Annales Univ. Sci. Budapest., Sect. Comp. 13 (1992) 47-62

SPLINE APPROXIMATION FOR SYSTEM OF
n-th ORDER NONLINEAR ORDINARY
DIFFERENTIAL EQUATIONS III.

M.N. Abou El-Ela (Ismailia, Egypt)

Abstract. A spline method for approximating solution of system of nonlinear
ordinary differential equations
n i i
:cg- ) = fitt,z1, 2, 2Y, ... &m, T, i), 1:;. )(to) = :t;-_%,

where f; € C([0,1] x R®),5=1,2,...,mand i = 0(1)n — 1 is presented.

Errors of the method are estimated.

1. Introduction

Consider the following system of first order differential equations

¥ = filz,y,2), 0
ZI = fQ(I,y,Z), Z(O)

where f1, fo € C([0, B] x R?) and satisfy the Lipschitz condition:

Yo
20

(1.1)

]

| fi(zayl;zl) - fi(-"-',yz,zz) I< A{I n-y2 |+ | 2z — 22 |},V(3,y1y21),
(z,y2,22) €[0,B] x R* and i=1,2.

Micula [2,3] has found approximate solutions for the Cauchy problem (1.1) which
are polynomial splines of degree m. He also discussed the existence and uniqueness
of the approximate solution and the convergence of spline approximation to the
exact solution as h — 0.

J. Gydrvari [1] has used modified Lacunary spline functions of type (0,2,3)
for finding an approximate solution for the following Cauchy problem:

(1.2) ¥'(z) = f(z,y(2),¥'(2)), ¥(0) =yo, y'(O) =y, z€[0,1],
where f(z,y,¥') € C3([0, 1] x R?), that is y(z) € C3([0, 1]), and

I f(q)(z)yl)yll) - f(q)(z’y2)y,2) |S L{l Y2 — W |+ | yIZ - yll |}) q= 01 1v2)3-
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Th. Fawzy and Samia Soliman [4-6] have discussed a spline method for finding the
approximate solution of the two systems of n-th order nonlinear ordinary differential
equations:

v™ = filz,y,2), ¥ (z0) = o,
2(M) = fo(z, v, 2), z(i)(zo) = z(()'),

(1.3)

where fi, f2 € C([0,1] x R?), f1,f2€ C7([0,1] x R?), i =0(1)n - I;

¥ = filz,y,,2,7), ¥ (x0) = 4,

)

(1.4) - '
2 = f2(zyy) y',z,z'), z(')(l‘o) — z(()l ’

where f;, fo € C([0,1] x R*Y), fi,f2 € C"([0,1] x R*),i = 0(1)n — 1. They also
proved the stability of the method.

In this paper, we introduce a method for approximating the solution of the
system of nonlinear ordinary differential equations of n-th order:

(1.5) zg-") = fi(t,z1, 21, 2Y, ..., Zm, T, Th)s zgi)(to) = zg-f(),,

where f; € C([0,1] x R?™), j=1,2,...,mand i =0(1)n - 1.

The method introduced here is a one-step method O(h"**) in z(li)(t), zgi)(t),
.,zg,',)(t), where i = 0(1)nand 0 < a < 1.

2. Description of the method

Our method is to use spline functions, which are not necessarily polynomial
splines, for approximating the solution {z;(t) : j = 1,2,...,m} of the system of
differential equations in consideration on the interval [0, 1]. These spline functions
will be denoted by S; a(t), where j =1,2,...,m and A is the mesh point

A10=t0<t1<...<tk<tk+1<...<t]v:1

and
k41 — e = h < 1, Vk:O(l)N—l.

Let L; be the Lipschitz constants satisfied by the functions f;, i.e.,

| fit,zr, 2,27, . zm, 2, zin) — Fi(6 X0, XL, XYy Xy X0 X2 |<
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2 m
(2.1) <L,~Z(Z|z§")—x}”’|>
p=0 \j=1
V(t,zy, 2,2, . zm, z, z). (8, X1, X1, XYooy Xomy Xy X0 €
(2.2) €[0,1] x R®™

and j=1,2,...,m
Then, we define the spline functions approximating the solution {z;(t) : j =
1,2,...,m} by S; a(t), where

