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THEIR APPLICATIONS
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1. Introduction

Some problems of analytic number theory are connected with estimates of
sums of type

(*) S = Z e2mi(n1, ),

where D is a domain of dimension &, f(zi, ..., z¢) is a real function which has a
al'; +"'+i"f
Oz .. .0z
(*) have been obtained by many authors, for example by van der Corput [1],
E.Titchmarsh [2], [3], P.Schmidt [4], B.R.Srinivasan [5], G.Kolesnik [6], [7].
They used the method of exponent pairs which was introduced by van der

Corput [1] and developed by P.Phillips [8].

In this paper we shall use this method to construct estimates of sums (*)
which we shall apply in some problems of probabilistic number theory.

certain number of derivatives Estimates for trigonometric sums

Notations. Throughout the paper we suppose that D, Dy, ... are domains
of dimension k, such that their boundaries consist of a bounded number of
algebraic curves the degrees of which are bounded.

Xi, i =1,...k are sufficiently large numbers;

f(z) < g(z) means that f(z) = O(g(z)) and g(z) > 0;

n~N means that N <n < N’ <2N;

Ny < N, means that ¢; N2 < Nj < ¢3N3, ¢1,¢2 > 0 - constants;
e(f) = e27if
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2. Basic definitions and lemmas

Definition 1. The real function g(z,, ..., zi) is said to be an approxima-
tion of degree r to the real function f(z,,...,z¢) in D if f and g posses partial
derivatives up to the order r in D and

|.f.‘r:.'l I T gz.-l...z.-,,_ I <c lgz.'l‘..z.',,, I
for all (z1,...,zx) € D, m < r, and for some sufficiently small number ¢ €
€ [0,1]. We than write
f9
Lemma 1 (Lemma of partial summation). Let g(m,n) denote
arbitrary numbers, real or complez, such that if

Gimn)= Y g(uv),
1<usm
1<v<n
(s,v)€D

then |G(m,n)| < G, (1 <m < M, 1< n < N) for any arbitrary region D
contained in the rectangle 1 < m < M, 1 < n < N. Let h(m,n) denote real
numbers 0 < h(m,n) < H such that the following three ezpressions

h(m,n) — h(m + 1,n), h(m,n) — h(m,n+1),

h(m,n) —h(m+1,n)—h(m,n+1)+ h(m+1,n+1)

keep a fized sign for all values of m,n considered. Then

Z g(m,n)h(m,n)| < G- H.

(m,n)eD

Lemma 2. If f(z;,z2) 'l'; Az’'z5°? and
F(zll Z2, h) = f(zl + h, 22) - f(zlyz2)
where h > 0, (z1,z2) € D, (z1 + h,z2) € D. Then

-1 —8$,—-1_—
F 'S Ahsjzy*1z;
D(h)

where D(h) = {(z1,z2) € D | (z1 + h,z2) € D}.
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Lemma 3. Let D be a region contained in the rectangle {a; < z; <
<2a4, i=1,...,k} and let

r - -
fB«Azl“ NOF M
Let us denote by A the image of D under the mapping
yj‘:f;’-, J=111£:

yj-._‘zj, ]=£+l,.,k

L
Let Sa(yl)- . 'iyk) = f(’-‘lw . ')/“t)yt-i-l;"';yk)_ Zﬂiyi; wherel‘l;-",l‘t is the
i=1

solution of the equations

124

yi:az.) ‘=1,' vl
1]
Then
L -0y —Ox
2 Byt ...y
where
(4
B = (é) o]t Loyt, l =148+..+s¢=s, o;= —ﬂ, i=1,...k.
o o s
Lemmas 2, 3 have been proved in [5].
Lemma 4 (Transformation A). Let f(z;,...,zk) be a real function,

1<e<k L€,

11
fu(z; ) :=/“"/6f(zl+hlt1,---,-Tl+httt,3l+1’---yzk)dtl___dtb

oty ...0t
0 0
Let q1,...,q¢ be positive numbers such that
& _ e Q
X, ==X, X

Q:ql...ql, X:Xl...Xt.
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a1 _ |D|
Then for — < =, |D| = 1 we have
X1~ X | (n.,.§,)ep
12 1/2
|D| | |D|
15| = | e(f(2))| < ot Qi Yo Y Ak
z€D Ihjl<q; €D

where
D, = {(.‘L‘l,...,.‘ck) €D ] (:c1+hl,...,z¢+h¢,z¢+1,...,zk)G D,

lhjl < gjs 5=1,...,4}.

