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ON A MODIFIED BI-QUADRATIC
SPLINE FUNCTION OF HERMITE-TYPE

M. Lénard (Kuwait)

Dedicated to Professor J. Baldzs on his 75-th birthday

Abstract. In two dimensional case on a rectangular subdivision of a
rectangular domain there are given several biquadratic, rational biquadratic
and bicubic spline constructions (e.g. [1], [3], [6], [7), [8], [9]). The objective
of this paper is to define a continuous quadratic spline function (i.e. a piece-
wise quadratic polynomial in each variable) which interpolates the unknown
function at the knots and gives the best order of approximation assured by
the Jackson theory. One of the main purpose of this paper was to decrease
the number of operations and to get a formula for the approximant as simple
as possible. In the construction we use only the function values and the first
order partial derivatives at the knots. However the spline function is only
continuous, also its partial derivatives approximate the partial derivatives
of the unknown function on the subrectangles of the subdivision with the
best order of approximation depending on the smoothness of the function.
Comparing with the methods given in [3], [4), this spline construction needs
fewer algebraic operations while the order of approximation is the same.
In the first part of this paper we give the construction of the spline
function and in the second part approximation theorems are proved.

1. Construction of the spline function

Let {(2i,¥;),0 <i < N,0 < j < M} be a subdivision of Q = [ay, b1]x
x[az,bo] with hy = ziy1 — i , |j = yj41 — y; , furthermore let {u;;}, {ai;}
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and {8 ;} (¢=0,...,N, j=0,..., M) be given systems of real numbers. Let

h = max h;, | = max /;, and let d = VVh? +1? denote the diameter of
0<i<N 0<j<M

the subdivision. Furthermore w(h; u) denotes the modulus of continuity of the
function u.

We are to determine the modified bi-quadratic spline function S of reduced
Hermate-type in two variables with the following properties:

2

(1.1) S(z,y) = Sij(zy)= > A ~2:)°(y - y)P
a,3=0
a+B<3

for (z,y) € Qi ; = [z, xit1] x 47, yj+1],

(1.2) S(;c,-,yj) = u,"j

for¢=0,...,N,j=0,...,M, and

Qitlp — QAip

01 Sij(2,yp) = T P=ditl
(1.3) g
0351 j(2g,y) = /-L’Lll'—ﬂuq =4, i+ 1.
J

Theorem 1.1. There ezists a unique modified bi-quadratic spline function
of reduced Hermite-type and 1t is continuous on Q.

. . r—x —Y;
Proof. Introducing the notations t = —h—' and v = y—I%- let for
i 3

(.'l:, y) € Qi,j

S(z,y) = Sij(z,y) =1 -v)(l-1t) (uz'.j + %[ai,j’h‘i +ﬁ,~,,-l,-v]) +

1
+u(l —1t) (u,-'jH + 5[&,’|j+1hit + Bij+1li(v — 1)]) +
(1.4)

1
+(1-w)t (ui+1,1 + §[ai+1,jhi(t -1+ ﬁi+1.jljvl) +

1
+vt ("i+1.:‘+z + 5ot pthi(t = 1) + fipr il (v = 1)]) :
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By an easy calculation we can verify that this function S satisfies the
conditions (1.1)-(1.3). Also the uniqueness can be shown easily in a standard
way.

Using the construction (1.4) we can see that

Sij(z.yiy1) = Sija(z,yj+1) zi <<

and
S; ](‘Ll+1v y) = 5141](11-{-1,'9) Y <y< Yi+1,

which proves the continuity of the spline function.

2. Approximation properties of the spline function

Lemma 2.1. Let f : [z;,2i41] — R be differentiable and for z € [z;, zi41]

@0 s = == f e e T e =]

where h = vy — wi, fi = flei), fi = f'(2i)

[

/(&) = $i(a)l < Shath; £),
() - Si@)| < Swihi f),

w

if f € CH([xq,2i41]), then
F(p - _1_ 2 .o
[F@) = Si(@)] < k(b 1),

1F(2) = @) < Fhelhi ),
F"(2) = S(2)] < wihs f)

for all z € [z;,zi4)], where w(h; f) denotes the modulus of continuity of the
function f.
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r— &y

h

Proof. Introducing the notation v = we can rewrite (2.1) in the

following form

Si(@) = (1= 0)fi  vfis + 20 = DFla ~ f)3.
and
(22) Si(2) ~ J(2) = i = FN = o)+ Uit — Fo+ s~ Solo 1)
If f € C*([2:, %i41)), then by the Lagrangian theorem on the interval [z;, ;41]
f&) = it £ oh
£(2) = fis + F1€)w - D,