Sjo(t), to<t<ty,
(23) Sj,A(t) =

Sik(t), te St<tegr,k=1(1N - L
Sj,a(t) is given by the following expression

t an—l

n—1
Sio)= 3 oS-t + [ oo [ 1;(0n,210000)
=0 H A
(2.4) n-times

3 (00), 215" 0n), - 20 (0n), (00, 2055 (0) ) b1,

t On_1
,k(t)-Ee. S YECRICEYN Y O I (NP
tx tx
(2.5) n-times
1E-1(0), ST3Z1(0n), -+, S k-1(0n), Sk -1(6n), Spk=1(0n )) .- dby,
where
1
(26) 5o =Y 75500 — 1)’

=0
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[} 01!—2
- 1 .
=50 = Z[. 00—t + [ [ 4 (e 2100n-)
t‘o to

n-1 times
(2.7)
2,1.:0(9"—1) 3”‘ (Bn 1): e m 0(011 1)) Tm 0(0n 1) -’17”'l (071—1)) dgn—l .. .d01,
] 9-—3
uuu 1 (e42 -
” (6) = Z[I 53-) tO)l+/~~~ / fi (9n—2,1'1,0(0n—2)»
to to
n-2 times
(2.8)

270(0n-2), 275 (On-2), - -, Z5 0(Bn-2), 2770 (On-2), Zp o (B - 2))d9n 2...db;.

Also,

1
e-1(0) = E z,S,“ﬁ ()0 — te) + ;!‘fj (tkysl,k—l(tk)y

{=0

(2.9) S1a_1(tr), ST ko1 ()s - Smok—1(tk), Sy k1 (), S:Q,k—l(tk))(g—tk)",

n—-2 ] 011—2
L l'
SARORD BE T va {(RICETA PR I 1 CNE RO
=0 i e
(2.10) n-1 times

Tk-1(0n-1), STk_1(0n-1), .- -, S k=1 (6n-1), S k=1 (Bn-1), :::,k—l(eﬂ'l))'

dbp_1...dby,
n-3 1 [ On_3
T [4 T
10 = ¥ SO -+ [ [ (00057510,
£=0 r e
(2.11) n-2 times

1k-100n-2), ST¥_1(0n=2), .-, Spl i —1(Bn=2), S 1 (Bn-2),
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S:,’,j;_l(a,,_z)) d6n_s .. .db;.

By this construction it is clear that S; a(t) € C"~1[0,1],j = 1,2,...,m. Also,
we need the following definitions:

Definition 2.1. Let A = [a;;] and B = [b;;] be two matrices of the same
order; then we say that A < B iff:

(i) @i and b;; are non-negative numbers;
(i1) a;; < b;; for all ¢, j.

Definition 2.2. Let A = [a;;] be an m x n matrix, then the norm of A is
denoted by || A || and is defined by

n
A= mgXZlaij |
j=1

Definition 2.3. Let f(t) be defined on an interval I and suppose we can find
two positive constants My and a such that

If(tl)—f(tg)IS Mo Itl—tg Ia for all tl,tQEI.
Then f is said to satisfy a Lipschitz condition of order a. The class of such functions
will be designated by Lip Mg.

3. Error estimates

For this purpose it is convenient to write the exact solution {z; : j = 1,2,
.,m} in special forms as follows:

For allt € [to, t1] the exact solution of (1.5) can be written by means of Taylor’s
expansion in the forms:

t [P
1 - .
Z; (t) = Z 7 gt())(t - to + / ce / f] (0,., 2:1‘0(0"), :c'l,o(O,,),
t=0 i 4
(3.1) n times

T (00). - o(0n), 55 0(0n) 25 0n) ) o 0,
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where
Z,0(6) = Ee, 290 - t0)! + —2(E0)(0  to)",
(3.2) &io € (2o, t1),
6 on—Q
1
z770(6) = Zl' (l+1)(0 to)* + / ~/fj(0n-1,51,0(9n—1),
t=0 i A
n-1 times
(3.3)

511,0(071—1)) 5’1’,0(97;—1), LR im,O(on—l)y 55",0(911-1), 5:‘,'0(9,;_1)) dan_l .- .d01,

On_3

Slew 1
#(0) = Zﬂ 240~ to)! + / / 55 (00-2.21 o0-a)
n-2 times
(3.4)
1!1 0(0n 2) :l,'"‘ (0,. 2) m0(0,, 2) Zm 0( n— 2) 1:"' (0"_2))(10"_2...(101.