Corollary. Let the conditions of Lemma 4 be satisfied with qJ2 instead of
¢; J=1,...,£). Then

7 \ 1/2
/2
ID| , |DP/* am pom|’

|S|<<61—/'2'+ 0 W E E Ze(fz(z,h vh )) .

0<h{V<g; 0<h(P <q2 Z€D3

MA@ 112

\ G=1,..., e) J

where

Dz =
{1z €D @+ b +h0, .z + hD 4 b 2041, 20) € D}
Lemma 4 is a generalization of the Weyl-van der Corput’s inequality (see [5]).

Lemma 5 (Transformation B). Let f(z1,...,z) 95 Az .. .z3*. Then
for any £, 1 < £ < k, we have

IS| = Z e(f(z1,...,zx))

z€D

<

X1... Xk

JAXE . Xor
Sl = Z e(fl(ylx'“yyk))’

y€Ds3

€ X1 Xe(AXE . X258+

where
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D3CR={y|Y'Sy:S2Yn i‘:lr"'yk})
Yi= AX{ X XY, di=,.8 0 Yi=X;, i=f41,...k
Ay, .oum) = f(o1, - 06 Ye41, - Yk) — Q1YL — .. — Pee,

P1,...,%t are the solutions of the system
f;j(%,---,W,yl+1,--~,yk)=yj, (.7:1))[)
This lemma is essentially the combination of the Poisson summation formula
with the method of stationary phase (see [7]).
Definition 2 (see [5]). Let lo,[; be nonnegative numbers, k be a positive

integer, such that 0 < Il —lp < lo > 0. We say that (lp,l;) is an

1
= 2(k+1)’
exponent pair of dimension k if the following condition is valid: If s;,..., s
are arbitrary nonzero real numbers such that

k
ST+ m)si+utu +1#£0

i=1

holds for every choice of u,u’ € IN U {0}, p; € {0,1} (i = 1,...,r) then there
exists an integer 7 > k + 4, such that for each domain D contained in the
rectangle

{Xj <nj<uX;, j=1,....k u>1}

and satisfying the properties
Zi = |Asi| X7 XJHXT > 1, Xg> 1 (=1,..,k)
for each f defined in D under the condition

f}';AX;“...X;’*,

the inequality
k
Yo e, m) < []Z0x;™"
(nl,...,n,‘) j=1

holds (here the constant implied by < may depend only on u and on sy, .. ., si).
Obviously (0, 0) is an exponent pair.
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Srinivasan [5] gave the following transformation formulas of k—~dimensional
exponent pairs:

_ 10 10+11
Alo, 1) = (2(1+k10)’ 2(1+klo))
— 1/2-1 1-lo—1; )
AB(IO)Il)— (2+k(1—211), 2+k(1—211))

The method of exponent pairs can be applied to the estimate of sums of form

Y ¥(e(z)), ¥(w)Fu-[u]-1/2, ueR.

z€D

Lemma 6. Let a,f,y be positive real numbers, (lo,l;) be a one-
dimensional ezponent pair, lo > 0. Then

a(l=l3)4(B—ay)l .
T 1+5° if ylo+14 <1,

—f=ax
Z \Il( )((za 7 4+ zl’;’o -logz if ylo+14 =1,
a L
n<z z TFNe+ if 710 + 11 > 1.

(Proof: see [9], Lemma 8.)

Lemma 7. Let g(z) be a real-valued function in D. Then for every A > 0
we have

> ¥(9(2) <«

z€D

<Py max max L Yo 3 e(mg(z))|log|DI.
A  MaM<2M M M<meM' o€D

(The proof can be obtained by using the Fourier-series expansion and Lemma
1; see also [4], [6]).

3. The estimate of the sum }_ ) e (!"1‘%!)
m n

Let

oMy = ¥ o(%E),

(m,;n)€D(M,N)
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where D(M, N) denote a region contained in the rectangle
{M<m<2M, N<n<2N}.

