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ON THE M*/G/1 SYSTEM

L. Lakatos (Budapest, Hungary)

To the memory of Imre Kornye:

1. Introduction

For the equilibrium description of the M/G/1 system one usually uses the
embedded Markov chain technique leading to the Pollaczek-Khinchin formula,
the generating function of ergodic distribution. From mathematical viewpoint
it gives the complete solution of the problem, but in practice it is not always
simple to obtain the concrete probabilities from it. The most natural way would
be the differentiation, but it gives very complicated expressions. In [2] Briére
and Chaudry investigate this problem from another viewpoint in case of bulk-
arrival systems, the inversion of generating function is realized by comparing
the coefficients at the corresponding powers of 2, a recursive algorithm is
obtained for different concrete service time distributions. Their work includes
both sample numerical results and easily implementable algorithms. Software
packages realizing these algorithms are also available on such systems [4]. [3]
presents a unified approach for the numerical solutions of the M/G/1 queue.
It gives an overview of existing methods and discusses the possibility of their
applications. There is mentioned e.g. Neuts’ matrix-analytic method which by
Powell and Van Hoorn is good for mathematical treatment, but it is difficult
to implement computationally at least for high values of parameters. The
authors present a possible solution in case the service time distribution has
a rational Laplace-Stieltjes transform, under such assumptions explicit closed-
form expressions can be obtained in terms of roots of associated characteristic
equation (it corresponds to the denominator of generating function).

The functioning of M/G/1 system may be characterized by the help
of Kovalenko’s piecewise linear processes [1], it gives possibility to compute
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the desired probabilities on the basis of a busy period and the transition
probabilities of the embedded Markov chain. In this paper we use this technique
to find the ergodic probabilities when the arriving requests form groups, the
arrival rate, the mean value of service time and the probability of appearence
of a given number of requests for the service time are the primary information
for us, the desired probabilities are obtained directly from them avoiding the
generating functions, even we have not to know the concrete service time
distribution. This method was used for the simple M/G/1 system in [5], for
system with vacation in [6].

2. Results on piecewise-linear processes and some notations

The piecewise linear processes were introduced by Kovalenko and they are
described in the third chapter of [1]. There is a useful theorem concerning how
to determine the ergodic distribution at the same place in the fourth chapter.
Since the functioning of the M/G/1 system may be described by means of
these processes, we shortly point out the basic moments which are necessary
for the fulfilment of conditions of these theorems. In case of investigation of the
M/G/1 system by the help of embedded Markov chain its states are identified
by the number of requests there at moments ¢, + 0, i.e. they coincide with the
number of requests after having serviced the n-th one. There is no restriction
on the waiting room, so the number of states is countable. The ergodicity
theorem from [1] (a detailed proof is given in [7]) requires a finite number of
states, so we unite into one the cases when the number of present ones is equal
to or greater than k. Furthermore, we assume that the mean value of service
time of a request is finite, and if the service process of a request started, it is
continued till the end without interruption. Under these conditions according
to [1] the ergodic distribution exists and it can be computed on the basis of
the mean value of duration of busy period and the mean value of sojourn on
different levels for it (the expressions to have k requests in the system and to
stay at level k we will use in the same sense). So our purpose is to find the
mean value of a busy period and the mean values of time spent in different
states for it.

We will use the following notations:

A - the arrival rate;
0 .

G(z) = ) giz* - the generating function of number of requests in the
i=1

arriving group, a = G'(1) - its mean value;
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B(z) - the distribution function of the service time of a request, r =
[o¢]

o0
= [ zdB(z) - the mean value of this service time, b(s) = [e™**dB(z) - its
0 0
Laplace-Stieltjes transform;

p = A7 - the utilization factor of the system,;

Hi(z) - the distribution function of the duration of busy period on
condition that it starts with the presence of one request;

I';1(s) - the Laplace-Stieltjes transform of the busy period’s distribution
function on condition that it starts with the presence of one request;

I'(s) - the Laplace-Stieltjes transform of the busy period’s distribution
function;

P;(k) - the probability of event that in ¢ groups together appear k requests;
c; - the probability of appearence of i requests for the service of a request;
¢ - the mean value of duration of the busy period;

{; - the mean value of time spent above the i-th level for a busy period;
&; - the mean value of time spent on the i-th level for a busy period;

(1; - the mean value of time spent above the i-th level on condition that
the busy period begins with presence of one request;

£1; - the mean value of time spent on the :-th level for a busy period on
condition that it begins with presence of one request.

