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1. Introduction

In 1955 J. Surdnyi and P. Turdn [10) commenced the study of (0,2)
lacunary interpolation. Several papers appeared [1-3, 5-9] concentrating on
the use of spline polynomials to solve the (0,2) and (0,3) lacunary interpolation
problems. ’

In this paper we show that the convergence of constructed in [4] methods
for solving the general lacunary interpolation problem (0,m) is the same as
the best order of approximation with m-degree polynomial splines, where m is
integer and m > 2.

2. Convergence of the spline polynomials of degrees 5 and 6

In this section we shall study the convergence of the spline polynomials
(viz. the (0,5) and (0,6) cases) considered in [4]. Thus, by using the
construction of Sa s(z) given in [4], we introduce the following theorems.

Theorem 2.1. Let Sa 5(z) denote the spline function given in theorem
2.1 [4]. Then the following inequalities

|f(z) - SYM=)| < Cijh¥Iw(Dfh),  zx <z < zpp
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hold for all k = 0(1)n — 1, j = 0(1)5, where w(D® f; h) denotes the modulus of
continuity of f®)(z) and Cy ; are constants independent of h.

Proof. From the spline function Sa 5(z) given in [4] and Taylor expansion
=P, S04,
32 4 32 4
S =5 + —hf,‘f)(m 2) = S (o) = FrRIT6k2) = ShAT 0r0),
1
s =12 + hf“’ R (pr2) — b S (0ra) + gh2 A (000)-
_ 1_h5(4) th(5)
2 1
S£2) (2) + h2 (4) + ﬁhaka)(S"k.l) _ mh25£4) _ ah:’fl(f)(okvl)

and

Sf:l) (1) Z hr 1 (")+ h4f£5)(‘Pk )_Z -hr 18(") 'h4S’(c5)

r_2 r=2

From the Taylor expansion and spline function Sa,m(z), defined in [4], we get

2 1) ~ i@ <
L oo Ly -
r _ r _ ,._]' m N m _ m_j

Using the Taylor expansion and the spline function Sk 5(z) we obtain

(2.2) £ (pr0) = S| < w(D3 f; b),
(2.3) £ - 58 <
32, .5 (s) 4. .5 £ 5
S (e = S Or2) + bl (0r) = £ (Bk ){<—hw(D fih),
(2.4) R RE

2
T = 5014 2R na) - S+ 20U r2) - 1O (el
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1 51
+§h2|f,£5)(ok,1) — -flES)(Sok,l)' < g"h2w(D5f; h),

(2.5) 112 - 52 <
1 ) 4
< SRUAY = SO+ 2D (pra) = 9 000)] < SHW(DPF; )
and
(2.6) 1A - sl <

< Z hr ll (r) S(4)|+ h4| (5)(‘Pk ) - 5(5)| <
By substituting (2.2)-(2.6) into (2.1), we get

|f9(z) - SYU2)| < C3h5~Iw(D £ h),

where j = 0(1)5 and the coefficients C; are given in the table

h4 (D® f; h).

i Co Cy Cs Cs Cy Cs
26 107 93 147 156 1

Thus we complete the proof of convergence of the spline function Sk s(z)

and their derivatives.

Theorem 2.2. Let Sp 6(z) denote the spline function given in Theorem

2.1 in [4], then the following inequalities

1f9)(z) = SU)(2)] < Bi jhS~Iw(Dof;h),  zx <z <z

hold for all k = 0(1)n, j = 0(1)6, where w(D®f;h) denotes the modulus of

continuily of f(6)(z) and By ; are constants independent of h.
Proof.

expansions we get

S,EG) =fl£6)’ S(O) = fk»
729 320 10
S;(cs) =f,£5) hf(s) 3) — hf,Es)(spk 2) + 'hf,ﬁe)(sok,l)+
64 360
h fkﬁ)(Ok'l) - 5ih f,f’(ok,z) ——hS(s)

From the spline function Sae(z), given in [4], and Taylor



132 Th. Fawzy, F.S. Holail and W.A. El-Ganayni

64
S =10 + TR (pr2) — R D (pr) + 57RO (00)-

ih2 O (Or.1) - 1?9/;25(.6).