where &1,62 € (i, 2i41). hence

R(x) = 5i(x) = f(2) = ho(1 = o) ([f'(&2) = F' €] + [f} = Fipa)/2),

and . 3
[S2t2) = S| € o1 = 0)3u(hi ) < Shoth; 1),

Furthermore for the derivative we get

|R'(2)] = |Si(2) = ['(2)] =

20 — [ 3
= [[Uiws = ot = P+ 2= = 2] < b 1),

If f € C?*([2s,2i41]), then by the second order Taylor formula for z €

fi = f(2) = —vhf'(z) + /( . — 5)f"(s)ds,
fir = f(2) = (1 - v)hf'(2) + / (2101 - 8)f"(s)ds,

r
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and .
= f()+ [ fts)ds
and substituting into (2.2) we have
R(z) =
z b i1 h
= /(1 —v) [s —z; - v§:| f'(s)ds + / v [:c,-.*,l —s+(v— 1)—2—] f'(s)ds =
v 1
(2.3) = h? [/ Y1(v, 7) (2 + Th)dT + / Yo(v, 7) f"(zi + 'rh)drj| ,
0 v

where 7 = (s — 2;)/h and
Pi(v,7) = (1 —v) (T——)

Ya(v, r)_v( 21 r).

The functions v¥; and s as functions in 7 change the sign only at 7 = 7* = v/2
and 7 = ** = (v + 1)/2, respectively. Applying the mean value theorem on
the appropriate subintervals

R(z) = h® [f"(C1) Yi(v, T)dT + f'(¢2) | ¥ (v, T)dT+
/ /

r** 1
+f"((3)/'¢2(1" T)dr+f"(C4)/¢2(v’T)d""| =

v (l v(l

= k2 [ (G - £ D e gs) - i) s

where (1,(2,(3,C4 € (i, tiy1). At last

IR(2)| < gl ).



268 M. Lénard

In order to approximate the derivatives we differentiate (2.2) with respect
to z by the rule for parametric integrals

R(x) = hf"(2)[91(v,0) = galv, v)] +

/_a_w_ (v, 7) f”(h+‘rh)dr+/ 8“(0 ) f"(2; + Thydr | =
0 v

1
=h {/ (v—r——;-) f”(:c,'+-rlz)dr+/ <v—r+ )f”(:z:,+-rh)d j|
0

v
Y iz
and — changes
dv vl v &
the sign only at the point r = 7 = v + 1/2, hence we can use the mean value
theorem on the appropriate subintervals

R(z) =h[f”(£)0/v <v—r— %) dr+
+f”(€1)]<v—r+ )dr-}—f”{z j(”_T’L ) }:

v

_Jov=1) , " 1 1Y\ _
_[ g e 5 (- 2> 52]*
= i [ L e - ) + 56 - )|

where £,£1,€2, € (w;,2;41). Hence for x € [z;,z; + h/2]
/ 1 1
IR ()] < gho(h; ')

In a similar way we get the same estimation for z € [z; + h/2, 2;41].
For the estimation of |R"(x)| we get immediately

1, ., " " " 1 1
[R"(z)| = /_l(fi+1_.fi)_f (@) = [f"(n) = f(2)| S w(h; ),

where 7; € (2;, 2i41) and the lemma is proved.
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Despite the fact, that the above defined spline function S is only contin-
uous on §2, we can define its partial derivatives on the subrectangles of the
subdivision. In what follows, we will use the notation 0,5(z,y) = 615;,;(z,y)
for (z,y) € S ;, etc.

Theorem 2.2. [fu € C'Y(§), and u;; = w(zi,y;), aij = Oru(zi,y;),
Bij = Oau(xi,y;) fori=0,...,N,j=0,..., M, then

ju(z,8) = ()] < 5 (o(h Byu) + lo(t: 030),

3 12
|Gyu(z,y) — 6,5(x,y)| < -2-w(d; Ovu) + Z&w(d;agu),
. 3 1=
[O2uf,y) — O25(2,y)| < aw(d; Oru) + Z&w(d; O1u),
where § = ma,xli, 5= quﬂ.
8,5 i ] 1]'

Proof. For (z,y) € Q;; we can write (1.4) in the following form

(2.3) Sijlz,y) =
1 1
= (l —v) [(l —1) (u,"j + §a¢,jh,-t) +1 (u.-ﬂh,- + §ag+1,jh,'(t - 1))] +
1 1
+v [(1 —-1) <ui,j+1 + ;Z-Gi,j+1hii) +t (Ui+1,j+1 + §ai+1,j+1hi(t - 1))] +

L.t
+(1 - v)vé [(1 = t)(Biy = Bij+1) +tBirrj — ﬁi+1,j+l)]’
where t = (x — z;)/hi, v = (y — y;)/1;.

