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ON ANALYTIC SOLUTIONS
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Abstract. In this work it is proved that under certain conditions the
solutions f of the functional equation

ft) = Zc.-f(g.-(t,y))

are analytic.

As stated is Aczél’s classical book [1] regularity is very important in the
theory and practice of functional equations. A regularity problem of functional
equations with two variables can be formulated as follows (see Aczél [2] and
Jarai [4]):

Problem. Let T and Z be open subsets of R* and R™, respectively, and
let D be an open subset of T x T. Let f : T — 2, g;: D - T (i=1,2,...,n)
and h: D x Z**! — Z be functions. Suppose that

(1)  f(t) = ht,y, f(¥), f(91(t,¥)), - -, f(gn(t, ¥))) whenever (t,y) € D;

(2) h is analytic;
(3) g is analytic and for each ¢t € T there exists a y for which (t,y) € D and

—(,)%(t,y) has rank s (i =1,2,...,n).
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Is it true that every f, which is measurable or has the Baire property is
analytic?

The following steps may be used:
(I) Measurability implies continuity.
(II) Almost open solutions are continuous.
(III) Continuous solutions are locally Lipschitz.
(IV) Locally Lipschitz solutions are continuously differentiable.

(V) All p times continuously differentiable solutions are p+1 times continuously
differentiable.

(VI) Infinitely many times differentiable solutions are analytic.

The complete answer to this problem seems to be unknown. The problems
coresponding to (I), (II), (IV) and (V) are solved in Jarai [4] . In the same paper
partial results in connection with (III) are treated. The papers Jarai [6] and
[7] deal with locally Hélder continuous solutions proving that a locally Holder
continuous solution with some exponent 0 < a < 1 is locally Holder continuous
with all exponents 0 < a < 1, too. Papers Jarai [8] and [9] contain results
proving locally Lipschitz property for continuous solutions and - under weaker
additional conditions - for continuours real solutions having locally bounded
variation. Some additional results can be found in Jérai [5] (in Hungarian).

In this paper a “C*® solutions are analytic”-type theorem will be proved.
We remark, that the paper of Pales [10] also contains a theorem of this type,
where the author proves for a general functional equation that the solutions
are analytic except isolated singular points. The proof of Pales uses a general
method, which is (in principle) applicable to reduce functional equations with
two variables to differential equations. The present result shows that the
solutions are analytic everywhere, but we use stronger hypotheses.

We will use some basic properties of analytic functions. All these results
can be found in Federer [3]. The following lemma can also be found there, but
in a different formulation.

Lemma. If the real functions f and g are p times differentiable in the
point t and z = g(t), respectively, then

d=e P aj;
&) FUeo0= ¥ izl H( Zo)

a€S(p) j=l1

where the sum is taken for the set S(p) of all sequences a having p nonnegative

terms such that
P
Ejaj =p;
j=1
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moreover the coefficients e, are positive integers depending only on a. If A
and B are nonnegative real numbers, then

|4
(2) > eaB=(Sa) [](4751)* = APp!B(B + 1P
a€S(p) j=1

Proof. (1) can be proved easily by induction with respect to p. To prove
(2) let us consider the functions

At
and B
z
f(z) = 1- Bz’
Then

ABt
(fog)(t) = T-A(B T I

and the derivatives are easy to calculate. Applying (1) for these functions in
point ¢ = 0 we get the statement.

Theorem. Suppose, that the unknown function f :]a,b[— R satisfies the
functional equation

n

1) F(O) =) cif(git,y))  forall t,y€la,b],

i=1
where the ¢; € R (i = 1,2,...,n), the functions
gi :Ja,b[x]a,b[—=]a,b[ (i=1,2,...,n)

are given, and the following conditions are satisfied:
(2) 9i(t,y) is between t and y whenevert,y €la, b;
(3) gi is analytic and

g
W%;(”y)l < APp!

whenever t,y €]a,b[ and p =1,2,..., with some constant 0 < A < 1;

(4) for all t €la,b[ and p = 1,2,...,n the mapping y — gi(t,y) of
]a, [ into ]a,d[ is strictly monotone, and the function g;, for which the
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mapping ¢ — Gi(t,z) is the inverse of the mapping y — gi(t,y), is twice

continuously differentiable on its domain.