3. Results

Theorem. In the M/G/1 system with bulk arrivals under condition ap <
o0
<1(p=Ar, a= Y ig) the equilibrium distribution ezists and the ergodic
i=1
probabilities are determined by

bi = —, i:0:112)"'1
¢

where ¢ is the mean value of duration of the busy period and & (1 =0,1,2,...)
are the mean values of times spent on the i-th level for it.

Lemma 1. The mean value of duration of the busy period is

aT

¢

zl—ap'
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Lemma 2. In the M/G/1 system with bulk arrivals
T l—co—c
=1 &a=_—-qan L= (1—91)(510+€11)+—:} *(Er0+€11) — g2,
0

and the mean values of time & (k > 3) spent in different states for a busy
period satisfy the recurrence relation

k-2 k-2
l—cp—...—¢;
N R I e =
=1 i=1
l—co—...—cCk-
+(1 = g1 = = ge)(Ero + €n) + ——— (0 +&u1) — e,
where
T l-¢co—c
o=, fn=—-—r, €12 = — =" L(E0 + £11),
Co co
SH-c c 1—co Ck—1
—C—...—C§ —Cc— ... Ckg—
= ——S1,k-i k> 3.
€1k ; o §1,k—i + = (€10 + €11), >3
4. Proofs

The proof of Theorem is the direct consequence of results about piecewise-
linear processes [1] and the two lemmas.

Proof of Lemma 1. First we show that the Laplace-Stieltjes transform
I';(s) satisfies the functional equation

Ti(s) = b(s + X = AG(T'1(9))).
We determine Hy(z). In this case the busy period starts with the entry of one

request. During the service of this request there are i moments when groups
of requests appear and they contain together k requests. We have

(o) = [ LGS R0 e 0B )
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where H{*(z) means that the convolution of H;(z) is taken k times. Its
Laplace-Stieltjes transform is

Ly(s) = Z%Z P(K)T4(s) / ~6+0)2 (\z)idB(z) =

ilv (FI(S))/ _(H'\)"(/\m ‘dB(z i( 1); X[G(Fl(s))] b (s + ) _

= b(s + A — AG(T'1(s))).

The existence of solution of this equation can be proved by using the geometrical
approach applied in the case of simple M/G/1 system [1]. G(z) is monotone
increasing function of z on [0,00), so its inverse function exists. Assuming
s+ A —AG(T'y(s)) = =z we have

Gri =" = e =n =67 (HE)),

where G~! is the inverse of G. We are interested in the behaviour of
G~ (#%3=2). Denoting y = G~!(#¥}=%), its inverse function is y =
= s+A—AG(z), for which ¢/ = =AG'(2) < 0,y" = —AG"(z) < 0, y(0) = s+,
y(1) = s, so it is a monotone decreasing function taking on the zero value at
a point z > 1. From these facts G~! (#33=Z) is also monotone decreasing
function taking on the zero value at s+ A, 1 at s and a value greater than 1 at
0. So it has a point of intersection with b(z) between s and s + A, it gives the
solution for fixed s. From this functional equation we obtain the mean value
of duration of the busy period (starting with one request)

T T

#:l—a)\'r_l—ap’

and since the Laplace-Stieltjes transform of the busy period’s distribution
function is

S0 (s + A = AG(T1(s))) = G(b(s + A — AG(T1(s)))),

i=1

the desired mean value is or

:l—ap'
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The lemma is proved.

We determine the transition probabilities of the embedded Markov chain.
Its states are identified by number of requests in the system at moments ¢, +0,
i.e. by the number of ones which are left in the system after the service of the
n-th one is completed. For their generating function we have

/ e dB(z) + / iie-*r%a(k)zwm) =
0 o i=l k=i

:/ Y .iZP(k)z"dB (z) = /e'“Z%dB(x):

i=0 k=i 0

oo

=b(A1-G(2))) =D _ ;7.

J=0

From it the mean value of number of requests appearing for the service time of
a request

8

3 ke = B = GE)) sz = ap.

During the busy period we have intervals of two types: we stay on the first
level and above the first level. We remember that the states of embedded chain
are identified by the number of requests left in the system after completion
of a concrete one, but for us it will be more convenient to characterize the
system with the number of requests at the starting moments of services and
this state does not change till completion. The such defined notions of state and
number of present requests must be distinguished, the difference is clear from
the following reasoning. If one considers service periods of requests when at
the starting moment there is no other one, they correspond to state 1 excluding
two cases. The first case is the jump to a level above the first, then the service
of last request from this period from the viewpoint of states corresponds to the
new level (from the viewpoint of the number of present requests to the first).
But the whole duration of time spent on the first level does not change because
coming from the second level to the first one the inverse situation takes place.
The picture is analoguous for the levels above the first, too. The second case is
the service of last request in the busy period, it corresponds to the zero state,
so it must be excluded from the number of requests serviced on the first level.