Using Lemma 5 and Abel’s summation formula (Lemma 1), we get

zMP
Na

-1/2
(1) Sa,p(M,N)<<( ) N -|S1| + MN(zMP)~1/2N</2

where

Si= ), eilmn),  fi(mn) X (mz)Henie,
(m,n)EDL(M,N2) '

and the region Dy(M, Ny1) = D, is contained in the rectangle
{M<m<2M, N, <n<2N;}, N x etMPzN=°"1 ¢, > 0 — const.

Using Corollary (with £ = 1, z; = n) we obtain

, 12\ /2
MBIz N-1-a MPB+1p N—-1-x)3/4 9 g
@) S < T LM ) P DL
q 1 hi=1 \hs=1
where
Sy = 3 e(fa(m,n)), fa(m,n) ~ hihy(mPz)Ten— 12,

(m,n)eD}(M,N,)

D?(Mer) = {(m,n) € Dl(MtN) l (m)n+hl +h2) € DI(M)Nl))
1<h <¢, i=1,2},
q is given in (*x*), below.

Now we apply Lemma 5 (k = 1,z; = n) and Lemma 1:

I S Adda
S- <<(h1h2)_1/2 (Mﬂz) 2(1+0) (MﬁzN-l-a) 2(1+a) |S3|+
(3) =

-1/2
+ Mg N-1-e [h1h2 (MPz) (MﬂzN‘l‘“)_&&]
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where

14a
3+a

S3 = Z E e(fa(m,n)), fs(m,n) x (hxhz(mﬁz)x_#) 3330 nEs

m~M n~Ng D;(M'Nz)
4) N2 < cohihs (M":!:)“2 N3t2a ca >0 — const.
The sum S3 can be estimated by applying the definition of one-dimensional

exponent pairs, van der Corput’s theorem (see [1]) for summing over m, and
trivially over the variable n:

S3 K
o 1
N3+e e (o N\ R ]
hlhzm (hlhﬂ.«.) hlhzm Mm-EE2e | ppr-ng
T z

+hihy (MP2) ™2 N3+20 M2 (hyhyz= I N2*ap=2-0) /2

(5) & (hyhg)ttlog—2-lo N3+2a+(24a)lo pp1-26=28lo—h 4
1,,3.3 _2 2
+(h1hg)3 M3 t3ig= 3 N2H3e,
Put
) 1
My = (z=3-%0 N4+3a+2lo(2+a))" 0= ,
0 (z ) 386+2(1+8)+2,

(+4) ¢ = [z3+2lo M3B+2l0(148)+21) N—(4+3a+2lo(2+°))] THelo

If M < My, then S; is estimated trivially, while for M > My the sum S, is
estimated by making use of (2)-(5).

So we obtain

Theorem 1. Let z, M, N > 1 be real numbers, (lp, 1) be a one-
dimensional ezponent pair, a # 0,1; B > 1 be real numbers. If the condition

146l
z3+2loM3ﬂ+210(l+ﬂ)+211 N—4—3a—210(2+a) S (MﬂzN-l-a) 2
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is satisfied, then

emP+2 )2 -3 pf98+8,9 \—10-9a)1/8 i
. + M N o f M > M )
Sa,p(M,N)<{(Nq) (‘1 z ) 1 2 Mo
/214812 N -al2 if M < Mo.

If we apply Lemma 4 over m to the sum S3, then we obtain

(6) S3 <

- - 1/2
hih, (Mﬂz) 2 N3+2a)f hihyM1-28z-2N3+2a 1/2 fp-1
< pl/? * ( p ) 2]

p=1

Si= 3 Y el(falm,m)),

m~M1 "~N2

fa(m,n) % plhyhy) 35 o n e m
Dy

where M; < M, D}* C D}(M, N,).

We have
%% Do'f'., p(hyha) ¥55s o 35w n 38 m3s =2 <

4

< c;,p(hlhz)z‘lN“"M'z'p =z,

< cqpz N~ MP-1 = 2,

Obviously, z2 > 1.
If z; > 1 then for f4(m,n) the conditions in Definition 2 (for k = 2) are
satisfied and we have for every exponent pair (lo,{;) of dimension 2:

(7 Sa € (n122)°(MiN2)' ™1 <
< pzlo (hlhz)l-l-lo—hz—z"-zh N(3+2a)+lo—(3+2a)l, M(l-—zﬁ)-slo—(l—zﬂ)'l .