30 64
Sﬁa) - ,53) hf(") h2 (5) ahaf:(cﬁ)(‘/’k ) h"f(ﬁ)(so;;,l)—

30,
é—!h“f,ﬁ‘”(fhc 1) - -hs{.“’ - 37h~s(5’ 5 has,(f’,
2
Sl(c2) - £2)+——'h2 (4)+ h4f£6)(¢PL )+ = h4f£6)(0 1)-
2

2.6(4) 46(6)
- 5it'Sk G!h St

and

Sﬁl) (1)+Z hr lfkr + h5 (6) E hr ls(")

r—2
ah*‘s,(f).

Using the Taylor expansion and the spline function S ¢(z) we get

(2.8) £ (pr,0) = SOOI < w(DP £ b),

(2.9) 15 - 89 <

360
<——h| £ (pra) - s“”|+ hlfés)(m 3) = £ (pr2)|+
1 (6)(W,3)—ff-e)(ok.z)H—hlf Voen) = £20k 2)|+

+ah|f,£‘*’(0k,1) O 0ea)l < S ha(D 151,

(2.10) 179 - 59| <

4
S or) = 501+ DRIO002) - SO+ ZR1O(61 2)-

128
= 1)l + @hzlfﬁﬁ)(ﬁk.z) = fi(610) < T Rw(Df ),
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(2.11) 171V - 57 <

SHAY = SO+ TR - P+ TR (on) — SO

+—h3|f,f’(m.2> °)(m1)l+ lall] “”( 2) = £ Br)l <

< 314h3 (D% £:h),
(2.12) 17 - 571 <
< SRIAY — SO+ Sh 1 (r) SO+ Gh1A06,) - 5 <
537,—§,h4 (D°F; )
and
(2.13) 15 -5 <

r r 1
P= 501+ Gl () - 571 <

5
1, .
<o Sh A
r=2
8544
- 5'6'
Combining (2.1) and (2.8)-(2.13) we get

i h°w(D° £ h).

|f9)(2) — ng);(-fﬂ < Cjh=iw(DC f; h),

where j = 0(1)6 and the coefficients C; are

Co C, C, Cs C, Cs Ce
17088 35904 3268 934 1232 1464 .
516! 516! 316! 6 6! 6!

Thus the proof of Theorem 2.2 is completed.
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3. The convergence of the general formula Si ,n(z)

Theorem 3.1 Let S,(cr')n(:c) be the spline polynomial given in Theorem 3.1
in [4], then the inequalities

214)  [fO(2) = ST0(2)] < Comrh™"w(D™fih), = € [k, 241]

hold for all k=0(1)n, r=0(1)m, where w(D™f;h) denotes the modulus of
continuity of f(™)(z) and Ckm , are constants independent of h.

Proof. From Theorems 2.1 and 2.2 we conclude that

(i) Form=1,2,3,..., r=1,3,5,...
m-1

(2.15) 7 =501 S Conlst™ = SR+
n=r+l1

1 . m m-n m-n
+— |20 CrL fi™ (pr) = CamenSy" [ A" < Comh™ "wm(h),
L=1

|

r
Z CrL - Cn,m—n'
L=1

(i1) For m=2,4,6,..., r=2,4,6,...
m-2 \

(2.16) 110 =801< S ConlfV = ST+
n=r+42

1 . m m) m-n m-n
+— |2 G S (0r1) = CamenS™ | B S Comh™ "wim(B),
L=1

i CrL = Cn,m-n
L=1

and

(1) form=1,3,5,..., r=2,4,6,...



Spline solving the (0, m) lacunary interpolation problem 135

m-—1
(2.17) 17 =71 < S Conlft™ = S
n= r+2

r/2
+—. ZCrLfk (prL) — Z CrLf)(c (pr)| <

L=%£+1

r/2

< Crmh™ "wm(h), where ZC,L— Z CrL.
L=Lf+1

To prove the convergence of Sk ,, we have two cases (m is odd or even).

