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Many papers are devoted to the study of the Sturm-Liouville
equation by the corresponding difference equations, see [1-6]. In
[1-3] the authors investigate the convergence and the speed of
convergence in the class of smooth coefficients for special systems
of nodes. In [4-5] homogeneous difference schemes are used for
the solutions of Sturm-Liouville equations in the class Q(™) of
singular /i.e. not continuous/ coefficients.

In the present paper we investigate the approximation of Sturm-
Liouville equations by difference equations /local error and con-
vergence/. We shall use some result of V.A. II’in and 1. Joé [9-11].

1. Local error of approximation
1.1. Local error for the equation

—u” + q(x)u=Au A>0 (1)
in case of equidistant nodes.

Consider the Sturm-Liouville problem (1) on an interval G /finite
or not/. Suppose that

q € L*(G).

*Some results of this paper are published in [15] without
proofs.
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As a solution we consider v € L?(G) such that v and uw' are
absolutely continuous on G and (1) holds a.e. on G. Let h > 0
be the distance of nodes and approximate the equation (1) by the
difference equation

—y:. +d(z)y = Ay (2)

where

Yz = [y(z + k) + y(z - k) - 2y(z)] /A

d(2) = % / la(z+2) + g(z — )] (h — t)at. (3)

Here and in what follows we use the notation of the books [7-8].
Let

Lu:=—u" +qu — \u

and the corresponding difference equation

Au := —y,, +dy — Ay.

Theorem 1 [12]

If the above conditions hold, then the difference operator A
approximates the operator L on the first degree for the solutions
of (1). In other words,

Lu =0 = Au = 0(h).
If moreover q € Lipl, then

Lu = 0 = Au = 0(h?).
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For the proof we need
Lemma 1 ([9],[11])

Let G be a finite interval and ¢ € L' (G), then (for complex

eigenvalues \)

4 llee @ < e(l+ | ImVA ) [ |l a,

| |le=(e)< e+ | VX)) || = ().

We shall also use the Titchmarsh formula

u(z + k) + u(z — h)
2

= u(z)cosVAh—

z+h

—ii / a(€)u(&)sinV/A(| z — € | —h)d¢

if z+h € G and A #0: for A =0 the limit equality

u(z + h) + u(z — h)

5 = u(z)—
-3 [ d@u©e0z-¢1-mae

holds. We shall deal only with the case A # 0.
By the Titchmarsh formula (6)

Uz, = [u(z + k) + u(z — h) — 2u(z)]/h* =

(4)

(5)

(7)
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cos\/’ih— 1 / a(€)u(é) 8t'n\/x(l/zx’;f | —h) d¢

z—h

= 2u(z)
hence

cosVAh—1+2h?/2
h2

—Au = u,, — du + Au = 2u(z)

(8)

siny/A(t — h) — VA(t — h) dt
vk

_ / la(z+t)u(z+1)+q(z—t)u(z—1)]

t

- /[q(z +t)(u(z +t) — u(z)) — ¢(z — t)(u(z) — u(z —t))] ’;hdt

=:Il +Ig +I3.

It is easy to see that

| I [< eA*h? | u(2) | (9
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h

[(/Rtp el llem oonnn <

[

c
L |<
B 1< 7

(10)

< cAh? || u ||L"‘°(z-—h.z+h) .

Using the fact that

z<é <z+t

u(ztt) —u(z) =tw(§:) for some { r—-t<é <z

we obtain by (5) that

| I |<

(z-t,z+1) At <
(11)

<e(1+ VAR || 4 ]lee(emnzsn)

so the first statement of Theorem 1 is proved.
To show the second one, rewrite I, in the form

h=— / VA(t~ R)lgz+ ) (&) - alz - o (€-)]dt =

(z)]dt
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- [ e (e )iato) - oo -

- [ s ) - wie

0

By (1) we have

| w(és) —w(é) [Sh|lu |[oo(@-naeen<

<ch(14+A) || v|lee(z-h,2+h)
and hence

h

| I |< C/h(l +A)dt- || u |l= (z-nzem <

0

(12)

ST+ AR || u|loe@mnzen) -

Theorem 1 is completely proved.

