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Abstract. Let f € £ be multiplicative and almost-periodic with non-
empty Fourier-Bohr spectrum. If in addition

Y If(p))’ < Azlog™’ =

p<z

with some p > 0, then, for each € > 0, there exists a periodic function

P, : N — C such that

limsup Z|f (p+1)— P(p+1)| <e.

T—00 p<:r

Let f - N — C be a complex-valued multiplicative function, let p denote
a prime and let 7(z) be the number of primes below z.

For each positive o we shall say that f belongs to the class £, if

[1flla :=lirn sup ( > If(n)l") < 4o0.

n<z
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Let @ > 1 and B, be the space of (B )-almost periodic functions, i.e. f € B,
in case f € L, and, for each ¢ > 0, there exists a trigonometric polynomial
P.(n) =Y a; exp(2mia;n), a; € R, such that

[I[f = Pella <€

For an arbitrary arithmetical function f we define the Fourier-Bohr spectrum

o(f) of f by

1 .
* m— . M _ ! _2 .
o(f) = {a € R/Z : limsup - nE(I f(n)exp(—2mina)| > 0

Ir—oQ

Using the results of the previous papers [1], [2] we prove

Theorem. Let f € By be multiplicative and satisfy the condition

(1) STIf(P) < Aizin~* g,

p<z

where p > 0. If o(f) # 0, then for each € > 0 there ezists a periodic function
P.: N — C such that

. 1
limsup @) Z Ifp+1)— P(p+1)| <e.
e p<z

Remark. If f € £L,, a > 2, then f € L5 and

2 @) < (Z If)*] m(z)'"% <zln& e,

p<z n<z

Hence f satisfies condition (1) with p=1— 2.
The next result will play a key role in the proof of the Theorem.

Lemma 1 (see Theorem 2 of [1]). Let f;, i = 1,...k, be complez-valued
multiplicative functions satisfying the conditions

k
A(n) =) aifi(n) >0, n=12,...,
i=1
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where a; € C and where f; € Ly and satisfy (1), i=1,...,k. Then, for some
6 >0,
In

%;A(p+l)<< TyZA(n)+yi6

n<z
holds uniformly for 2 <y <Inz. If fi, i=1,...,k, satisfy conditions (1) and
(2) YL@ < Aoz

n<zc

then the constant implied in < depends only on A; and A,.

Lemma 2 (see Lemma 3 of [2]). Let f be a complez-valued multiplicative
function, assume that f € Lo and f satisfies condition (1). Suppose further
that

3) - f(p)ll%p < e(z)Inz,

p<e

where e(z) | 0 but e(z)VInz — o0 as £ — co. Then we have

! S 1 r—1
R;)Zf(zwl):H (HZ;W(f(p’)—f(p )))+

p<z p<r

+o0 (exp (Z%) +1) .
p<z

Proof of Theorem. For any arithmetical function set

M(f) = lim % > £,

n<z

if the limit exists. Let f € By and o(f) # 0. In this case (see [3], Corollary 1)
there exists a Dirichlet-character x4 (mod d) such that the mean value M(f,,)
exists and is different from zero. Using Theorem of [4] we obtain that M(|f})
exists, M(|f|) # 0 and the series

-1 -1)?
Zlf(P?J ) Z (If(P)lL ) ,
P [f(P)I<3
¢ 2 r
(@) Z |f(p)l ! D |f§)l: )|

-1y P P r>2
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converge.

For a multiplicative function f we define a multiplicative function +/f by

(Vf(n)? = f(n) and f(pr) - Vxalp") = V@ )xalp"),

where we use the notation ®/z = (/|| exp(3iargz), arg z € [-, 7).
If p fd we obtain

(5) [VI®) + VxaP)| > 1

Now define a multiplicative function f; by

xXq(P") if r>2,p" >t
fi(P") = { Xa(p) it r=11fG) 22 p21,
f(") otherwnse

We have

PSS Z'f(n)|2<A2xH(l+ 2.

n<z m<z n<Z
plm—p2|m

Therefore f; satisfies the conditions (1) and (2). Hence, using Lemma 1, we
obtain

;(IT)Z‘\/f(pH)—\/fl(pH‘« L1 m) = i) + =5,
p<z

n<z

where 8 > 0 and 2 < y < Inz. We have (see (4))

ZI\/— V fi(n) ‘ <

n<z

<Y Y e+ D+ Y (P)l <e(t) -z

r>2pr>t p>t
(2123

where €(t) — 0 as t — oo. Thus we proved

6) L VT - VAETD| <@yt
p<lz
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Now let the multiplicative function f, be defined by

ry — | Xa(p) if r=1p>t |f(p)| <3,
h(r') = {fld(p’), otherwise. ?