If z; < 1, then we apply the lemma of van der Corput to the inner sum Ss over
m:

Ss < (1 + p-%(hlh,)f%z%N-l-%M%H) hihy (MP2) ™% N3+2% &
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(8) < p¥(hihg) iz INZHE oM 2TE
Hence, from (5)—(6)

Sy & pZIo(hlhz)lHo—hz-2+211N(3+2a)(1-l,)+loM(l—25)(l~ll)-310+

9) +p 3 (hihg)dzmIN P M
Put

p= ((hlhz)lx—loz—ﬂx N(3-+:2a)1,—IOM(l_zp)Il,’_a,o) 7;1,1; .

We must guarantee the fulfilment of the inequality p < M. Since h; < g,
ha < ¢, the condition p < M is satisfied whenever

(10) q< (zzz.N-(a+za)u—zoM(za-1)1,+1-z.,) Hoen) ‘

Put

(11) @ = (3211N—(a+2a)1,+10M1+(zﬂ-1)1,-10)?(E'E'_oi ’
0= (z3+610—2hN—a(1+2l°)-(3+20)ll+lo M3p(1+2lo)+(2p—1)l1+3lo) Euree ’
q3 =

—_—
(zs+101°-21,N-(e+5a)(1+21°)—(3+2a)z,+lu M(sp—1)(1+210)+(1-2p)1,+3:.,) T1+2slg-30;

q= min (41, q2, 493, (zMN-a)l/z) .
Now from (1)—(6), (9) we obtain

N-1-apf1+8 (14a
S, < _‘”_qﬁz_ + 2 Ap 130/ N2 1o M N,

Thus we have

Theorem 2. Let z, M, N be positive numbers, M < N < z'/3, and (lo, 1)
be an ezponent pair of dimension 2. Then

Sa,ﬂ(My N) <<
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z3N-3 M5

7 + 2 MANT-T log(MN) + 23 M-S N4,

<

where ¢ is defined in (11).
We shall prove the following

Theorem 3. Let (lp,11), (Lo, L1) be ezponent pairs of dimension 2 and
3, respectively. Then

$11(M,N) <M%zAN~¥¢ " min (¢, MiziN-T)+
+M3ZIN-1g7% 4 (M2 202N~ %¢%)%,

where

q= min (91: q92, 43, (zMN-a)l/z) ’

q = (M#&zu—uo-mh N—22-26Lo+34L1) TS¥30Lo-31L;

)

Q2 = (M13+14Lo—IGL;z10+12Lo—12L1N—19-22Lo+32L1)m ,

gs = (MYzb2N=b)"

by =4 —9lg — 31, + (2 — 12l — 4l;) Lo — (10 — 6l — 2,)L,,

by =2(1—1lo— 1,)(3+4Lo—2L,) + (1 —6Ly),

b3 = (6 — Tlp — Tl)(3 + 4Lo — 2Ly) + (4 + 2Lo — 22L,),
bo' = (5+1o —511)(3+4Lo — 2L1) + (3+2Lo + 7Ly),

a1 = 44+ (62 + 12lp + 4l,)Lo — (22 + 6lp + 21;) L,,

a2 = 17+ (24 + 8lo + 21y) Lo — (6 + 4lo + 4l1) L,

a3 = 50+ (70 + 28lo + 2811)Lo — 14(1 + I + 1)L,

ag = 6+ (6 + 4lg — 201,) Lo + (5 — 2lo + 101,) Ly,
ag' = 8(3 +4Lo — 2Ly).

Proof. For the sake of convenience we shall introduce special notations:

(o) The sum
Y D elf(m,n)

m~M n~N

will be written as

Y elf),  P{f(m,n); M,N}.
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(B) Let
A%i B ... A¥» B Ak» B Ako

y z T yyzz

be the result of transforming S by ko times applying A with respect to the
variable z, then applying B with respect to z, then applying k; times the
transformation A with respect to y, and so on, according to the notation
proceeding from right to left.

Now consider the trigonometric sum

SsaM,N) =Y e(f),  P{f(m,m)="5; M,N}.

