ .
Tl < (222 ) Wil + e 0+ )

_ih% <L1+L§) < <L1+L2>m_lhzm—2{[1+ L1+ L,y
2 - 2 2 '

7/

TN e

-(ex — ék) + 62, + C_;C -+ h2wh)}+

m-—2 1
_ - i Ll + L2
+ (ex + € + €} + &) ?_0 h? (—7—) <

m L +L 1 m—1 L L 1
S(ek+€k)z< 1,2 2) +(e§c+é§c)Z(—l——;—2> +

1=0 1=0

m-—1
+ (L1 ;’Lz) h¥™u(h).

Hence
Tk 1|l < a(er + &) + ble} + ;) + ch*™w(h),
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where

AN (L4 L\, & (Lt LY (L + L \™!
a—g( 5 ),b— ( 5 and C = 5

1=0

are constants independent of h.

Lemma 4. Let e()(z) and &)(z) be defined as in (10), where i = 0 and
1, then there exist constants dy,ds,d3 and c; independent of h such that the
following inequalities hold true

(16) e(z) < (14 dih)ex + dihéx + dahel + dshéy, + crh*™+2w(h),
(17)  é(z) < diher + (1 + d1h)éx + dahe), + d3hé), + e 2w (h),

(18) ¢'(z) < daher + dshéx + (1 + dsh)e}, + dshé, + c2h®™ 1w (h)

and

(19)  e(z) < daher + dshéy + dshe, + (1 + d5h)é; + &2h*™ T w(h).
Proof. Using (7), (8), (4), (), (3), (10) and (15), we get

e(z) = |y(z) — se (@) = ¥ (2) - i (z)] <

<y — s ()] + 19k - o'V (2e) |z — zel+

r U
+ Ll/ / (=) - s )|+

Tk Tk

+ lz[m_ll(ul) - §[km“1](u1)[}du1dt1 <
Tz t)

<er + he, + Ly // max {|y[""1](u1) - sgcm—ll(ul)|+
T Lu1<Tr41
Tk Tk

+ | () — 8™ () M dudty <

h..
<er +he + Li|Teall 5 <
< (14 dyh)ex + dyhéy + dohe) + d3héy, + cih*™ 2w (h),
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where d; = %L“, ds = —L—z‘—”, dy = 1+4d3zand c; = %LC are constants independent
of h. Hence the lemma follows.

Let
E(z) =[e(z)é(x)e'(2)e' ()],
Ey =[eréreier)T and
::[Cflczéz]T,

where T stands for the transpose. The initial conditions imply that Ey =
=[0000)7. From Lemma 4 we write

(20) E(z) < (I + hA)E) + ch®*™ 1 w(h),

where I is the unit matrix of order 4 and

dy di d» ds
A= dy d; do dj
dqa dy dy dy
dy dy dy ds

Now, we give the definition of the matrix norm.

Definition. Let T = [t;;] be an m x n matrix, then we define
T = Iniaxz [ti;].
j

Using this definition equation (2) becomes
IE@)I < (1 + RIADIEE] + lle]| B>+ w(h).
'This inequality is true for any = € [0, 1]. Setting z = zx4+; we get
[ Besall < (1+ AADIEEN + [lellA*™* w(h),
then using (12) and noting that ||Ep|| = 0, we get

(1 + AllAD*+ — 1]

VBN < el (k) S <

(21)

< lell pom Al _ m
“A”h w(h)(e 1) < Bh?™w(h)

b
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where B = H(e""” — 1) is a constant independent of h. Using (7), (8), (4),
(5), (3), (15) and (21) it is easy to prove that

v (2) - s£(2)| < Byh™uw(h)
and
|(2) - 4(2)] < Boh?™w(h),
where B; and B; are constants independent of h. Thus, we proved the following

Theorem 1. Let y(z) and z(z) be the ezact solutions to the problem (1)-
(2). If Sa(z) and Sa(x) are the approzimate solutions, given in (4)-(5), then
the inequalities

[y (z) — s¥(2)] < Bsh*™w(h)

and
29(z) - 59 (z)| < Bsh?™w(h)

hold true for all z € [zk,zr4+1], k = 0(1)n—1 and ¢ = 0(1)2, where B3 and B,
are constants independent of h.