3.1 Estimation of | X(')(t) (')(t) |

From equations (2.4), (3.1) and applying Lipschitz condition (2.1) we have

on—i— 1

t m
| X{(t) - SE3(t) 1< Ly / . { Y1 X50(6n-i) = X} 0(Bni) | +

to to i=1
(3.1.1) n-i times
m _ m _
3R] Bnmi) = XL Bnms) |+ 3 | KL Brmi) = X5 (Brs) | } dbn_i ...d;.
j=1 i=1

Equations (2.6) and (3.2) at 8 = 6, _; show that
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(3.1.2) |X§f’g(o,._,-)—x§f’3‘( i) < w(X{™,h) | 0ai —to "7,

~(n- p)'
p=0,1,2

where w(X( ) ,h) is the modulus of continuity of the function X( )(t) By using
equations (2 7) (3.3) and (3.1.2) we get:

_ - IT 0 -2~ e
[X(" 0n-2) = X{3 (0n-2)| < mL; "’(")[Zl o

(3.1.3) p=0,1,2

where w(h) = max{w(zg-"), h) : j =1,2,...,m}. Using equations (2.8), (3.4) and
(3.1.3) we get:

| Opi — to |32

Gnoor T

X{5" (Onmsi) = X[ (0n-i)| < mu(R)L; 3 L [
i=1

I 0n—i —t |3n—3 I 0n_‘_ —tg '3n—4 | 0"_'_ —to l3n—5

Grnos) T3 @noay T2 @aosr T
l 0"_‘ _ tO ]3n—6
(3.1.4) +—E3_n_—_6)'_]

Substituting from equations (3.1.2), (3.1.3) and (3.1.4) in equation (3.1.1) and
calculating the integrals we get:

|X}‘)(t)—s('o(t)‘<mL {(2n (iL)[Z T ]+

j=1 r=1
m 2 - - -
h2n-2 Qh2n-3 gh2n—4 oh2n-5
+(J§L") [(4n—2—i)! tan 3= Tm—a= T@m—s-0"
h2n—6 n—i n—i nta—i
(315) +m] }w(h)h2 S /,tJ"ow(h)h,2 = 0(h2 + ),
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where i = 0(1)n,0 < a < 1, and’

m 3

#j'oszj{@ —1)! +ZLJZ(371—1—1‘)'

+(iLj)2[(4n—li—2)! t —21'—3)! t —3;'—4)!+

i=1

*lan —21'— st (4n—li— 6)!]}

is a constant independent of h.
3.2. Estimation of | X;i)(t) - S;tg(t) |

Finally we study the approximations on the general subinterval [tg, tp41], k =
1,...,N — 1. For this purpose, the exact solution of (1.5) can be written in the
following form:

01-1

X(t)_ze' Xt — 1)t / /f, 0, X1 £(6,),

n times
(3.21)  XI%(0), XI5 (6n), -, Kok (B), K12 x(60), X121(60)) dO ... B,
where
1 _(n n
Xjk(8) = Z Z,X(l) — )"+ ;l—!X,( )(&6)(8 = ti)",
(3.2.2) €k € (Lk, tiesr)
] On—2
i%(0) = ZZ,X(HI) tk)l+/--~ / £i (Bn-1, X1,k(8a1),
tx tx
(3.2.3) n-1 times

X;,k(on—l))xi,,k(en—l), .- -,Xm,k(gn—l)v )_(rln,k(on—l); X:rlx,k(on—l))den-l . ~d01,
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[} 07\—3
X/1"(0) = Zf.X““)w—mw / / £ (6n2, X7 4(Bn-2),
T tx
(3.2.4) n-2 times
X' (0n-2), X{%(On=2), ..., X k(Bn-2), Xpm £ (On-2), Xinrt(On—2))dbn_ . ..d6;.

Next, we proceed to prove the convergence. Using equations (2.5), (3.2.1) we

get
n-i—1
i ; 1| (i+t i+
XOw-sio| < 3 g|xXE0 - s o] 1e-n e+
+L/ / {le,k(on )= S5pmtlOn-i) | +
n-i times
m —
+ 301 X (0nmi) = Syi-1(6n- .>|+Z| X3 (Ba-i) = SJ32 (6 .>|}
i=1

(3.2.5) df_;...df;.