Then every infinitely many times differentsable solution f of (1) is analytic
on Ja, b.

Proof. We will prove that if [c,d] is a compact subinterval of ]a, b, then
there exists a real constant 0 < B < 00, such that

(8) dt, (t) B! (p=1,2,..)

for all t € [c,d]. Hence f is analytic on ]c, d[, and the same is true for ]a, b|.
df

at
the existence of such a B is trivial, because it is continuous. Let us differentiate

. dr
p times both sides of equation (1). Then F{(t) is on the left side, while the

right side is the linear combination of partial derivatives of terms f(gi(t,))
with respect to t. Now we are going to estimate such a term, for simplicity
omitting the subscnpt i. By the precedmg lemma such a partial derivative has
the form

To get the estimation (5) we will use induction with respect to p. For —

®  Trewm= Y el ))H( 22w)

a€S(p)

where S(p) is the set of all sequences a having p nonnegative terms such that

14
Y jai =p,
i=t

and the coefficients e, are nonnegative integers.

Let us integrate both sides of the equation (6) with respect to y from ¢ to
d. Then the left side has the form

2L (ey(a~

and the right side is a linear combination of terms of type

d .
Y L y))H( 21,10) do
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In each of these terms let us introduce a new variable with the substitution
z = g(t,y). Then we get

9(¢,d)
§%a p & it
s(te) 7=

By the differentiability of integrals with respect to the limits, and by the
theorem concerning differentiability of parametric integrals with respect to the
parameter, expression (8) is differentiable with respect to ¢, and its derivative
18

3:35( )5 (H (B20.50.0) " Zt,0))aet
9(tc)

Yo P 1 aj
©) ‘jgf (ot d))H(%f—(t,w,g(t,d)))) %9 4.t ) 2, d)-

i c))_l'[ (Zewstee.m)” Lot N0

We will get an upper bound to the absolute value of this expression in the
following way:

Since g; is twice continuously differentiable on its domain, there exists a
constant 1 < E < 0o, such that on the compact set

H = {(t,g(t, y)) (ty€ [c!dl}

we have
g—g(t,z) <E if (t,z)eH,
ot
Bal<e i waek,

<2E? if (t,z)€H.

%y

2 (t,2)
Hence we get the following upper estimate for the second and the third terms
in (9):

(10) BZ*(Za)! fI(Af N EA.
j=1
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The estimation of the integral is more difficult. If we take the derivative of the
last term in the parenthesis with respect to ¢, then the upper estimate is

(11) [T y287,

ji=1

and if we take the derivative of the j-th term, then the upper estimate is

(12) EJJ(A* sty a;(A iy AT+ + D(E+1) =
s#j

= AE(E + 1)(j + 1)o; f[(A’s!)"'.

s=1

Hence the total upper estimate for the integral is

(13) ﬁBEa(Ea)!f‘[(A’s!)"' (2E'“’+AE(E+1)§_:(J'+1)GJ') <

s=1

8E%p 54 d ,
<T—.B (Za)! (A8,

s=1

Summing up for a € S(p), and using the lemma above, the upper estimate for
all terms originated from a term f(g;(t,y)) is

8E P pre 2 s a
(14) Z T B (Za) Ha?sh> =
aGS(p) s=1

2
P aPplB(B + 17~ < dSEcA"(B+1)"(p+1)!.

8E2p
T d-
Finally, summing up for ¢, we have that

(15) |G| < A+ 1pe+1)

E n
253 lal< B+ 1)
=1

for all t € [c, d], if

2
ZSE

and B> ——.
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Hence it is proved thet f is analytic on ]e, d[.

Corollary. Under the conditions of the theorem above, every solution f
which is Lebesgue measurable or has the property of Baire is analytic.

Proof. Theorems in Jarai [4] imply that f is infinitely many times
differentiable. The theorem above implies that f is analytic.
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