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1. Introduction

Let us consider the following Cauchy problem

Y y'(2) = flz,y(2), ¥ (2)],
y(0) =yo. ¥'(0)=yp z€[0,1]

and let us suppose that the function f satisfies the following conditions:
a) flz,y(z),y'(z)] € C([0,1]), where r is a fixed nonnegative integer;

b) If9(z,u1,v1] - f L2, y2, 93]l < L{lyr — w21+ w1 - 951} (¢ =0,1,...,r=1)
(Lipschitz condition), where

f(O)(:L.Y yl Z) = f(xY yl z))

FO(z y,2) = f9O(2,y,2) + fi(2,y,2)2 + fO(z,y,2) - f(z,y,2)

(¢=0,1,...,7=1).

We remark that the derivatives of y(z), the solution of (1), can be expressed
by the help of f(9) as follows

9 (z) = fU(z,y(z), ¥ (2)).
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Approximate solutions for some type of second order differential equations
are given by the help of spline functions by Gh.Micula [1], Th.Fawzy [2] and
Cs.Mihalykd [3]. In order to solve the above problem a special spline function
has been defined by J.Gyo6rvari [4] and an approximate solution has been
constructed in the case 7 = 0 the help of it. In this paper the method given by
Gydrvari is generalized and his results are sharpened. The estimations for the
errors are based on the averaged moduli introduced by Sendov and Popov in
their book [5].

2. Definitions and notations

Let
h:%| “ZS‘ xk+%:xk+g (k=0,1,...,n),
yi.”:y(j)(:rk) (j=0,1,...,742, k=0,1,...,n),
w(fU) 2z h) = sup IF7 (0, y(t), ¥ (00) = F7 (2, 9(t2), ¥ (t2)],

t1,t2€(z~h/2,24+h/2)N(0,1)

1

r(f("), h) = /w(f(”,:c, h)dz

0

Let us define the following special spline function
So(z) o <z <1y,

Si(2) 2y <2< Try (k:l,...,n—l),

' f(J) lO)yO y()] y
S - = BN — J+2
0(2) =yo + Yol — 2o +JE i) (z —zo) T+

// ]Hf(r)[“ ho(u), hy(w))dudt, 41 . ..dt;,

To To
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Sk(z) = Se-1(xr)+

f(“[lhsk 1(zk), Si_1(zk)]
(G +2)!

+SL ze)(z — z) +Z ( Ik)j+2+

j=0

// / FO N hi(w), Ay (u))dudt, 4y . .

Ty Tk
and

( ;
ho) =+ 3= 20)+ 3~ Lty s s

=

hi(u) =Sk-1(zk)+

+ Sioy(@k)(u — k) + Z

j=0

fOzk, Se_1(zi), Sk _y ()]

(7 +2)! (u—z)*2

(k=1,...,n=1).

Further the following forms of y(x) will be used

x’ )
y(z) yx+yk(1—u)+sz—yky’°](x zx) 24
= G+2)

T

1 r+1 g(r /
+ iy [~ 0O v,y ()

Tk

and

—1 .
f9Oze, ye, v

y(2) =yr + Yz — 2) + : (2 -z Y 2+
¢ ;, (G +2)

// flf"’[“ y(u), ¥ (u)ldudtyy, .. .dty

T Tk
(k=0,1,...,n—1).

Finally, we define the constants

= |yt - SV (i),
esg);=|y,tg> S (zp)l (k=0,1,...,n=1; j=0,1).

nl

(3)
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3. The convergence process

We prove two lemmas which give estimations for the difference between
the exact solution y(z) and A, (2), furthermore hetween the function Si(z) and
y(z) and their derivatives.

Lemma 1. Let hi(z) denole the function defined in (2) and let y(z) €
€ CU+2)([0, 1)) be the ezact solution of (1), furthermore suppose that the func-
tion f satisfies the conditions o) and b). Then for any number z, T < = < Ti41
(k=1,...,n—1) we have
(4)  1v(2) = he(2)] < C1 - e + Coh el + Cah™ 2 (£0), 2,44, 1)
and

(5) ' (z) = hi(z)| < Dih- eL '+ D, e(” + Dsh™tlw (f(r),ﬂ:H%,h) ’

where the constants Cy, Cq,Ca, D1, Da, D3 are independent of n.

Proof. Let ¢, <z <zp4; (k=0,1,2,...,n—1). Then we have

ly(z) — he(z)| <

U2k, v, .
<l vk + i@ —ze) + Z——f LInT yk](z—zk)’+2+

+ 2)!
+(1._: 1)! /(‘L - u)'.+1f"')[u,y(u),y’(u)]du = Sk-1(zk)—

» "L fD ek, Skoi(xk), Sy (T .
=Sp_p(zr)(z — k) — ,Zz:o < L(jliL;;! kil L)](l' -z Yt <
<Hye = Sk—1(e)| + |y — Se—1(@e)llz — zel+
+Xr: L, ve il = SOk Seca(z), Sy (@]l |z — zp *24

= (G+2)!

(r + 1)l /(1 ) f(”[“ y(u), y'( )]—f(r)[a:k,yk,yi] du.
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Using the quality b) of function f we get the inequality

) +2
(0) (H (0) (1) |z =zt
z)—hp(z)| e e o — x|+ E ( ) —_—

IJ: - ;L‘klr+"
(r+2)!

The second inequality can be proved similarly.

W(f) 2y ) < Crey” + Cahey) + Cah™ (£, 2y 4y, h).

