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I. Introduction

An additive arithmetical function is a function f which sends N* into a
group G, supposed here additive, such that

f(mn) = f(m)+ f(n) if (m,n)=1,

N* being a set of the positive integers.

Probabilistic number theory deals, among other questions, with the ex-
istence and the properties of the distribution law defined by such a function.
The case G = R (resp. G = the additive group R/Z, resp. G discrete) has been
treated by Elliot and Ryavec [5], and Levine and Timofeev [8] (resp. Delange
(3], Manstavicius [9], Elliot [4] and Hartman [6], resp. Ruzsa [13]). In his
article [13] Ch.5. Ruzsa sets the following problem for group-valued additive
arithmetical functions:

”Can one formulate and prove the analogues of the well-known global limat
theorems?”

In [10] I considered this problem in the case of an additive arithmetical
function taking its values in a locally compact abelian group. In this article an
extension of the result given in [10] will be provided.



152 J.-L. Mauclaire

I1I. Notations

Let G be a locally compact abelian group with group law denoted multi-
plicatively, e its neutral element, g its dual group, m a Haar measure on g, and
f an additive arithmetical function with values in G. We denote the integral
part of a real number = by [z]. If a and b are positive integers, the notation
a b means ”a does not divide b”. P is the set of the prime numbers, p a generic
clement of P. If n is in N* v,(n) denotes the p-adic valuation of n. §(,) is the
measure consisting of a unit mass at the point a. If H is a compact subgroup of
G, Ty will denote the canonical projection of G on G/H. The Haar measures
on g and G are normalized as in [2] p.103, and we refer to [1] for generalities
on integration on locally compact spaces.

Jg denotes the idéle group of Q, the field of the rational, and Q* is the
multiplicative group Q — {0}.

We recall that Jg/Q*, the so-called idéle class group of the field @Q, is
isomorphic to R} x [] Zj;, where Z; is the multiplicative group of the p-
pEP
adic units, R} is the multiplicative group of the positive real numbers. An
cmbedding u of N* into Jo/Q* can be realized by taking the identity on R,
and defining a family {up},er of morphisms N* — [] Z7 by u,(n) = n-p~ve(n),
pEP
and the sequence {u(n)}n>1 is uniformly distributed in [] Z;. Moreover,
pel
there is an isomorphism between the primitive Dirichlet characters and the

dual group of ] Zj [7]. It will be convenient to identify a Dirichlet character
p€l

to the unique primitive Dirichlet character which it contains, the product of
two Dirichlet characters to the unique primitive Dirichlet character contained
in the ordinary product of these two Dirichlet characters.

II1. The result

In [10] I proved the following result.
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Theorem 0. Let h be the subset of g, in fact a subgroup of g, of the
clements x of g such that

(4) L,if‘fﬁ,p % ; x(f(n))| > 0.

2

There are two cases:
First case: h is not locally negligible relatively to m.

Then, the dual of g/h is a compact subgroup H of G and there ezists a
continuous homomorphism ¢ : Ry — G/H, a sequence ap, in G/H and a
probability measure v with support in G/H such that the sequence of measures

1 -~
z Z 6(Tn(f("))xw(ﬂ)>< [1an
n<zr p<z
converges vaguely to the measure v.
Second case: h is locally negligible relatively to m.

In this case, for any compact subgroup K of G, any continuous homomor-
phism ¢ : R} — G/K, any sequence a, of G/K, the sequence of measures

1
= 2 8 g xwim x [T o)

n<z p<z

converges vaguely to the null measure.

Now we recall that the Bohr spectrum Sp(f) of a T-valued function
f: N — Tis the set of the elements « of [0,1] such that

1 )
limsup — n) -2 ™| > 0
::—>+oop T Z f( )

n<z

and we consider the following problem:

Suppose that h, the subset of g of the elements x of g such that the
arithmetical function x(f(n)), 2 /n, has a non-empty Bohr spectrum, is not
locally negligible relatively to m. What can be said about the distribution law
of f in G? If this spectrum reduces to {0} we are under the hypothesis (A) of
the above-mentioned theorem.
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The purpose of this article is to give the solution of this problem which
extends our previous result. We have the following result:

Theorem 1. Let h be the subset of g, in fact a subgroup of g, of the
elements x of g for which there exists an a such that

1 R
Limsup - n))cdmen | 5 Q.
imsup ;x(f( )
2

There are two cases.
First case: h is not locally negligible relatively to m.

Then the dual of g/h is a compact subgroup H of G and there ezists a
continuous homomorphism ¢ : Jo/Q* — G/H, a sequence a, in G/H and a
probability measure v with support in G/H such that the sequence of measures

1
— D St I an)
n<z p<x
converges vaguely to the measure v.

Second case: h is locally negligible relatively to m.

In this case, for any compact subgroup K of G, any continuous homomor-
phism ¢ : Jo/Q* — G/H, any sequence a, of G/K, the sequence of measures

L 8
z Z (Ta(f (W) xe(u(n)x [] ap)

n<z p<z

converges vaguely to the null measure.

Remark. The same problem can be considered in the case of the group-
valued ¢g-additive functions, and it is interesting to compare the results.

Let ¢ be a fixed element of N* greater than 1. To every n of N one can
associate a unique sequence ai(n), k >0, 0 < ag(n) < ¢ — 1, such that

+0o0
n= Zak(n) g
k=0

N can be identified to a subset of F, the product of a countable collection of
sets E,, where E, is defined by

E,={0,1,...,9~1}.
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Let G be an abelian group with a group law denoted multiplicatively. A G-
valued function f:N — (G is a g-additive function if

f(n) =T] flae(n) - ¢*),  f(0-g*)=e.

In [11] I proved the following result.

