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1. Introduction

Let N, R denote the set of natural, real numbers, resp. Let Ng = NU {0}.
For a real number z let {z} be the fractional part of z. We shall write e(z)

instead of e2™. 3" denotes summation over the prime numbers, 7(z) is the
P
number of primes up to z.

Let us fix an integer ¢ > 2 and let A = {0,1,...,¢9—1}. Then each n € Ng
can be uniquely written as

(1.1) n=Y a(n)g, a(m)eA (r=01,.)

r=0

log n
log ¢

Let £k € N, F; : A¥ — R be a function satisfying the condition
Fr(0,...,0) =0, and let

In fact, a,(n) = 0 if r >

(1.2) a(n) := Y Fi(aj(n), aj41(n), .., aj+x-1(n))-

j=0

a(n) is a generalization of the sum of digit function.
Let

1
M .= Yy Z Fk(bo,-n,bk—l)-

q by €A
0 k
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It is well-known that

_ o log n
(1.3) a(n)=(1+ (1))Mlog p

holds for n — o0, neglecting a set of integers having zero density. (1.3) can
be obtained by the following purely probabilistic argument. Let Q@ = Qn =
={n |0 < n < ¢V}, Ay the set of all subsets of Qn, and P = Py be the

measure defined by Pny(A) = q—iv—ﬂ(A), VA € A. Then aj(n) (j=0,...,N-1)

. 1
are random variables with the distribution Pyx(a;(n) =b) = —, furthermore
q

they are independent. Let

N-k
al(n) = E Fk(aj(n), aj+1(n), ey a,-+k_1(n)).
j=0

The mean value of ©; := E(aj(n),...,aj4k-1(n))— M is 0. Thus the variance
of @;(n) — M(N — k + 1) can be written as

E((a1(n) - M(N — k+1))*) = ) E(6;,0;,).
J1.da
Since ©;, and ©j, are independent if | j, — j2 |> k, and E(©;) = 0, we obtain
that the right hand side is less than <« N. Since a(n) — a;(n) is bounded,

1
= 3 (a(n)=M NP <N
q n<gN

follows.

(1.3) is an immediate consequence of this inequality. OQur purpose in this
paper is to prove that (1.3) remains valid on subsequences of integers like
polynomial values, or polynomial values at prime places.

Theorem. Let P(z) = ¢;z" + ... + ¢co be a polynomial with integer
coefficients taking on positive values for z > 0, such that (¢,,q) = 1. Then

(1.4) Z (a(P(n)) - Mr108 z)Z Lzlog z
' = log ¢ ’
log z 2
(15 5 (atPen - MriZE) < x(a)os =,

p<rz
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where the constant, implied by < may depend on Fi, and p runs over the sel
of primes.

The proof is based upon the theorems of I.M. Vinogradov and L.K. Hua
for trigonometric sums and on the theorem of Erd6s-Turan for the discrepancy
of sequences mod 1.

Acknowledgement. The author is indebted to I. Kétai for suggesting
the problem.

2. Auxiliary results:

2.1. The discrepancy Dy of the real numbers z,, ...,z is defined by
1 N
sup | Z 1-(8-a)|,
{zn)€l,8)

where the supremum is taken for all interval [a,3) C [0,1]. Let sy(h) :=

1 N
== Z e(hz;).
N I=1

Lemma 1. (Erdés-Turan [1]) We have

1
Dy<e| ¥ 3lsv®1],

0<h<M
M
1 | sn(h) |
< —_ ——
Dy <se (M + ;.z—l h

for any positive integer M. c is an absolute constant.

2.2. Let f(:c):%x'+a1;vr_l+...+a,., aj ER(j=1,...,7), UV be

coprime integers,

T:=Y e(f(p), Y =) elf(n).

p<X n<X
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Lemma 2. (Hua [2], Theorem 10 and Lemma 6.2). Assume that
(log X)° <V < X"(log X)~7 holds with some 0 > 2°7. Let op := 0-275" — 1.
Then

| T |< e(r)X(log X)™7°, |Y |<e(r)X(log X)™%°,

where ¢(r) is a constant that depends only on r.

2.3. Let B=1bg+big+... +br_1¢*"1, b; € A, and pp(z) be a periodic
function mod 1, defined in [0,1) by

1 if:cE(-gk )
¢8(2) =19 1 1fz—£orz—B
2 &

0 otherwise.

The Fourier-expansion of ¢g(z) has the following form:

ep(z) = E em(B)e(mz),
m=-00
1 e(-2¢)
= L (5)-1]
Let 0 < A < L
2¢%’
a2
fe(z) = / ep(z +2)dz = E dn(B)e(mz).
—-A/2 m=-o
By an easy computation we have
_ 1 _ e(p) —e(-2p)
(2.2) dm(B) =0 if m=0(mod ¢*) and m #0,

furthermore that

(2.3) | dm(B) |< min( L 1/—A).

nlm|’ wm?
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It is clear that 0 < fg(z) < 1 for every z and that
1 ifze [g-+A, E;—L——l—A],
0 ifze0,1)\ [q—k—A, q—k+A].