Using (2.9) and (3.2.2) we get

l Xi,k( n—!) J k- l(eﬂ—l) l<

(3-26) <Z£, 1 O =i I 4Nt 10 =t I
=0

where
Njn <I XG0 = X1+ 1 £tk Xu, Xo s Xiky oo, Xy X g Xt 1) —

_fJ (tk ) Sl,k—l(tk)y S’l'k_l(tk)) S{”k_l(tk)’ EERE] Sm,k-l(tk),
Smk-1(tk), S k1)) | -
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Applying Lipschitz condition (2.1) for the second term

m
(3.2.7) Nia < w(X™ )+ LY (ej + €k + &),

j=1
where eg'k =| XJ(',Z 51(2—1 | is the estimated error of XJ(',Z at any point t; €
[0,1],=0,1,2.

Using (3.2.7) in (3.2.6)

n-p-1

_ . 1 +
|X;lpk)(0n i S(P) 1(01‘1 -1 l E ZI 5 k P) I on—i - tk |[ +
L=0

1 ¢ L n—
+(n —) [w(X,(n), h)+ L; Z(ej,k + €k + ej,lc)] | 6n—i —te |"7P,
’ j=1

(3.2.8) p=0,12.

From (2.10), (3.2.3) and (3.2.8) we have

| X5 (Bams) = S (Ba-i) 1< E 7 [0~ |+

2 n—g-1 m
z Z 1
(3:29) i [ ( (+n-p) egf:"))] | 6pi — ti |“477P +

9=0

—t |2n-P—q

Lj[mw(h) +ZL E(e,,k+m+e:k Zlo(Q;l—P 9!

p=0,1,2
From (2.11), (3.2.4) and (3.2.9) we have:

| ""(0" ') _ "“'(0,,._,) |< E a 5!:—2) Ion—i —t |[ +

2 n—g-1 m
1 (¢+9) t4n-2
+L:'Z{ > (£+n—_2)!26,-,k | 0n-i —ti | +
i=1

¢=0 {=0
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m 4 2 q- m
+L"EL"E{Z 2 (e+2n e PILN q}'|9n-i—tk [+2nr 4

=1 r=2 Y ¢=0 (=0 i=1

1

(3.2.10) +L; Y Li{mw(h) + > Li Y (ej e + 65 + €.6)} X
j=1 ij=1 j=1
[Bnmi =t 772 200noi =t P22 3]0 —ts [0
(3n - 2)! (3n - 3)! (3n —4)!
2 I 911—:' _ tlc |3n—5 071—:’ _ tk |3n—6
(3n — 5)! (3n — 6)!

Substituting from (3.2.8), (3.2.9) and (3.2.10) in (3.2.5)

Oy < S~ L G0y httn—
SUOEDY 7Gx b +L,Z Z [(€+n—t)'

=0 ¢=0 (=0

m 2 : m . m
htt2n—i-r pl+3n—i-r (t+9)

+§Ljrz:(f+2n—l—r (J_z::lL’) Z(f+3n—l—r)|]zej,k +

h2n i

(3.2.11) +L; ,Z;L ]El(ejk+ejk+ej Nt
m 3 p3n—i-r m 2 pin—i-2 9pan—i-3
L.
Z: X; Gnoi—1) (; ’) ((4n—i—2)!+(4n—i—3)!+
3h4n—z—4 2h4n—i—5 h4n-i—6

+

.. 2n—1i
@n—i—4)  @n—i=5)  @n—i- 6)!] +Ci jw(h)h™ ",

where

1 1 - 1
Cij =mL; [(2—,,:,—)| +; Bn-i- r)!j;Lj + ((4n ) T

+n —2i —5 @ _31- ot @ —21' 5t @ —11 = 6)') (i“ﬂ

is a constant independent of h and i = 0(1)n -1, j=1,2,...,m
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Hence, the inequality (3.2.11) can be written in general form as

m n—1
(3212) eg')(t) < Z (Z ij,,"tegl’l) + C'i,j‘w(h)hzn_i,

j=1 “¢=0

where i =0(1)n—1,and j=1,2,...,m.