Then
B S31(M, N)
n
gives
(12) S2.1(M,N) € (Mz)~3N?(|S1| + M log z)
where

Si=e(h) P {almn) 2 (mapouts; w0},

aMz

Dy C{M; <m<2M;; Ny <n<2M}, M;=M, N, = N3O T const.
Next, applying A2 S; we obtain
n
1/2
M2zN-3 (M2zN-3)3/4
13 S R
) Si<—p p E_(:q max, ||
hlﬂzqu/’

where
Sy = Ec(fz), P {fz(hz,m, n) 1’3 hyhg(mz)!/2n=4/3; Mz,Nz} ,
2

DYC Dy, My=M;, Ny=N;; q<(MzN73)/?
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(¢ is a parameter to be chosen to our advantage). After application

B S,

n
we have
(14) Sy < (h1Hy)™ 3 (Mz)3 N=5(|Ss| + M H;log z)
where

Sa=Y e(fs), P {fa(hz,m,") ;':; (h1hy)? (mz)¥nt; Ma,Na},

D3 C {M3 < m < 2Mj3, N3 < n<2N3}, M3 = Mz, N3 = czhy Hy(Mz)"2N".
Now A S3 gives
m

1/2
h HzM_lz—2N7 h1H2M-l:—2N7 1/2
(15) Ss< — 2,,1/2 4 (f i ) Yosd)
p<p

where

Sa=)_e(fs), P {f4(h2, m,n) ;’3, p(h1h2)* 2 Tm=8/Tn/7; M, N4} )
3

My =Mz, Ny= N3, p< M (the value of p is given later).
Next, B S4 gives
m
(16) Ss < (phyHy) 3 M2z3 N2 (1Ss| + hiH}(Mz)"2N7 logz)

where
So= T elfe) P {falha,mm) § GTHmEznt) Mo, N

D4C{M5Sm52M5’ N5S"S2N5})
Ms < caphyHoz 7'M 3N* N5 = N.

Now if h; and H, are such that

(I) hiH, < (Mz)?N™7,
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then N5 < 1, and we can estimate the sum S trivially
(17) SS <K H2M1

whence . .
Sy <h*H}Miz3iN"S

follows. So the contribution to S; of that hy, H; for which the condition (I) is
satisfied, is less than

1/2

2. N —-313/4
< MzNT) max  (hVUHYAMSAIANS) | <
q i< Ha<¢?

1>

¢V/2<h HaS(Mz)2N=T

17/8,.9/8 Nr—=7/2 1/2
(18) < M Sg2I°N max Z h1-1/4H;/4 <
q Hagg? \ <q
12>

qV/3<h H3< M3z3N -7

M19/8511/8 \r—35/8
q

min (q1/4, (M%’N"')l/‘) _
Now suppose
(I1) hiHy > M2z*N77.
If Ms = phyHz7'M~3N* « 1, then
Ss < HaNs < hy H3(Mz)~2N7

holds obviously.

The contribution in Sy of such p, hq, Hy, for which M5 < 1 is satisfied is
less than
< Mhilegnz‘s’stp“/z.

The contribution in S3 of them is

thZM—lz—2N7 1/2
(e,
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1/2
(19) x ( Z hi/2H§/2Mz—3/2N5p—l/2) <

p<min(p, 7' H;'zM3N~-+)

hfli/4H27/4z-7/4N6

<
p1/2

min (pl/“, hf1/4H{lzI/‘M3/4N'l)
and hence the contribution in S,

h:/4H;/4M3/2;.—1/4N
pl/2

) < min (p'/4, b7 H 12/ AMON ).

Since p may depend on h;, Hj, the contribution in S;, S2:1(M,N) will be
defined after the choice of p.

If M4y > 1 we have
(I11) p> M 3N"*hIHL.