Using Lemma 2 we shall determine the asymptotic behaviour of the sum

m)Z (lf1 (p+ 1) - VAl + D)/l + 1)-

p<z

-Vl +D)Vie+ 1)+ fp+ l)l)

For a fixed number ¢ we have proved that f; satisfies the conditions (1) and
(2). Concerning f2 we have |fa(p")| = |x4(p")|, if p” > t, and therefore fo
satisfies the conditions (1) and (2). Applying Cauchy’s inequality we obtain

that \/fiv/F2, VFiV/F2 satisfy these conditions, too. Next we prove that for
all these functions the condition (3) holds. We show the details in the case

VAVE.

We have

L b i\/fl oVFm) - 1|22 =
= —an( - 122 > [ViovEe -1 =2

|m)|<1

Using (5) and Cauchy’s inequality we conclude that the second sum is

1 Inp -1)? 1 In? :
St l|f(p)|—1|-p_’5( ) (If(p)zl) ) Ly pp) +

In“z
(<rss 1f)I<3 P<y
11(p)I<2 (Plls2

-1)? 1 In?
n Z (If(p)| = 1) ! Z p
e p In z o P
1113 -

Set y = Inz. By (4) we obtain that the right side tends to zero as z — oo.
Hence (3) holds. Using Lemma 2 we get

Z}\/fTP+1)—\/f2(P+1 | =

7r(:c



100 K.-H. Indlekofer and N.M. Timofeev

11 (1+ |f(P‘)Dl—1>__

t<p<Lx
11()I< 3

-T1 <1+E S A= A6 ))

r=1

I1 (1+m@—1)— 11 (1+m‘/_§“—a_l)+1

t<p<Lz t<p<z
17N 2 7)< 2

solew| X < (VIF@I-1+if@)-1) | +1

113

Recall that the mean value M(fxq) exists and is different from zero. Hence
(see Theorem of [4]) the series

) > Xd(P)fIEP) -1 3 Ixa(p)f(p) = 1

l7(p)l<3 P

converge. We have

Vp)VXalp) = Y fp)xalp) = 1+ %(f(p)Xd(P) = 1)+ O(Ixa(p)f(p) = 1°).

Using the convergence of the series (4) and {7) we see that the series

Z If(p)><¢(10)—1|S S If(P)I?"

1 (P)I>% P ety P
) x4(p)f(p) — 1 ) Vf(p)xa(p) — 1
1£(P)I< 3 P [£(p)I< 2 P

converge. In the same way as before we obtain that the series

—1 VIF@I - 1 Vi®) ,/ ) -1
Z |f(P;| ’ Z | (I;))| ’ Z (P)/xa(p
1F(p)I< 3 p [f(p)I<3

converge, too. Thus

%Z '\/fl(p+ 1) -V falp+ 1)|2 & exp (Z Ii(g)_l_—_l) .

p<z p<t P



Almost-periodic multiplicative functions on the set of shifted primes 101

fp)| -1 Y% -1
t<p<z p t<p<z p
1)< 3 | OIS

(8) < e(t) + o(1),

where €(t) — 0 as t — 20. We have

W—(lm—)ZIf(p+ - hpt 1)< —

=< m(z)

Do (fe+1) = file + DI+

p<z

VAT D - VEGTD| +2|VAEF D - VEET D||VAGT 1)]) -

Therefore, by (6) and (8), using Cauchy’s inequality we get

;r(l—x)ZIf(p+1)—fz(p+l)l<<

p<z

oI~

1

(e iny+v72)* + () +0(1)?) (ﬁ S S+ DI+ A+ 1)!)) ¥

+e(t) + o(1).

Recall that fi, fo € £,. Hence by Lemma 1 the second factor equals O(1). Let
y = 1/e(t). Then we obtain

;T—(l—mj Z |f(p + 1) = fa(p + 1)] K ex(t) +o(1),

p<z

where £;() — 0 as t — co. On the other hand the function

fmy = I £ I] xa@)

pTlin, pTlin
pr<t P>t

is a periodic function with period

T=d2" .. pl*,
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where p; (1 =1,.

|

Int
Inp;

.., k) are primes less than ¢ and

|

Thus we have proved the theorem.
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