Proof of Lemma 2. We determine the mean value of period during which
there is only one request in the system. If there is only one request this state is
continued with probability ¢; and finished with probability 1 — ¢; (no request
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enters or more requests enter). For such a period with probability c'f_l(l —c1)
are serviced k requests, the mean value of its length is

00

k-1 _ T
chl (l—cl)r_l_CI.

The mean value of a period above the first level may be computed on the
following way. After the first level with probability _LZT we come to the
k-th one. In order to return to the first level it is necessary to service k — 1 of

them with the entering during this service ones, the mean value of time is

- Ck T
) e U v <1—ap>u-cO-cl><Z’“*‘Z )=

k=2 k=2

— T ap— e — (1 — co— o) = ap—1+co ,
R G L S A g [ Ry

where we used the equalities ap = Z,c:’:l ke and Zf:o cr = 1.

The busy period begins with presence of one request with probability gy,
with more than one request with probability 1 — g;. In the first case we have
0,1,2,... periods above the first level with probabilities

co l—co—c, co (l—co—cl)" co
I—Cl’ 1—-61 1—01,“-’ (I—Cl)k 1—61’

the mean value of time spent on and above the first level are respectively

k-1
—co—c1) co T T

+ = E k = —
510 {11 1 Cl)k 1 1 1 1 o CO,

o, (T=—cg—e1)f oo ap—1+co _ap—1+co
Cu—zk (I1=c)* l—cl(l—-ap)(l——co—cl)r— co(l — ap)

In the second case the busy period starts with the presence of i requests with
probability 1—5—';, having serviced ¢ — 1 requests with the entering ones we come
to the first level and we will be in the previous situation. The mean value of
time to come to the first level is

oo
9i a—1
E (z— T,
- l—ap T l-g)(-ap)
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after it we will stay above the first level on average %ﬁﬂ—tcp‘;r till the end of
the busy period.

Resuming our results we have

- the mean value of time spent on zero level is £ = €19 = T;

- the mean value of time spent on the first level is

T T T
&1=0 <E—T>+(1—91)(a-7’+">=c—0‘—91‘f

(in the first summand we subtract the mean value of time on the zero level, in
the second summand it is necessary still to add the service time of last request
above the first level from the first period);

- the mean value of time spent above the first level is
(=17 ap—1+co

+(1-g1) O-g)-ap) VT ol-ap) |~

ap—1+co

G T —ap)

_ap—1l+co (=11

- 1-g1)r.
o —ap) T T=ap 7O
The sum of these three terms
T ap—1+c¢co (= D7 ar
- —(1- -
T+c0 gir+ co(1 — ap) i 1—ap (1 =gu)r 1—ap

gives the mean value of length of the busy period.

Now let us determine the mean value of time spent above the second level.
It is necessary to consider two cases: 1) the busy period begins on the first
level and 2) the busy period begins above the first level. In the first case there
are two possibilities: '

- from the first level we come to the second level, spending on average (i,
above 1t we return to the first one;

- from the first level we come to a level above the second, then for

o0

Y
l—c¢cp—c1—c

s 0 1 2

T ap—2+42c+c
k-2 =
( )l—a €2

T =
p (I—ap)(l—co—c1—c2)

we return to the second level and we are in the previous situation. These two
possibilities give together

c l-co—c1—c¢c
2 —(n+ . _161 2(Cu +€2).

l—cp—01 1—-¢p
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We have ¢ such periods with probability l_lc_";cf : T%-, from it

(1-c¢ -—c)i c l—¢co—c l—cop—c1—c

. 0 1 0 ' 0 1 0 1 2
= 1 T =

Ci2 ;1 a 1 1(C11+€z) . Cu+ " €2,

where
ap—2+2¢c0+cy

(T-ap)(i-co—c1)

Now we consider the second case. We have again two possibilities:

/-
62-—

- the busy period begins on the second level, spending ¢;; above it we
return to the first one, after it we have the first case;

- the busy period begins above the second level, after having serviced a
certain number of requests we return to the second one and from it to the first,
the corresponding mean value is

()
gi . T a—2+g;
1 - 2 - T + (11 =
;1—91—92( )l—ap (1-ap)(1—-g1—g2)