1.2 Local error estimate for the equation —u"” + qu = Au
with non-equidistant nodes.

In this point we approximate (1) by the difference equation

—Yr: +dy = Ay (13)

where



ON STURM-LIOUVILLE DIFFERENCE... 141

2 [y(z+h+) ~y(z) y(z) —y(z—h-)

Yoz = TR h, h_ ’
hy
d(z) = —2 i/ (z+8)(hy — t)dt+
=k +h |h, JT* *
(4]
(14)
. h_
+h—/q(z-—t)(h_ —t)dt],
- 0
z+h,,z—h_ €G.
We have
Theorem 2

The difference operator A := —y,; + dy — Ay approximates L
on the first degree for the solutions of (1),

Lu=0=>Au=0(h), h:=maz{h,,h_}.

Proof
We need the asymmetric Titchmarsh formulae

siny/Ah,

u(z + hy) = u(z)cosVAh, + w(z) \/X

(15)
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sm\/_( hy)
- [ atu( Rt
_ sm\/_h
u(z — h_) = u(z)cosVAh_ — w(z) I
f sinV/A(z — € —h_)
—/ a(€)u() e
Hence
u(z+hy) —u(z) u(z )cos\/_h+ - w(z )sm\/_h+
hy - h, vV Ak,

- [q(z +t)u(z +t) Sim/jgh: h+)dt,

0

u(z — h_) —u(z) _ u(z)cos\/xh_ -1 w(z )sm\/_h
h_ h_ VAh_
_ / a(z - t)u(z - 1) Si”‘/jghj h-) gy
and then
2 cos\/Xh+ — 1+ Ah% /2
du+Au—h++h {u(z)[ ™
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cosy/Ah_ — 1+ Ah2 /2 siny/Ah,  sinv/Ah_
+ + v (z) - —
h_ VAh, VAh_

—/q(z+t)u(z+t)

0

siny/A(t —hy) — VAt — he) gy
vk,

- fq(z+t)[u(:z:+t) - u(z)]%dt—

0

h_

B - t\ulz — sin\/X(t—h_)—\/X(t—h_) 3
0/ a(z — tyu(z — 1) e dt
0/ oz~ Ou(z — 1) - u(@)] Y2 dt} _
2

= m{.ﬂ +Iz +13+I4 +j3 +I:}
+ -

We know that

| I |< eA?R® | u(z) |,

| L |< c,\;‘;‘,ZM

\/X ’
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c

VAh,

| I |<

[[\/X(’h —t)]Pdt- || v || (z,2484) <

SR || u ||z (z4ni)

| I; |S cAh® ” u ||L°°(=—h_.,=)’

h

o [ 1w(e) 14VA(h, e <

| I, |<

< 1+ VAR ||t [[m emsny)s

| T 1< e+ VAR || |z omn_se -

The above estimates prove Theorem 2.

1.3 Local error of the approximation of the equation

—(p(x)u’) + q(x)u = Au.

We consider the eigenfunctions of the above selfadjoint Sturm-
Liouville operator with singular coefficient on a finite interval

(a,b). Let z, € (a,b) be fixed and suppose that

0 < a<p(z) € C*a,zo], 0<pP<p;(z)€ C?[z0,b)

0 (z) € C(a,z0], ¢:(z) € C[z0,b)
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and

p(z) := {Pl (z) z<z

p2(z) z > zo,

(z) <z
9(=) :z{gzﬁz; z> x.

A function v # 0 is an eigenfuction with the eigenvalue A > 0 if

u(z) € Cla,b],C"[a, z,],C"[z0,b],C?(a, o), C?(z0,b)

further

—(pv) +qu=Au if a<z<z

(16)
—(pow') + qzu = Au if o<z <b
finally if the derivatives satisfy
p1(z)w (2o — 0) = p;(z)w (o +0). (17)

We apply the following non-equidistant difference scheme

2
tae T sz(xo)h+ +Vph (-’Eo)h—

VP2 (2o + 0a(h+)) (u(z0 + 02 (h4)) — (o))
h

+ \/Pl (zo — 01(h-))(u(zo — 01(h-)) — u(z.))
h_ b
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where the functions g, (), 02 (t) are defined for t > 0 by

zo+Qa(t)

- )
/ o ==t (18)

zo—01(t) Zo

The Titchmarsh type formula we shall use here is essentially given
in [10]. Namely consider the function

-j;-sin\/X( f \/;—’ - h+) o <Z S Zo + 02 (h+),
w(z) := o
f;sinﬁ(fﬁ—h_) o — 0, (h ) <z < z,.

Then we have

24/pa(=)

() T
_mcos\/x(zf 7:=1 —h_).