3. Stability of the method

The stability concept for a one step method means that ”small changes in
the starting values only produce bounded changes in the numerical approxima-
tion provided by the method”. To study the stability of the method, given in
(4-5), we change sa(z) by wa(x) and 5a(z) by wa(z), where

wa(e) = ™ (z) = {7 (ze) + Wi (@) (2 — 20)+

22
( ) //fl ul,uk - ) wk ](ul)dyldtl,

Tk Tk

wa(z) = w™(z) = W™ (zx) + W' (28) (2 - )+

(23) - -
+//f2[ul,wsc 1](141), IDL l]u_)k(ul)]duldtl,

Tk Tk



180 Th. Fawzy, Z. Ramadan and A. Ayad

where

/[ ](

W (zo) = v3, zo) = ¢'s, W (z0) = 23

and v} ](:1:0) = z'y. In equations (22) and (23) we use the following m iteration
processes. For any z € [z, zk41], K =01)n—1, j = 1(1)m, ¢ S um <im <
SUm-1 Stmo1 <0 S Umejpr Stmojer S -'-Sul <t <z < Tpqa,

wg](f) = wi ]](5L'k) + w'Ec ]l(zk)(z- —z)+

z tm-j41

+ Filumeer, W™ um g en, 00 g1 dum 1t 4,
T T

i (2) = B[ (2x) + 0/} (o0) (2 — 2)+
T tm-j41

+ Faltmeiar, w8 T umoj1), 08 7Y (ume ) ldtim 4 1dtm g1,
Tk Tk

m m M
wf2) = wf™ (20) + wiTh(@e)(z - o) + S (2 - ),

m M
)= o) + @) - 20+ B o),

My = filer, wi™ (zx), 20 (20),
My = foler, wl™ (zx), @ (20))-

(24) (e

Moreover, the following notations are used

e’(z) = |wa(z) - Sa(z)l; €k = [wa(zx) — Sa(zx)l,
¢ (z) = |wa(z) = Sa(2)l; €'k = |walz) = Salze)l,
€ (z) = [@a(z) - Sa(z)l; & = |w(zk) — Salar)l,
& (z) = [wa(z) — Sa(@)l; "k‘ = |wa(zx) — Si(ze)l.

(25)

(3]

Definition 2. For any u; € [zk, zk+1], 7 = 1(1)m and k = 0(1)n — 1, we
define the operator T} (u;) as

(26) Ty (u;) = {(wi" " (u;) = S (wy)) + (@l (u;) - S 7)(u;)))

with the norm
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T = max  {[wl™ N uy) = SI(wy)] + @ (uz) = 59wy}

Tk Su;SThy

Lemma 5. For any u; € [z, Zr41), J = 1(1)m and k = 0(1)n — 1, if
Ty (uj) satisfies (26) then

(ex +€1) + ('x +€/}),

(27) 175l < 1+ 222

(28) (T¢Il < ale; +&3) + b(e't + €'%).

The proof is similat to that of Lemma 3.

Lemma 6. Let e*(®)(z) and é*()(z) be defined as in (25), where i = 0
and 1, then there exist constants dy,ds and d3 independent of h such that the
following inequalities hold true

(29) e*(z) < (1 + di1h)e; + dyhéy + dahel + dsheg,
(30) e*(z) < dihe} + (1 + dih)e; + dohel + dshéy,
(31) e'*(z) < dghe} + dshé} + (1 + dsh)ely + dshéy
and

(32) &*(x) < dghe} + dshey + dshel, + (1 + dsh)éy.

The proof is similar to that of Lemma 4.

Now, let E*(z) = [e*(z)e* (z)e"* (z)&"* (z)]T and E} = [ejeréier]T. Then,
we write E£*(z) in the form

(33) E*(z) < (I+hA)EE,

where I and A are the matrices defined in Lemma 4.

Let ||E*(z)|| = ||E*(2)||oo, then (33) becomes

IE™(@)]] < (1 + AlLAIDIERI]
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Using the same technique, used for deriving inequality (21), we get
(34) IE* ()| < (1+ AlLAINFYIEoll < M| Eof| = Bs|| Eoll,
where Bs = ell4ll is a constant independent of k. Using (4), (5), (22), (23), (3),
(28) and (34), we get
lwi(z) — Sg ()] < Bsl| £l
and .
lwg(z) — S (z)] < BrllEgll,
where Bg and B7 are constants independent of A.