The conditions (II), (III) imply N5 > 1, Ms > 1. We have

%% E ((h1112)3:571'9m6p7)l/13 >zN3p>1,
(21) % ;’% ((h1ho)en*m~ ") > M > 1,

% ;'3: ((hlhg)shglzn“msf)l“a < cM~2N*z " hyp.
Hence if
(Iv) p> hi'zMAN™4,

then the sum Ss is estimated by a method of 3-dimensional exponent pairs,

and in the opposite case by a method of 2-dimensional exponent pairs over m,

n and trivially over h;. Then the contribution in Sy is less than
(hiM~*Np*)Lo(h2H,M 323N p)t=Lr if p> hT'zM?N~4,

(22) (zMpN~2)e(h2HZM 3z 3NYp)-!r if p<h'zMIN~*

Next, the contribution in S3

hyHZM~1z-2N7

(23) < T
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1/2

h H2ZM-1z-2N7 1/2
# (RERC N Y s Y s <

AT zM3IN-4<p<p p<hylzM3IN-4

—1.— 1/2
<& (h1H22Mp11: 2N7) {h‘ lle IIM—“+-n+'” N°'3'n‘1”1 y

x o =S (hoigp N =) R L (M1

+hy ¢ Hy, * MTATNTT

3+3Lg 4L 5-6L)  _3_Lg4SL; _ 9+Lg—11L; =—546L; 3+4Ln-2L1}
4 p 4

Let

p= (h1-1—2Lo+4L1H;1+6L1M4+2Lo—loL,zl—GL,N-4—2Lo+22L1) 3FLo-3Ly .

Then, the contribution in S3 can be estimated by

(24)

thgM‘lz—2N7 L+ i‘*_‘q;‘x ..L"’T“.LMS-Q-M:-Hl N- 4+1lg+1l, . 1+mg+ml '
p1/2 2

<

The contribution in S, is less than

hi/2H2/2M1/22-1/2N2 .

(25) e

1
—144l;
14 h—1+lo—hH 2 M3+3lo+11N—4 710—71121+Zlo+2h]

The general contribution in Sj, provided that the condition (II) is satisfied

< max

M%N‘a + (MzzN-3)3/4
H3<q?

[thjM%z—%N
q'/? q

1/2
hi<gq p

h Hg>max(ql/2 M32z3N-T7)

1/4 1/2 1;3/2 -
min le M3 / +h1/ Hz/ M2y 1/2N2.
? thsz; p1/2

1/2
. (1 + hl_;ﬂgn-—"‘ H;.l.i“_'LMs-fsl’n-l, N_4+'ng+-nl x, ,,’ 2 )]1/2} / <
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M2zN-3  (M2zN-3)/*
+ X

26 <
(26) 7 p

{ Z (qM9/8+hi/4qa/2M1/4t-1/4N+hiﬂj—'lq.s-:l. it lathy o Todmy )
hi1<q

(M2+L.,-5L,zl—eL,N—4—2Lo+22L,)mru.%zm}1/2 M2zN-3
. << —

h}+2L°-4L‘q2—2L1 q1/2

+ (qa+2Lo-7L1MM‘—gL‘"'I-x17+24L.,—sLlN-so-70Lo+14L.) SEHL=T)

+ (q12+14Lg—13L,M35+50Lo—16L1z14+20Lo-4L,N-38—54Lo+6L,)?(§mtT:T.T$ +

141g-51 343Lg+7L 4431941, 443Lg-5L; g +3ly 1-6L,
+q 8 + 8(3+4Lg-3L;) M 0 T 8(3+44Lg-3L,y) z 8 T8(3+4Lo-3L,) x

Tig+Tly + —4-3Lg+$33L,
- 8 8(3+4Lo-3L,)

xN

Now successively equating summand (I) (the right in (26)) with summands (II),
(IIT), (IV), respectively, we define q1, g2, ¢3 (see the statement of the theorem).

Let
¢ = min(q1, ¢2, g3, z}/2M2N-3/2),

Then from (12), (18) and (26) we find

S2,1(M,N) < (M*®z° N~1°¢~8 min(¢?, M‘z‘N'“))% +
+(M31:N'2q'1)1/2 + (Ma,zagN—aaqu)ao.

This completes the proof of our theorem.