T cosVA([ gz —ha)

(pw) = -Aw + (19)

Twofold integration by parts gives

zo+e3(hy)
[(pw)u - (pu) w] = [pawu — pww]iste*+) =

Zo

= \/Pz (zo + 02 (h+))u(zo + o (hy )) ~ VP2 (zo)u(zo)cosﬁh+ -

sinVAh,
\/X ’

—p2 (zo)u' (zo + 0)
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[(pw')'u' - (pu‘)‘w] = [plw'u - plwu']::-“(h_) =
zo—e1(h-)
= Vp (zo — 01 (h-))u(zo — 01 (h-)) — Vpu (zo)u(zo)cos\/Xh_ +

91 (o) (0 — 0)%.

Taking into account (19), (17) and the equality —Au — (puw') =
—qu we obtain that

2

V P2 (zo)h+ +Vvph (zo)h- -

(20)

Uz =

.{p2 (zo)w (zo +0) [Si:l/\x/;jh sm\/—h_ ] + VP2 (Zo ) u(zo)-

VAh, —1— Ah2 2 —_— cosV/Ah_ —1— Ah? /2
.cos + h / pl (zo)u(zo) h /
+ -

—,\u(a:o)[ pz(zo)'hzi'*‘ Pl(-"’O)%]

zo+ea(hs) sin\/X(j' \/l—,_h*“)
_ / ¢ (2)u(z) NI dz

zo sinﬁ(?#—h_)
- / a1 (z)u(z) :/Xh_ dz

30—01("-)
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zo+e3(h+)

+7ll: / [u(:z:)cos\/X(Jni \/Lﬁ - h+) - u(zo)] zp—:*’(a-:l_dx

pz(z)

Zo

_% / [u(z)co.n/_ / —t h - u(zo)] ;mp—\/%dx

zo—e1(h-)

Define now the difference analogon of the potential ¢ by

1 zo+ea(hy)
d(z {— / q:\T
)= e G e ]
[ 1
—h )dz+
(fZ
1 Zo Zo
+— T h)d:z:}
v/ ()(/\/ﬁ
zo—@1(h-) z
Theorem 3
Let

Lu := —(pw) + qu — Au
Au:= —u,; +du — Au.

Suppose further that p; (z,)p, (zo) < 0. Then in the discontinuity
point z, we have an approximation of first degree:
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Lu =0=> Au(z,) = 0(k), h:=maz{h,,h_},
whenever we chose h, ,h_ satisfying
b, P2 L, Plm) (21)

V P2 (zo) v (-’l?o)

Proof ‘
From (20) we get the equality

Up; —du+ Au =

2
:V P2 (xo)h-f +Vh (%)h—

'{P2 (zo)w (zo + 0) [s£f/\{§f+ — si:z/_;/ffz_ ]+

- cosvV/Ah, — 1+ Mh2 /2
+u(zo)[\/’ P2(Z0) + 5 2/ +
‘ +

cos\V/Ah_ — 1+ \h2 /2] 3
h_

+vps (-'50)

ea(hy)

— / ¢z (zo + t)u(zo +1)

zot+t zo+t

sin/A( ,f 7= —he) = VX( ,f 7~ he)
VAh,

dt—
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e1(h-)

- [ al-tut -1

0

sinvA( f A —h)- ,\(zo}_ot\—/%—h-)

dt—
VAh_
zo+t
ea(hy) f \/“ —h,
— [ @m0 +)ulzo +1) — u(zo)| St
. +
e1(h-) _ot \/lp_l—h_
_ / (20 — )[u(zo — t) — u(zo)| =2 — dt+
/ _
1 ea(hy) ( + )
P, (Zo
+— / — " u(z +tcos\/_
h+ 4 2\/p2(zo +t)[ ( ° )
zo+t
1
—— —h,) —u(z,)]|dt—
(/ \/p—z +) ( 0)]
e1(h-)

_ / 1 pi(zo—t)
J h_ 2 P, (2o — t)

Zo

+ u(zo — t)cosV/A( / \/T—h ) — t(zo)]dt =

Io—t
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{(L+L+ L+ L+ L+ 1+ I+ 1)