T—7+C11

(the first summand gives the mean value of time to return to the second level,
the last request belongs to the second level, so 7 must be subtracted, spending
(11 above the second we will be on the first one). The mean value of this first
period

g2 l—g1—92 a-2+44g; ]
+ T—-T+4+ =
1—.971<:11 1-g (I —91—92)(1—-ap) tu
—24 1—g1 -
=(u+ Qa g1 91 — g2

I-g)(1-ap)  1-g5

Now we have again the first possibility, we come to the first level, and the first
case takes place. The probabilities of two cases are g; and 1 — g; respectively,
the mean value of time spent above the second level for a busy period will be

l—c—c¢ l—cp—c1—c
szyl[ 0 e+ OCO ! 262] +(1—g1)x [C11+

Co
a—2+g l-g1—g92_  l-co—a,  l-co—c1—c
—_ € —
(-mi-ap) T-g¢ T @ T o ?
l—c¢cy—c l—c¢cp—cy—c a—2+
=(1-g1)¢u1+ L+ o e+ ng—(l—gr—yz)T-

Co Co 1—ap
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Subtracting ¢(; from (; we obtain the mean value of time spent on the
second level for the busy period, namely

1+c0T (= 1)T

- —(1—g)r—(1— -
2=0-C¢=- (1 ~ap) T—ap (1-g1)r—(1—-g1)n1
l—co—c1 ap—2+2¢c+c1 a—2+g

_ _ _ 1-— _ -

PR o(l—eap) | d-ap (1=61=ga)r

— 1—CCOO—C1 (1 _Tap —Cll) (1 __gl)( ) — goT =

=(1—-g1)(&0+ &)+ I—:%ﬂ(fm +£&11) — gaT.

We compute the mean value of time spent above the k-th level for a busy
period. The busy period can start on and above the first level. At first we
investigate the case of first level. After the service of a certain number of

requests on the first level with probabilities ;=5— (i = 2,3,..., k) we come
to the ¢-th level and with probability I—ICDC_O—C‘% above the k-th level. If after

the first level we come to the second one, then spending on average {; x—1 above
the k-th we return to the first; if we come to the third then spending (i x—2
above the k-th we come to the second level and after {; x—; to the first, i.e. the
mean value of time spent above the k-th level is {; x—2 + ¢1,k—1. From similar
considerations in case of the k-th level we return to the first one spending on
average {11+ 12+ ...+ (1,k—1 above the k-th one. If we come to a level above
the k-th one then for

o0

c; T
1 .——k —
Z l—co—cl—.,.—ck(z )l—ap

i=k+1

— ap—k+k‘CO+(k—l)Cl+...+Ck_1‘r
(I—ap)(l=—co—...—ck)

we return to the k-th level and spending (11 + ...+ (1,k—1 above the k-th we
return to the first one. These possibilities give together that we spend above
the k-th level

lﬂco—c C1k— 1+1 CO_CI(Cl,k—2+<1,k—1)+...+

- Cg—...—¢
+ (Cu+(12+ A1k 1)+—0—k_x

l_c 1—00—61
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ap—lc+kc0+(k—l)cl+...+ck_1 )_
( T=ap)(l-co— .~ T+C1+. .+ (k-1 ) =

l—cog—c1—cy l—cp—...—cCp-1
—(1k-2+ ...+
1

:Cl,k—l + C11+

1—cp—c l—co—c1

ap—k+kco+(k—1)c1+...+ck_11_
(- ap)(1=co—c1) '

We have 7 such periods with probability %ﬁﬁ)'l_?c_p consequently the mean
value of time spent above the k-th level for a busy period starting with the
appearence of one request at the beginning will be

2. (1—cog—c1) ¢ l—cp—c1—c
Zz( 9 ) 01 [Cl,k~l+"—9—'—1'l__2‘C1,k—2+--~+
i=1

(1—61)’: 1—-c¢ l—CQ—C
l—co—...—Cr_-1 ap—k+keo+ ...+ ck-1 ]_
+ 1l—cog—cy Cu+t (1=eap)(l=co—c1) =
l—co—c l—cp—c1—c
= '—'O_I‘C],Ic—l + 0 2Cl,k—2+
Co Co
l—co—...—cCr —k+k -
I co Ck 1C“+01P +kco+ ...+ ck 1.
co co(l — ap)

Now we consider the case when the busy period begins above the first level.
After having serviced a certain number of requests we come to the first level
and will be in the previous situation. The busy period starts with probabilities

1_%(’ 1—%, C lﬂ"gl , l_g}:é;—*"" on the second, third, ..., k-th and above the

k-th level, the desired mean values of time till to return to the first one are
Cik-1, Cie—2+Cik=1,---, 811+ Ci2+ ...+ 1,k—1 Tespectively, in the last case
for