Now using the inequalities in the above lemma we can see the following

Lemma 2. Let S(z) denote the function defined by (2) and let y(z) €

€ CU+2)([0,1]) be the ezact solution of (1), furthermore suppose that the func-
tion f satisfies the conditions a) and b). Then for any number z, i < = < T4
(k=0,1,...,n—1) we have

(6)  lu(x) — Se(2) < (1+ Mih)ey” + Mahe}”) + Mgh* 2w (), 2,1, h)
and
(1) 1¥'(2) = Sk(@)| < Nihel” + (1+ Nah)el” + Nah?+2u(f), 2, 1y, b),

where the constants My, My, M3, N1, N9, N3 are independent of k.
Proof. Let 2 <z < zp4 (k=1,...,n—1). Then we have

=2 U Y.
) Y ]
ly(z) — Sk(z)| < yk+yi-($—xk)+2£-([7kj?),—k](f—%)’”+
j=0 ’
trg
// /f( Nu,y(u), ¥ (u))dudt, 4 .. .dty—Sp—1(zk) = Sk (zk)(z =Tk )—
r=1 £(5)
LS D, Sk 1(1;) - 1(1;;)] oyt
ppers (G+2)!
r+l
// /f(’)[u e (w)]dudtyyy .. .dty |<
(u) (1) (1) |-”~"‘-"3klj+2
el '““'"LZL( +e”) Geol T
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r U trgt

// / (lJ(u)—hL(u |+ |y (u) = h(u |)dudt,+1 Sty <
Ty L'i
r—1 P42
(0) (. (0) 4 (1) hiT=
<e, +he, L ( +e 4
k = ) (G +2)

+L [CSCO)(CX +hDy)+ eil)(C'zh + Dz)] RTt24
+LW(f(1~)‘ Lipd h) - (Cah + Da)h2r+3 <

< (L+hMy)e” + Mahel) + Mah® *2w(f") 2y, 1, h).

Now let us see a less detailed proof for the second part of the statement.

;  f9 ek v, 0]
¥ (z) = Si( y‘+§: (]:.1L El(z—ap ) 4
// /f(’)[u y(u), y'(u)]dudt, .. .dt,—
/ < f(j)[z.,y yyl-] 1
_Sk_l(;ck)—jz:%_#(x_zk)ﬁl_
/ / / SO F u, hi(u), b (u))dudt, ... dty |<

gmmw+m+Nwm + N3h? *20(f() 2,44, h).

In the case of £ = 0 the proof looks similar.

Writing 2 = 24 in the above lemma, we get the following inequality
iy ST+ Mh)ep + Co(f7) 244, h),
where
(V) 2r43
€ Alfl .Mg -y M3h
= * M = = ,
gk [e‘kl ) ] ’ [ [ JN'] N" } ] Q [ N3h2r+2 )

I is the identity matrix and £ =0,1,...,n.
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Using this inequality several times we get

k
ZHA/hJ( w2, h),

thus
k
lersille < Cah®*2 D (L + IMl|eohY w (), i1y, h) <
3=0
[
< Csh?”flz / WU g, h)de < Coh? 17 (") h).
j=0 r,

Hence the following theorem is proved.

Theorem 1. Let S(z) satisfy (2), furthermore let the function fin (1)
satisfy the conditions a) and b). Then

(7) el) < Ceh®*r(f) h)  (k=0,1,...,n; j=0,1),

where Ce 15 independent of n.

Theorem 2. Let S(x) denote the function defined in (2) and let y(z) €
€ CUtD([0,1])) be the exact solution of (1), furthermore suppose that the
function f satisfies the conditions a) and b). Then the following inequalities
hold

ly(z) = S(x)| < K> (7, h),
(8) |y'(:L') — §'(z)] € Kah¥+ir(fi7) h),
ly)(z) — SU)(z)] = o(h¥*377), J=2,..., 742,

where the constants Ky, Ko are independent of n.

Proof. The first inequality and the second one are immediate conse-
quences of Lemma 2 and Theoremi 1. In order to prove the third one let
<<z (b=1,...,n=1). Forj=2,...,r+1

ly9(2) = 59 (2)] = [y (2) - S (2)] <

"L UM i, v ) = fUT (2, Seoi(ak), Sh (2]

< 7 (z —z)t| +

=0
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trdi=;

[// / (S, ylw), v (w)] = f7 w, he(w), hig(u)))dudtepi-j ... dty| <

r+1-]
ht _ .
< Z L( (o)+eil)) i + L(e (0’(01 + D1h )+811J(02h‘+D2))hr+-_J+
+L(C3h + D3)R2+3=1(F(7), Tppd h) = o(h2r+3-1).

Finally
97+ (2) = S+ (@) = W (@) - S (@) =

= [f[w y(w), ' (0)] = fO[u, hi(u), i (u)] <
< L(e{(C1 + Dih) + e/ (Cah + Da)) + L(Csh + Da)h™ ' w(f), 2,4, h) =
= o(h™*1).

The theorem below shows the connection between the spline function S(z) and
the differential equation (1).

Theorem 3. Let S(z) satisfy (2), furthermore let the function fin (1)
satisfy the conditions a) and b). Then the following equality holds

9 15" (2) = flz, S(2), S'(2)] = o(h2+Y).

Proof. Let 2y < 2 < k41 (k=0,1,...,n—1). Then we have
|S"(z) — flz, S(2), S"(2)]| = IS (2) = flz, Sk(2), Sk(z)| <
<I1SE(z) = ¥ (2)] + £z, y(2), ¥/ (2)] = flz, Sk(2), Si(2)]] <

<18"(z) - y”(r)l + L{ly(z) = Sk(z)| + |y’ (z) — Si(2)|} = o(hZ ).

This proves our theorem.
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