As u € C1)| we can use the Taylor formula and applying Lemma 2.1 we
have

1S ;(z,y) —u(z,y)| < ghiw(hi;alu)"r
+|(1 = v)[u(e, y;) — u(z,y)] + v[u(z, y41) — u(z,y)] |+
+(1 - ”)U%I(l = 0)(Bij = Bijr) + t(Bixr; = Bixrj+1)| <

l:
< —hjw(hi; G1u) + (1 — v)vljw(lj; Oau) + (1 — v)v-;—w(lj;agu) <

[o A NI

<

[s 23 R

(h,-w(h.-;@lu) + Liw(ly; 0211)).
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Now we differentiate (2.3) with respect to y and applying Lemma 2.1 for (z,y) €
€ Q; ; we have

[02Si j(x,y) — Dau(z, y)| =
1

t(t—1
—E [(1 - t)“i.j + tuigy,; + ( 5 )h,'(a,~+1|,- - a;.j)] +

t(t—-1
+T [(1 - t)ui,j+1 + t‘ui+1,j+l + ‘_—( 9 )h.'(a.-+1,j+1 - a;,J—H)] +
i)
1-2v
+T (A =t)(Bij — Bij1) + t(Bivrj — Bixr,j41)] — Bau(z,y)| =

Ui j41 — Ui Uitl,j+1 —
=[(1-1) +t
‘ 1]' Ij
t(1 ~t) hy -
LA T|0i+1.j+1 T @i+l T iyt a"jl+
7

i 2T 32“(3—',!/)1 +

- 2v

2 [0 = 0 = Boar) + tBirr — Berna)] <

< w(d; du) + l—iw(d; O1u) + —w(cl; Osu),
4 ; 2
which proves the theorem.

Theorem 2.3. [fu € C?° (Q) and u;; = u(zi,y;), o;j = Ou(zi,y;),
Bij = Oau(zi,yj) fori=0,...,N,j=0,..., M, then

4 /., 9
[u(z,y) - S(z, )| < == (h*w(d: ) + 1Pu(d; B3u)),

‘ 1
Bk, 3) = OuS(z,u)| < duld: OFu) + Sd(d; 01330,

|0u(z, y) - 07 Su(z, y)| < w(d; B2u),
fork=1,2.

Proof. Asin the previous theorem, using Lemma 2.1 and the second order
Taylor formula from the form (1.5) we have

151502, 9) = w(z,9)| S 5= Wlulhi; OFu)+

+](1 = )z, ) uz )] +v[u(z ) - w9+
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;
HL = o) [(1=)(Bij = Bijer) + t(Bisrs = Bivrjn ]l
1, 9 . )

< grhiw(hi; O7u) + (1 = v)vl; |—32U(1‘,yj) - 5'"#%“(%01) + Oau(z, yj41)—

1 52 L 52 1 o

—5(1 — v);05u(x, n2) - E(l — t);05u(zi, y3) — itljazu(a:,-,n.,)‘ =
1 2
= Eh w(hi; 0%u) + (1 - v)vl;lﬁ%u(a:,ns) - Bgu(f,ns)‘ <
< %h?w(h,,()lu) + - (d O2u),

where £ € (2i,zi41), M1,72, 73, 74,75, 76 € (¥j,Yj+1). Using the symmetry of
the formula (1.5), we can interchange the two variables and so

1S j(z,y) — u(z,y)| < ——l2w(l_,,32u)+ h’w(d 0tu),

and from the two estimations we get
o 4 (2 52 2 2
[Sij(z,y) —u(z,y)| < 7 (h w(d; oy u) + l*w(d; 6211)).

To prove the estimations for the partial derivatives we differentiate the
formula (2.3) with respect to x and applying Lemma 2.1 we have for (z,y) €
€
o e , 1
|015; j(x,y) — Du(z,y)| < Zh,-w(h,-;afu)+

+|(1 - v)(dru(z,y;) — ru(z,y)) + v(dru(z, yj41) — Oru(z, y))|+

+(1 - v)v

5 I,Bz+1 41— Bijer — Big1j + Bijl <

—

< =h; u(h,,@ u) + (1 — v)vl;|010ou(z, n2) — 0102u(z, m)|+

=N

+( zv)vl |0192u(&1, yj41) — O102u(é2, y;)| <

< —hw(h;8%) + %lw(l;(’)lagu) + %Iw(d; 610su),

[
S~
S

where £1,&2 € (i, Zig1), M1, 72 € (U5, Yj+1)-
At last for the second order derivatives we have for (z,y) € Q; ;

1035 5(2,y) - 8fu(z,y)| =
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(1]

(7]
(8]
(9

Ciplj — Oij Qg1 el — i1
= |(1 - o) = Bd oy, i)t 2t

hi h’, - 0;11(13, y) =

= [(1 = v)8fu(&y,y;) + vI7u(ba, yj+1) — O u(z, y)| < w(d; 8}u).
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