Case (1): The convergence of Sg,.m(z) when m is odd

From Theorem 2.1 we can define the constants S,(‘") as follows:

(2.18)
1
S(l) f(i) +1! { hf(z) hZf(3) haf“) o+ -r;l—!-hm—lf,gm)(‘Pki)} -

{ hS(2)+ Sih’sE + L35 4+ —h"*-lsﬁm’},
4! m!

(2.19) Sk = B4

+2! h2 (4)+ h4 (6)+ th(s) ¥ 1 pm—3 l(cm—l) —
(m—=1)!

Loag  1,ag6) 1,660 1 pm-3g(m-1)
_2!{ %S} +6!h St +8!h S+ TS }+
m 1 oo
SR () = ™A (),
(2.20) S = £+
2 3
+3'{4'h (4)+ h2f(5) h3f(6) Z 3Lhm 3f )(SakL)}-

2, @), 5 ,2us) . 10,36 -
-3 {zhsg D4 S+ ST+t mcs,m_ah"‘ 35,‘,""},
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where
3
Z CSL = Ca,m—3y
L=1
(2.21) S = £+

( )Cqm sh™ Sf(m 1)}

85 . 6 (6) 1 —5a(m=1)
1 hS + .. +mc4,m-5hm Sk

5 21 85
+4!{6h2 §G)+§h4 ,58)+ 6f(6)

5 6 21 8)
~q! {—'/ﬁs,ﬁ Y Gt +

+— > cLh'"-‘*f,t'"’(mH— Y Carh™ *(prL),

‘L=1,2 L=34
where
Z CaL = Z Car,
L=1,2 L=3,4
(2.22) S = fo)

5
{ hf(s) h2f(7) f(B)ha (8)_+_ +__IZ < h™™ 5f( )(‘PkL)}

14 42 1
{ S hsl® + h2s + 2p3s® 4 4 —,cs,m_shm-5s,£"‘)} :
m:

6! 7! 8!
5
Y Csp=Csms,
L=1
(2.23) 5 = £ 461

14 147 1408
{ 2f(8) 4f(1o) h6f£12’+ +( )CSm oh™= Qf(m 1)}

14,260 | 1474 c00) | 1408 6 0012) 1 m=9 g(m~-1)
{ah S+ 1grh*se T hoS U+t mcs,m_gh s{m }
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Thus we can define the general form of Si"), whennisodd (n=1,3,...,m-3),
as follows:
(2.24) s = [+

Cn n Cn n m-—n
+n l{( +11) f( +l) ( +;) h2 ( +2)+ + 'LE :CnLh flE )(‘PkL)}
1

—n! { Cn,l hS(n+l) + L”—h25(n+2) 4 Yn3 Cn 3 has(n+3) -

(n+1)! (n +2)! (n+3)!

+L'Cn,m_nh'"""52")}, where E Cnr =Cnm=n.
m!
L=1

Also, Sﬁn), when n is even (n = 2,4,...,m — 4), takes on the form:

(2.25) s = [+

Cn,l 2 p(n+2) CLZ (n+4) C 2r ¢(n+2r)
ent { G T G T -

,{ Cn,1 R25(n+2) | Chn,2 _pagint) Ly Chnr her(n+2r)+ }+

(n+2) * (n44) “F (n +2)
1 n/2
+_ ZC hm= nf(’") ‘P L E CnL hm—nf‘(,m)(‘PkL),
" L=1 L 341
where

n/2 n
ZCnL = Z CaL
L=1 L=341

For the other coefficients S(.i), i = m — 2(1)m we have

(2.26)
m-2
S(m 2) _ f(m-=2) Crn- 2,1 h (m=-1) C
= fi +(n 1) i +—Z (m-2L i (9rL)—
m-2

Cm-21 , o(n-1) _ Cm-22,24(n)