3. Proof of the theorem

3.1. If (1.4), (1.5) are valid for F,fl), F,Ez), then they are also true for

F.=d; F,fl) + sz,"‘), where d;,d; are arbitrary constants. Consequently, it is
enough to prove them for the special functions

1 if (eo, .- .,eg_l) = (bo, e ,bk—l),
(31) Fk(eo,...,ek_l) =

0 otherwise.
We assume that F} is of form (3.1). Let B = by + big+ ... +bp_1¢*"1.
log X
log ¢
max P(n) < ¢N*4. Let t; = [V/N], t2 = N — [V/N]. Let us write P(n) in
n

the form

32. Let X > q, N = [ ], d be such an integer for which

(3.3) P(n) = ) 4 IDgtt 4 (D gts

where 0 < I, < ¢, 0 < IV < gta=t1, 0 < 1Y < ¢V+4-12. Since a(P(n)) =

= a(ls,o)) + a(ls.l)) + a(l&z)) + O(1), and a(ls,o)), a(ls,z)) < VN, therefore it is
enough to prove that

2
(3.1) E=Y (a(ls,l))— tzq;,f‘) < X log X,
n<X
2
(3.2) F:=Y" <a(1},1)) - t—’;—“—) < 7(X)log X.

p<X
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We shall prove only (3.2), the proof of (3.1) is almost the same.
3.3. Let R,,(z) be the number of primes p < X satisfying (am(P(p)), Ce
am+k_1(P(p))) = (bo,b1,...,bk-1), and Rpm, m,(z) be the number of those

primes p < X for which (am,.(P(p)), ey am..+k_1(P(p))) = (bo, ..., bk-1) (1 =
= 1, 2) simultaneously hold.
It is clear that

ty—1

(3.3) A=) a(N)= )" Rn(z),

psx m=t,;

ta—1
(34) C:=) a(I(P)= > Rmm(z)+2- 3 R, m, ()

p<X m=t, t1<m;<my<ta—t;
and that
ty—t ty —11)?

(3.5) F=0-24 2qk 1) 4 2,,2::1) 7(X).

3.4. A prime p is counted in R,,(z) if and only if the g-ary expansion of
P(p) is of the form
P(p) = u+¢™ B +vg™**,

where 0 < u < ¢™, v>0,ie. if

P(p) B B+1
zp:{q’"“}e[«l_"’ q* )

Applying Lemma 1 to the sequence z, (p < X), we obtain

(3.6) Rm(X) = 22 4 AL (X),

where

Am(X) < %—) +7(X) Y
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Let M = (log X)!°, and observe that the leading coefficient of the polynomial

hP
(n) . 1s a rational number
q m+k qm

exp (%ﬁ) <V < X"exp (—%\/N)

rk the reduced form % of which satisfies

for every large X. Consequently the condition of Lemma 2 is satisfied with an
arbitrary o, and so with ¢ = 12-2%7, say. Hence A, (X) < 7(X)- (log X)~19,
and

), r(X)(t — 1)
(38) A= qk (tz t1)+0( (log X)IO )

3.5. Let us evaluate now Ry, m,(X) under the condition t; < m; <
<m1+k§m2§t2-—t1.

We start from the formula

Renyma(X) =Y 8 (qu)k) ¥B (q—,’ié’l—),‘) ,

p<X

where ¢p is defined in section (2.3). Then

69 Rmm(0)= 3 1o (5 o ey +0

p<X

P
where ¥ is the number of primes p for which at least one of {qmgl-:— )k } U=

= 1,2) belongs to the set

B B B+1 B+1
[Z-a Zea|u[Brt-a 2y,

By using Lemmas 1,2 arguing as in 3.4 for the choice A = (log X)~1°

obtain that
Y= O(w(X)(log X)"“’).

By using the Fourier-expansion of fg, the sum on the right hand side of (3.9)
can be written as

(3'10) Z Z d’ll(B)dh:(B)Th\.hﬂ
hy= =

-00 -
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where

(3.11) Thona= 9 ¢ ((q:j“ + F'}%T) P(p)) :

p<X

The leading coefficient of the polynomial in the exponent in (3.11) is
hy hs
Dy on, = (W + W) Cr.
c,U k
Let Dy, p, = v (¢;U,V) = 1. If ¢*|h; and h; # 0, then dy,(B) = 0. Hence
(3.-10) equals to
d(B)Too+ Y,  dn(B)do(B)Th,o+ ),  do(B)dn,(B)Ton,+

hy#0 (mod ¢*) h2#0 (mod ¢*)

(3.12) + S du,(B)dn,(B)Th, s

h1£0 (mod ¢*) hy#0 (mod g*)

Let the prime decomposition of ¢ = = ...«¢*. If h1g™* =™ + hy
= 0 (mod r;’k) holds for j = 1,...,t, then ¢¥|hs. Thus for h # 0 (mod ¢*
we have V > min(w;‘(m’—k), .. .,wf'(m’_k)), consequently V > q"/ﬁ with a

suitable constant é which depends only on ¢q. Applying Lemma 2, hence we
obtain that the last sum in (3.12) is less than

«iBs( T 1mm).

h#0 (mod ¢k)

N—

For hy = 0, hy # 0 (mod ¢*) and for h, = 0, h; # 0 (mod ¢*), similarly
m(X)

we have T’u,o’ To'hl < (log X)lo’

consequently (3.12) equals to

2
"q(ff) +0 (—l% (1+2Z | dn(B) |)

A>1
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From (2.2) we have
2
(1 +2_ | dn(B) I) < (loglog X)*.
h>1

Collecting our inequalities we obtain

(3.13) Ry my(X) = ”;z{) +0 ((1:5()2)9) '

Since R, m,(X) < 7(X), the contribution of the choices m; < m; <
<m;+k—1toCisO((tz — t;)m(X)), thus

c= (‘zq—‘zfl)fw(X) +0(r(X)(t2 — t1)).

Hence, from (3.5) and (3.8) we get immediately that
F < n(X)log X.

This proves (3.2). By this the proof of (1.5) is completed.
4. Corollary

Let P be a polynomial satisfying the condition stated in Theorem. Then,
for every fixed € > 0,

1
Eﬁ{ns_X log ¢

(a(P(n)) - Mrlog X‘ > (log X)1/2+’} — 0,

L
7(X)

(a(P(p)) — M7 X’ > (log X)1/2+f} - 0.

<
{p‘x log ¢
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