:a—k+(k—1)y1+(k"2)92+---+9k—17_
(I-ap)(l—g1—...—gx)

we come to the k-th level and spending (11 + {12+ ... + {1,k—1 above the k-th
return to the first one. The mean value of time spent above the k-th level while
we come to the first is

g2

1 (k-2 +Cp-1)+ ...+ L
— g1

g1 1-g1

Ce—1+

33 G+ - +Cr-1)+

1
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1 - - .= a—k+ (k-1 + ...+ k-
Lo gk (k= 1)g1 9k IT"T+<11+--v+Cl,k—l}
1-g (I-ap)(1—g1—...— gk)
1—-g¢g; — l—g1—...— gk
=C1,k-1+———g1 g2CI,k—2+~~+ 91 cL Lo+
1-g 1-¢g1
a—k+(k—1)g1+...+gk_17_l—gl—..A—-ng
(1-ap)(1-g1) 1-g;

((*) is modified by 7 since the service of last request belongs already to the
k-th level) and after staying

l—cg—c¢ l—cog—cy—c l—co—...—ck-
L ke ——— G at  — !

Co Co co

i+

ap—k+keco+ ...+ ck-1
r
co(1 — ap)
above the k-th level the busy period will be terminated. Since the busy period

starts with probabilities g; and 1 — g; on and above the first level, the mean
value of time spent above the k-th level for a busy period

l—cp—c l—-co—...—cC-
k=g |:___0““_1<1,k—1+---+ 0 =+
Co Co
ap—k+kco+ ...+ ck-1
+
co(1 = ap)
+(1—g1) | Gk 1+l_—gl——g2C1k 2+ +1—g1—-..—9k—1<11+
. 1-g9 T ' 1-g9
—k k — _ -g1—...—
a—k+(k-Dg+.. 491 1-g 9k
(1-ap)(l-g1) l-g
l—co—c l—co—...—cCp_ ap—k+keco+...+ cr-
g0 1C1,k—1+-~-+ 0 u Y+ P 0 Ck l‘r]
co co co(1 = ap)
=(1-g1)1k-1+(1—g1—92)ik-2+ ... +(1—g1—...— gk—1)C11+
ap—k+(k=1)gi+. . +geos
- (1=-g;—-...—
+ T T—(1-g 9x) T+
l—co—c l—cpg—...—cCk_ ap—k+keg+...+cr-
y—"" 1Cl,lc—l-i-.-.+ 0 Ll P 2 Lt ¥

co co co(1 — ap)
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The similar expression for the mean value of time spent above the k — 1st level

CGo1=(1=g1)C1p-2+(1—g1 —g2)C1k-3+ ... +(1—g1 — ... — gk—2)Cu1t+
a—(k=D+(k—2)g1+ ...+ gr—
+ ( ) (1-_012;1 gk 2 (I gi— .. = ger)r+
l—co—c l—cp—...—cp-
+_‘_L_i<1,k-—2+---+ 2 E2 e+
Co Co
+ap—(k—1)+(k—1)co+...+ck_27_.
co(1 - ap)

The difference of two expressions €y = (x—1 — (& gives the mean value of time
spent on the k-th level for the busy period, namely

& =(1-g1)é1e—1+

+(1—g1—g2)ik-2+ .. +(1—g1—...—gr-2)612— (1 =91 — ... — gk—1){n1+
+0‘—(k‘—1)+(k—2)91+---+9k—2_‘,_a—k+k91+~~-+gk-17__
1—-ap l—ap
“(Q-gi— . —gr—)T+ (1 —g1— ... = g1 — g&)T+
l—co—c l—co—...—ck- l—co—...cr—
—O—l‘fl,k—1+-..+ 9 LY Jpa 0 ULy
Co Co Co

+cv,o—(lc—1)—{~(Ic——1)c0-+-...+c;c_27__c»zp—Ic+lcco—|—...+ck_1

co(l — ap) co(1 — ap) B
= k-zl c c
—Ccp—...—Ci
= Z(l -g1—...— gi)fl,k-i + Z -C—o-el’k_i_*’
1=1 1=1
l—co—...—cCp-
+(1—g1—...— gk-1)(€0 +&01) + 0 k L(10 + €11) — geT.

This expression contains the mean values £;; (¢ > 0) of times which we spend
on different levels in a busy period starting with presence of one request. The
formulas given for them in the lemma can be easily derived from this proof
regarding only the possibilities when at the beginning of busy period there is
one request in the system, or they can be taken in ready form from [5]. The
lemma is proved.
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