By using similar arguments, we can prove

Theorem 4. Let a;, a; > 1 be positive numbers and let (lp,l;) be an
ezponent pair of dimension 3. Then for

2 Q—Sai
M< Ql/Sz—3/5 H NJ 3
j=1

we have

m~M n

1

-,

mI
8( ay a:) <<TN11-GIN21-02(3M)—1+
N; n, n,
3

-



236 P.D. Varbanec

. o 2 3—a,
Ny TN @ M) 4 e A SQIA T N
j=1

where

2 De=n)
T - z6+l7’o+3’| M10+25lo+7h Q6+2llo—6h H Nﬁ) ,
J

j=1
ﬂj = (60’]' — 2)(1 + 310) + (Saj - 5)11 + (1 - aj)lo, i1=12

2
Q = min (JSM H N;xj_%, ma'x(erQZ)a ma.x(Qa,Q4)) ’

j=1
Py
2 T
Q= (zM*:‘ II Nf""“‘) ,
j=1
q 3
j=1

2 ) \o'+'3_f'a o—6lp

Qa = 210+3llo—81, M14+47'o—711 H N]J
j=1

v = (2aj - 1)(6 + 1810) + (5 - 80j)11 - (l - aj)lo, (] = 1,2),

92 $F30lp—6l;
- - 85
Q4 - (313-{»4010 8l M11+3810 7l H NjJ ,

j=1

6j = (130,‘ -8)(1+3l)+(5— 80:,-)11 -(1- a,-)Io, (j=1,2).

4. Some applications

We shall say that the multiplicative function belongs to the class M, if

f(n) = 3 ®(d) holds with a suitable multiplicative function ®(n).
d3|n
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Theorem. Let f(n) € Ma, such that ®(n) < n'~¢, ¢ > 0 be arbitrarily
small. Then

Z f(n ) = hz: Q(") +0 ((hl/2 + z% 2196) 1( <2= l (")l)

z<n<z+h

In particular, for f(n) = p*(n) we have

Z u(n) = -6—2h + O(hY?) + O(z°219%),
z<n<z+h ”

This result is an improvement of estimate of an error term in asymptotic
formula for the number of the squarefree integers in a short interval (z, z + hj
(see [4], [6], [10]). It should be mentioned here that in 1991 M. Filaseta and
O. Trifonov proved that there exists a constant ¢ > 0 such that the interval

(z, z+ cz? log ] contains a squarefree number for every large z.
Proof of the theorem. From [10] we have

27 Z f(n) = hiq’T(;llﬁ-O(héF(z%)) +
z<n<z+h n=1
g z 2} LALE
0 (F(:c ) n:é”w (\/;) ) +0 (F( ) ng;/aw (nz) )

where
F(u) =max |®(n)|.
n<u

Lemma 6 with the exponent pair (lp,l;) = (:13—(1)-, %3) implies

(28) dSoow (\/‘) < 2941 & 702196

n<zl/3

Next

IRTERI @

n<zl/3

o)

n~

> ()

max
X,<N<X, x,<1v<=x/=

) log z.
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For N < X; we apply Lemma 6:

ZW( C) < N%ah 4 N r ¥ < N2z} 4 N¥z#
n~N

9 19
(we take (lp,l;) = (%, 6

apply Theorem 3 with

) which can be found in [11]). For N € [X,, X;] we

We have

g= MBI BN-G

Hence
SQ,I(M) N) <

<<(M.‘E)_%N2 (Mzai'%ﬁzlli‘ﬁ?N L+ +M¢913«91N .91)<<
{ M1,8699z0,9269N—2.7482 if M > 2,'—1 0458N3 9145 _ MO
<

M 1,2475,0,2760 pr—0,3116 if M < M,.

Then applying Lemma 7 we find

%o () < L (i

+X
A

2
(29) + Mo?l?'fXSA ( ) } log“z <

< (Mg'247530'2760N_0'3116+ % + A0'8699£0'9269N_2'7482) 10g2:|: &

> 3 e (3)

m~Mn~N

> e (5)

m~M n~N

0,0172 770,6571 0,4957 A7 —1,0045
Lz N +z N .

For N € [X2,z!/3] we apply Theorem 2. We take (lp,l;) = (22—530, 25—:0) as it

was chosen by Srinivasan [5). Then we have

(30) E v ( ) « 70:32934 \r-0,35685 (for N > _,co,a)'
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Now we choose
X, = g%27547 Xy = 2030785

From (28)-(30) we obtain

(31) Yo (%) < 02196,

n<z1/3

Now by (28) and (31) we finish the proof of the theorem.

The Theorems 1-4 can be used for studying other problems of statistical
number theory.
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