——2Sh4S Cim-2)L = Cm=2,2,
(m—l)' S m! k LZ;:I (m-2)L m-—2,2

(227) S(m 1) _ f(m 1)
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[m-1)/2 m-1
1 m 1 m
+— S Cim-1yLhf} )(?’kL)—m 3 Cln-nhf™M(rL),
" L=1 " L=([n-1)/2)+1
where
[m—l]/2 m-1
Z C(m—l)L = Z C(m-l)L,
L=1 L=([m—1)/2)+1
(2.28) S = g

where the values of the constants Cy, ,, are given in the following:
(i) when n 1s odd:

n+1

Cn,l = 9 )

n=1135,..., Cir=1 r=123,...,

ﬂézthn,r_l +Ch-2r, Teven

Car=
2C o, r odd,
n=3,5...,m—1 (m-—even), n=3,5...,m—2 (m-—odd);

(ii) when n is even:

m-—n

C,'n.r =0Cn-1,2r, r=12,..., 7

n=24,...m—2 (m—even), n=24,...,m—1 (m- odd),

r=12,..., m2—n (m —even), r= l,2,...,man_l (m — even).
Using the Taylor expansion and (2.28), we get
(2 29) If('") _S(m) — (m) - (m) < D™f:h

: v (Px,0) v =1 (ee0) = fi I Sw(D™ S R).
From the Taylor expansion and (27)
(2.30) 1D - s <
h [m-1]/2 ) m-1
< Z Com-1rfi™ (per) - Z Com-ye f™ (er)| <
' L=1 L=([1n—l]/2)+l
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< Cahw(D™ fi h),

[m=-1]/2 m-1
m!Cy = Z C(m—l)L = Z C(m-l)L'
L=1 L=(m-1)/2)+1

Combining the Taylor expansion, (2.26), (2.29) and (2.30) we get

(2.31) TR G B
< SRR - S0 SRR ) ) - 507 <
%CAhzwm(h) + C"r‘;f 2 h2wm(h) = Cah2w(D™ f; h),
o = ron+ it

To obtain the estimate |f,(c") - S,(C")| we have two cases.

(a) When n is odd we use the Taylor expansion and (2.24) as follows:

(2.32) 15 - s8] <

Ch 2 9
< nl ("'H) "("‘H) h2 (n+2) (n+2)
_n{(+1),| [+ bS5l

C n+: C" -n -
bR S Com e ) - ()

< Cph™ "w(D™f;h),
n=13,..., m—4.

(b) When n is even we use the Taylor expansion and (2.25) as follows:

(2.33) 7™M - s <

Cn 2( p(n+2) (n+2) Chn,2 4 (n+4) (n+4)
nl{(n+2)'h I£ S; |+( +4)‘hl -S4+

Cn3 (n+b) (n+6) Cn,r 2,- (n+2r) (n+2r)
oot B ST AT = ST
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n/2
hm n E/:Canf (kL) Z Corfi™ (prr) }S
L=1 L=%+1
< Cgh™ ™w(D™ f; h),
n=24,...,m-3.
Similarly,
a0 - 015

< 4! { h2| (6) 5(6)|+ h4| (8) 5(3)|+ hGI (10) S,(‘m)|+

}s

2 4
Z Carf™ (prr) - Z Car f{™ (pxL)

L=1 L=3

< Ch™4w(D™ f; b),

+...+ _l_hm—4
m!

(2.35) 153 - 5P <

2 5
33’{mhlf,i“—si“)lwhzlfé” S0+ gl - S0

3
Z C3Lf,£m)(tpu,) - Ca,m—ss,(cm)

1 m-3
+—T;l_'h
L=1

}5 Cch™3w(D™ f; h),

(2.36) If'EZ) _ Sl(cz)l <
52!{ hzl (4) 5(4)|+ h4| (6) S£6)|+.._+
1
+— A" (on) = £ (k) }s Crh™2w(D™ f; h)

and

(2.37) 1Y - 571 <
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<1 { ' (2) S(2)|+ h2| (3) S(3)|+ h3 f(4) 5(4)|+

1 m m m-— m
+od =A™ (on) - S )l}s Crh™='w(D™ f; ).