(1+gj5,.h . if j :z andi=1¢
g;.7,i,tht™* if j=jandi<?
Qi5is= ‘Ij,},i,lhn_' if j=j3,i>¢and£=0,1,2
Jjit= gj 54"t "2 i j=j,i>fand £>3
45,7,i,th"™* if j#jandf£=0,1,2

g 7ih"t"2 if j#£jand€>3

If we use the definition 2.1 and since h < 1, from the inequality (3.2.12),

e (t) M Myy.. M :T,lq'f,z---@'f,m
é2(t) My 1Myy.. .Mz, @31Q%2--- Q2 m
. < . +h . +
ém(t) Mm,le,Z . --Mm,m _:n,lQ:nJ . "Q_:n,m Em,k
Cy
+w(h)hm+ | F
Cr
where
e;(t) €k Co,j
€;(t) . €k n Ch
ej(t) = . y €5k = : ) C; = .
& (1) e Cn-1j
457,00 957,01 q57,0n-1
_ ;31,0 9711 971,n-1 L=
;,;: JJ. ]J. JJ.n V],]:1,2, ,ym
9iin-10 9iin-1,1 9in-1n-1
and
1 0 0 0 0 0
0 1 o . o0 o ..
Mi;=1. . | i=g M=, . : if j#7.
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Then
(3.2.13) E(t) < (I + hQ)Ex + w(h)h"*1C,
where _
E(t) = (e1(t) e(t) ... ém(t))T,
Ee= &1k 2k - emp)T,
C=(CicC; ...Co)T

Q is the (mn x mn) matrix whose elements are constants independent of h, I is

the mn-th order unit matrix and C' is the (mn x 1) matrix whose elements are
constants independent of h.

By using definition 2.2 of the matrix norm
(3.2.14) IE@ IS A+hIQINNE: | +wh)h™ + | C .
Since (3.2.13) is valid for all ¢ € [ti,tx+1], then the following inequalities hold true:

I E@) < A+hIQID I Ee |l +w(h)h™* | C,
A+hQINENSA+AIQI I Eer [l +(1 + A || Q Nw()A™* || C ),

(A+hIQIN* Il Ee-1 1<
SO+AIQIP N Exaz | +(1+ A (1 Q ) w(R)™ | C,

(L+h|QINEI B
SA+h QI | Eoll +(1 + A || Q [N rw(h)h™ || C || .

Then, from these inequalities, and noting that || Eo ||= 0, we get

k
| Et) IS w(h)h™ | C I Y (1+hIIQIN =

{=0
Cwe Lt ame 1< wgel CHT 1 Loy
=il ia e nn @t - n<wome L[ (14 L an) -]
(3.2.15) < w(h)h" Ic ”(e“Q" -1).
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I Et) 1< mw(h)h,

where p; = i (e"Q" — 1) is a constant independent of h. Thus, by using the
definition 2.3, we get

(3.2.16) e (t) < pw(h)h™ = O(h"+),
where i=0(1)n—1, j=1,2,..., mand 0 < a < I.
3. Estimation of | X(™(t) — S{7(1) |

From (2.5), (3.2.1), (3.2.8), (3.2.9) and (3.2.10), we get

o) ™ (1) - s e Y ht+n-r
O=XP0-sROILY Y [F+1LY ey
¢=0 (=0 ’ j=1 r=1
m ht+2n r m l+ m m
+(ZL") Z(e+2n_r)'] GVl L D (et
ij=1 j=1 j=1 j=1

s el Bt (B0 (5

2h3"_3 3h3n—4 2h3n—5 hSn-—G

tGa=3) T Ba=a) T Bn=s) T Bu=o)

)J + Cn jw(h)h™,

where

2 3 2 1
t e TG0 T Bros) T Bn- 6)!)]

is a constant independent of h.
By using (3.2.16), the inequality (3.3.1) becomes

(3.3.2) e (1) < pajw(h)h™ = O(h+),

where j = 1,2,...,n and 2 ; is a constant independent of h.
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Thus, we have proved the following

Theorem 3.1 Let S; a(t) be the approrimate solulions lo the ezact ones
Xj(t),j = 1,2,...,m of the problem (1.5) given by equations (2.3)-(2.5) and let
f; € C([to,tn] x R®™),j = 1,2,...,m. Then, for allt € [to,t1], we have

| X{0(t) - S{3 1< wj ow(h)h?~,
=0()n and j=1,2,...,m and

w.o=mLf{(2—nl_—m+i“(inlr—Tn)+

i=1 r=

+(.iLj)2[(4n—li—2)' (4n—1—3)' 4n—1—4)'

i=1

(
i —21' 5 T @n—i- 6)']}
k=

ts a constant independent of h, and for allt € [tg,tr41],

1(1)N — 1 we have
| X () - S{A(e) 1< pw(h)hm,

where i = 0(1)n, 7 =1,2,...,m and p = max{p,p2j : j = 1(1)m} is a constant
independent of h.
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