Theorem. Let h be the subset of g of the elements x of g for which there
ezists an o such that

> 0.

> x(FQ)e*men

) 1
Limsup —
z T
n<zr

— 400

The following assertions are equivalent:
a) - h is not locally negligible relatively to m;

b) - there exist an o, a sequence A, in G, a probability measure v on G, rg
an element of N, such that the sequence of measures

1
; Z 6(f(n'q'°)‘an"4ba!q($))
1<n<z

converges vaguely to the measure v.

So the image of u(N*) by a continuous homomorphism ¢ : Jo/Q* — G/H
which appecars in the case of additive functions is practically replaced in the
case of the g-additive functions by a sequence {a"}, n in N for some « in G.

IV. Proof of the result

Preliminary remark. Since the case h locally negligible can be treated
exactly as in our previous article [10], we shall consider only the case h not
locally negligible.

Lemma 1. The assertions

a) - x belongs to h

and
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b) - there exists ¢y a primitive Dirichlet character, 7, a real number, such
that

1 — Rx(f(p)) ¥y (P)P' ™
2 ’

converges, are equivalent.

Proof of Lemma 1. Since x(f(n)) is a multiplicative function of modulus
1, this is given in [2].

Lemma 2. h is a subgroup of g.

Proof of Lemma 2. It is immediate that x belongs to h, by complex
conjugation, ¥ belongs to h. Moreover, since for complex numbers a and b of
modulus 1, one has |1 — ab|? < 2- (|1 — a|? + |1 — b|?), we get that if

thr

1 — Rx(f(p))¥x (P)P'™ 1 - Rx'(f(p))¥x (P)P
2 » and Z »

converge, then, denoting by (1, %,) the unique primitive character underlying
the product ¥,,/, we have ’

1 - Rxx'’ Yy V! HTxt7yt)
T xx'(f(p))( - )(p)p

converges and so, by Lemma 1, xx’ belongs to 2. A consequence is that the
trivial character x = 1 is in h, and so A is a subgroup of g.

Lemma 3. h is measurable.

Proof of Lemma 3. Let 3 be a primitive Dirichlet character, and denote
by Ey the set defined by

>0

> x(f(n))i(n)

2h

) 1
Ey=4x€g: Limsup -
rz—+4oo T

This set 1s measurable since the functions

> x(F(n))w(n)

n<zx
2;m

1
X— =
z

are continuous. Now, since we have

h:U Ey,
¥
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where 1 describe ¥, the at most countable group of primitive Dirichlet
characters for which E 1s not empty, we get that h is measurable.

Lemma 4. h is an open set.

Proof of Lemma 4. We shall use the fact that we have

h= LJ Ey.

Yev

Since ¥ is countable and & is measurable and not locally negligible, there exists
some 9 for which the set £y is not locally negligible. Now, if x; and x2 € Ey,
then Xz € Ej, the product x1%xz2 € Ew, 1.e. x1X2 € E1, which implies that £
1s not locally negligible since it contains X7 Ey. But E} is a measurable set, and
a subgroup of h. So F; is an open subgroup of h and h 1s also open. Moreover,
h/E, is discrete and is isomorphic to . We denote by H the orthogonal of h,
which is compact as a dual group of a discrete group. A consequence is that
G/ H is locally compact.

Lemma 5. The morphism x — 1, defined in Lemma 1 is a continuous
group homomorphism h — .

Proof of Lemma 5. It is sufficient to prove that the inverse image of
an open subset of ¥ is open in h. But since ¥ is isomorphic to h/F; and E;
1s open, ¥ is discrete, and so it is enough to consider the inverse image of an
element of ¥. Now, if ¢ is an element of ¥, the inverse image of ¢ is £, which

can be written
Ey=|J x B,
X€Ey
and since E; is open, Ey is open as a union of open sets.

Proposition 1. The dual of g/h is a compact subgroup H of G and there
exists a continuous homomorphism ¢ . Jo/Q* — G/H such that for all x in h
one has the equality x((u(n))) = ¥y (n) for all n relatively prime to condy,
the conductor of 9.

Proof of Proposition 1. Since ¥ is discrete, ¥ is isomorphic to a

subgroup T' of the dual Z of [] Z;. Lemma 5 gives that there exists a
PEF

continuous homomorphism 7 : h — T such that (7(x))(u(n)) = ¥y(n) for
all n relatively prime with conds,. By duality, there exists a continuous

homomorphism # : I' — G/H, where I’ denotes the dual group of I'. Now, if
© is the orthogonal of ', and Te is the canonical projection

[Iz-{Ilz]/me

pel p€el
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the homomorphism ¢, : [] Z; — G/H defined by ¢1(u) = 7(To(u)) is
peEP

continuous and for all x in h it satisfies to the relation x(p1(u(n))) = ¥y (n) if
(n, condyy) =1

End of the proof of Theorem 1. To finish the proof of Theorem 1 it is
sufficient to remark that the G-valued arithmetical function n — f(n)-¢;(u(n))
is multiplicative, for u is a semigroup morphism and ¢, is a homomorphism.
Applying Theorem 0, we get that there exists a continuous homomorphism
@2 : R}y — G/H, a sequence a, in G/H and a probability measure v with
support in G/H such that the sequence of measures

1
[z] ; ST (1 (nyor(u(n)) xpa(n)x |1 ED)

p<=z

converges vaguely to the measure v.

Now we remark that the homomorphism (¢1, p2) : Ry x [] Z; — G/H is
pel

continuous and since Jg/Q*, the idéle class group of the field Q, is isomorphic

to Ry x J] Zj, we get that there exists a homomorphism Jo/Q* — G/H
pEF
satisfying the requirement of Theorem 1.
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