By substituting (2.29)-(2.37) into (2.1), when m is odd, we get

|f() = Sk,m(z)]| <

1 1 1 1
{C1+2CH+ CG+ (/F'*' (m_z)!CB+( =) Ca+— }

xh™w(D™ f; h) < Cyh™w(D™ f; h),

where

1

1 1 1
Cv=Cr+=Cyg+-Cec+-=-Cr+...+ Cp+ Ca+ —,
2! 3! 4! m!

1 1
(m - 2)! (m— 1)

C;,Cy,Cqg,...,C4 are constants.

Similarly, we can prove the convergence of S,g ,)n,

r=1(1)m.

Thus the proof of the case 1, when m is odd, is completed.

Case (2): The convergence of Sk m(z), when m is even

From Theorem 2.2 we can define the constants S5, n = 1(1)m by
3 1 - m :
S(l) f(l) + l'{ hf(Z) + h2 ( ) o+ mhm lf,E )(‘Pkl)} _

(2.38) ]
2 3 - m
1!{—;!’152:)+—3!h25,(c)+...+—!hm lS,(c )},

1
S£2) - f,(cz) +2!{ —h? (4 + = g h4 (G)

1. 5q9) 4 o(6) —2.(m)
_2'{Zih Sk +ah Sk +...+mhm Sk ,

hrn 2f(m)(<p“)} _
(2.39)

(2.40) S = £+
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3
(4) 25 4 10456) | + L m=3 g(m) _
{ hf, +5 h h B4+ — 2_: sLh™ 3 f (<pkL)}
2,04, 9,9 ) 4 104556 C3,m-3, m-3 o(m)

3
Y Cs = Cam-s,
L=1 ‘

(2.41) S = gy
4
+4! { R £ + h“f“” hﬁf,i‘°’+ +—'Z 4Lh'"“‘f£'")(m)}

5 2 (6)

1 m
'h4s(8) §|hesl(:m) + .+ 5‘,04,'»7-"""_455, )} ‘

3 = Cymgs

(2.42) R e

5

42
{ hf(6) hzf(7) = h3 (8) z Lhm 5f )(ka)} -

3 42 1 m
—5! {ahs'(c(i) h25'(7) |h35£8) +..+ :n—!CS,m-Shm_SSi- )} ,

5
Y Csp=Csm-s,
L=1
(2.43) SO = £+

14, (g 147 1 o e £(m
+6! { RS+ 10,’14 (10 4 -~+mZCsLh 55 )(SOkL)}—

26(8) 147, (10) 1 m=6 o(m)
—6! {8|h S, + 2ot S o+ G mze A0S 0
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6
D Cor=Cgmes.
T2
L=1

Thus, we can define the general form of Sﬁ"’, whennisodd (n=1,3,...,m-3),
as follows
(2.44) S — () Cn,1 RfHD
* ¢ (n+ 1)k
Cn,2

+

2 p(n+2) Cn3 3 ¢(n+3) m—n §(m)
(n+2)!hf’c +( +3)|" kot +—ZCnLh fe (m)}—

Cnl (n+1) Cn2 2 o(n+2) Cna 3 a(n+3)
‘"!{(‘H_l)vs F gt ST S

c n
+ n,m-n hm-nS,(cm) }’ Z CnL = Cn,m-n-
m L=1

When n is even [n = 2,4,...,m — 4], S,(c") takes on the form

(") (") 1 Cn _n1 (n+2)
(2.45) Si + n! { mt2) R2f T+
Cn n Cn n = m—n
t +'121)!h4f’(‘ “)+——( +6),h6f}, e § Coh™ " f" )(‘PkL)}

Cn,1 h? (n+2) Cn ,2 4 o(n+4) Cn 3 X (n+6)
—-nl{ — h h®S
{(n-{-?)' S Grait %k Tayent et

1 m-—n ("‘) $ -
+anl%h Sk }1 ZC"L——Cn'm_;lI.