Theorem 2. If Sa(z) and Sa(z), given in (4-5), are the approzimate
solutions of the problem (1-2) with initial values y(*)(zo) = y((;) and z)(zy) =
= z(()i) and if wa(z) and wa(z), given in (22-23) are the other solutions for
the problem with initial y)(zo) = ya(’) and z()(zg) = 25(:)’ where 1 = 0 and
1, then the following inequalities

wi(2) — S§(2)] < Bsl|E3]
and B

[0 (@) - 5(2)| < Boll 3|
hold true for any z € [xk,zk+1), kK = 0(1)n — 1 and all ¢ = 0(1)2, where Bg
and By are constants independent of h.

I1E5ll = max{lyo — y5|, lvo — ¥'cl, lz0 = 251, |25 — 2'c]}-

Numerical example. Consider the following system of differential
equations
y=y+z-¢, y0)=1y(0)=0,

2 =y+z-¢, y0)=1, 2'(0)=0.

The method is tested by using the above example in the interval [0, 1] with step
size h = 0 — 1 for different values of m. The exact solutions are

y(z) =€ —z and z(z)=¢" +z.

The tabulated results are calculated at £ = 1. To test the stability of the
method, we solve the above with different initial values

y(0) = 1.000001,  y'(0) = 0.000001,
z(0) = 1.000001 and 2(0) = 0.000001.
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The errors
ERROR M=1 M=3 M=5
e 1.312826F - 05 2.925854E - 12 7.499005E - 16
e 4.821804F - 05 1.116665E - 11 9.159340F - 16
e’ 3.801709E - 04 1.716113E - 10 1.443290F - 15
; 1.312826E - 05 2.925882F - 12 7.771561E - 16
; s 4.811804E - 05 1.116673E - 11 1.0130785E - 15
;,, 3.801709E - 04 1.716113E - 10 1.422473E - 15
Stability of the method
Diff M=1 M=3 M=5
e* 3.546324E - 06 3.546482F - 06 3.546482F - 06
e'* 4.914292E - 06 4.914781E - 06 4.914781E - 06
ev* 7.089711E - 06 7.092965E - 06 7.092964E - 06
; * 3.546324E - 06 3.546482E - 06 3.546482F - 06
Z % 4.914292E - 06 4.914781E - 06 4.914781E - 06
; sk 7.089711E - 06 7.092965E - 06 7.092965E - 06
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ERROR FOR Y ODERIVATIVES AT r=0 AND X=1
-2
® Y AT r=0
1 4+ AT =0
43 * YUAT (=0
3
-6 4
b 4
[+ 4
+
8 -8 + °
[+ 4
g o]
=4 ]
5 -10
9 +
- .
~12 4
-14 !
4
-16 +— T T
1 2 3 4
M
STABILITY FOR Y DERIVATIVES AT r=0 AND X=1
® Y AT r=0
49 + Y AT r=0
T * Y AT =0
-5.0
7
-«
o =514
=)
< " *
S
Q -524
o
o
-d
-534 + + +
-5.4
T [} [ ] [
-5.5 + - . r
| 2 3 4
M

ABS DIFF BET TWO APP.SOL FOR DIFFERENT CASES OF M ,
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ERROR FOR Z DERIVATIVES AT r=0 AND X=1
-2
® Z AT r=0
_J + 7 AT re0
+ * 2" AT r=0
¢
-6
— *
a
o +
g - .
«
S
- ~104 *
by 10
S +
.
—12 4
R
—14 4
+
[ ]
-16 T T
1 2 . 3 4
M
STABILITY FOR Z OERIVATIVES AT r=0 AND X=1
@ Z AT r=Q
4+ 2" AT r=0
-4.91 * 2 AT r=0
-5.0 4
w
«
B -5+
o
i L g L g
2 524
o
o
-
=534 + + 1
—-5.4 -]
[ L ] [ ] L
=55+ T T
1 2 3 4
M

ABS DIFF BET TWO APP.SOL FOR DIFFERENT CASES OF M