For the other coefficients SS), i =m — 2(1)m we have

m-

m- m— 1
S = fimY + Z (m- 2)Lh ™ (prL) - mCm—z,lh",S,(,m),
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(246) Z C'(m—;!)L = Cm—?,l»

o . 1 m
sim=1 = g n, L ZC(m nehfe" ((PkL)—;ij—l.thl(c g

(247) Z (m-1)L = Cmn- 1,1
and
(2.48) S = fim),

where the values of the constants Cy, m are given as follow:

(i) n is odd

Cn1= 7 n=135..., Ci,=1 r=123,...
1
Cnr’-{n;_ }C,,r 1+Cncoy, 7 — even
:{n+l}C,,r_1, r —odd,
2 )
n=3,95....m-—1, r=23,...,m-2,

(i) n is even

Cnr=Cn_12r, n=24,... m-1, 7':1,2,...,m2_n
Thus, using the Taylor expansion and (2.48), we have
(2.49) I (k) = S = 1R (pr0) = ™1 S w(D™ £ b),

and also from the Taylor expansion and (2.47)

(2.50) T G
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h | m m m
S — |2 Clm-0efi™ (9r1) = Cmo115™ | < Cihw(D™ ),
‘IL=1

where
m-1
m!Cj = Z C(m—l)L - Cm—1,1~
L=1
(2.51) Iflgm—ﬂ _ Sl(cm_2)| <
R | $° (m)
< ; Z (m—'))Lfk (‘PkL) - Cm-2,15; < Ckhqu(Dmf;h),
where

mICe = Y Cm-2)L = Cm-2,1-
L=1

A"

To obtain the estimate |f, ' — S,(c") | we proceed as follows:

(a) when n is odd, using the Taylor expansion and (2.44), we get

(2.52) A = S0 <

n,l n+1 n+l C n+2 n+2
"'{(nu)"(“ R A

C n C m-—n m m m-—n
oY - ST 4 4 PRI () - S }5
< Cph™™"w(D™ f; h);

(b) when n is even, using the Taylor expansion and (2.45), we have

(2.53) 1™ - 5™ <

n|{ Cn,l I (n+2) S‘(:n+2)|h2 l (n+4) _ (n+4)|h4+

(n+ 2k il

= +6),| S+ = SO+ ot G, mca ™ pra) - S }s

< CLA™ "w(D™ f; h).
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Similarly, for the other estimates

(2.54) 15 - 591 <

5 .6 6 21 8 8
S4!{alf£ '— SO+ GIAY - SR 4+

1 m m m- m-n m
+ﬁc4-"‘;‘|f£ Y(par) = Sy |k ‘}5 Cmh™ "w(D™ f; h),

(2.55) 15 - 571 <
2 5 :
<3 { I|f,§‘” -5Mh+ 5-!|f,£5’ -S4+
1
+—Csm-alfi™ (per) = S| }s Cah™ "w(D™ f; h),
(2.56) 157 - 57 <
1 1
<2 { I = SO+ GIAY - SO 4+

l m m-— m- m
+— A (i) - Sk 2}scph %w(D™ f; b),

(2.57) 17 - sV <

1 2 2 1 3 3
< 1!{5% )—S,(,)|h+§|f£ Vo SOy 4

1
+ 1 pr) = S A }s Crh™'w(D™ f; b).
By substituting (2.49)-(2.57) into (2.1) when m is even, we get

1f(2) = Sk,m(2)] <
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1 1 1

1 m moepY —
S{ C’l+§CP+3!Cn+.,.+(rn—_l)!Cj+‘T;!‘}h w(D f,h)_

= Cnh"w(D™f; h),
where
1 1 1

1 1
CN-—Cl+'2-!Cp+5'!'0"+...+(m—2)!ck+(m_l)!cj_'.m’

Ci, Cp, Cn,...,C; are constants.

Thus Sk m(z) is convergent to f(z). Similarly, we can prove that S,("’ ,)n(x) is

convergent to fU)(z), j = 1(1)m. So from cases 1 and 2 we complete the proof
of Theorem 2.1.
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