2
o VP2 (Zo)hy + v/Pi(Z0)h-

From the expansions of sinz and cosz we see that with the
notation

K :=[zo — 01(h-),Z0 + 02(h+ )]

we have

| I |[<e(A+1)*7%R? | u || (k)

| I |< eA?R® | u(zo) | -

Now if h is small enough then the segment K is not too close
to the boundary points a and b, hence =,¢ = 1,2 are bounded

vpi?
from below and then

zo+ea(hy) 1
h, = / 2> cea(h+),

h_ = / 1 > co,(h-).

zo—e1(h-)

Using this we see that

| Is |< eAhZ oz (hy) || ||loe (x) <

< el || u L= (x),
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| Iy |< eMh2 oy (h-) || w [lo= (k)<

<cAh® | u o (x) -

By (5) we get then

| I, || 1, |< "(1‘*'\/'“’—"2 | wllo=(x) -

To estimate I; we take a decomposition of the integrand:

zo+t
ea(hy) cos\/X( f \/;—, —h,)-1
| u(zo + t) p'z (-'Bo + t) Zo
2 pg(xo + t) h’+

dt |<
< eAR? || u|p= k),

ea(hy)

[ o+ - ageo(FREEL B ) L

2v/p2(z0 +1)  2¢/pa(z0) / P+

0

<e(1+ MR || u||z=(x)

which shows that

ea(hy)

[u(zo +¢) — u(zo)]—”'ﬁﬂdt <

2/ p2(zo)

“5—3»:

0
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< e(L+ MR || u o) -

Analogously

e1(h-)

|f5+% / [u(zo — t) — u(zo)) \/idug

0

<e(1+A)R? || u L= (x) -
We know that

| w20 +1) — u(zo) — tu'(zo +0) |< ef? || = ()<

S’ (14+2) | ullz=(x),

hence

ea(hy)

L AC) w (zo + 0)tdt |<
hy 2 ) 2] (xo)

| Is -

<e(1+ XA || u [l (k)
and analogously

e1(h-)

L AC) w (zo — O)tdt |<

| I; -
° h_ 2 Pl(zo)

<c(L+ AR || u L= ) -
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We have
ea(hy)
1 02 (hy) 1
hy = = +0(h?),
p VP2 pa(zo) ~
Lo R ,
ea(ha )P = Mg (zo) + 0B,
consequently

' x _
I Is - h+ M‘pg (Io)u' (zo + 0) |S C(l + A)h«2 ” u ”L"’(K)
44/p2(z0)

and analogously

a . T
| Iy — h_ _1’1_(_0_)__,,1 (zo)w (zo —0) [< e(1+ A)R? || v |lo= (k)

4\/ D1 (-’50)

SO

Pa() o, (%)

Pz(zo) 2\/1’1(330) |S

<e(l+MNR? | u e (x)

| Is + Is — p; (2o)w (zo + 0) | ks

holds if (17) is true. Hence we have to choose the pairs h, , h_ such
hat that (21) holds and this is ensured whenever p;, (z,)p; (zo) < 0.
The above estimates prove Theorem 3.

_2. Inhomogeneous Sturm-Liouville difference equation

—u’+qu="f
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with boundary conditions.

2.1 Difference approximation for equidistant nodes. Con-
sider the following boundary value problem

—u +qu, = A u, 0<z<l1
(22)
©,(0) =u,(1)=0
with ¢ € C[0,1]. It is known that in this case the eigenfunctions
()., form complete othonormal system in L?(0, 1), the eigen-

values A, are real and tend to +o0o. If we add a positive constant
to ¢ we can ensure that

An 2 15
we shall suppose it. Consider further the equation
—u +qu=f
(23)
u(0) =u(1) =0
and its difference analogon

—Yz. +dy = f,zx €Ew, :={z; =1th,0< i < N} (24)

Yo = Yn, h=ﬁ

where y,, and d are defined as in Theorem 1. We shall prove
Theorem 4
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Let f € C?[0,1],—f" + qf € C?[0,1],0 = f(0) = f(1) =
(—=f+4¢f)(0) =(—f"+qf)(1). Define the operators Lu : —u" +
qu— f,Au := —u,, +du— f. Now if u, u’ are absolutely continuous
and u(0) = u(1) = 0, then

Lu = 0 = maz.¢., | Au(z) |= 0(h).

If, in additon, ¢ € Lipl then

Lu =0 = maz,c., | Au(z) |= 0(R?).

Proof
Condsider the expansion of f(z):

)
= E Cnlln

n=1

Here

en = (fyua) = (f, ZETIy = poy g, 3,

'I n

It is known from the spectral theory of the Schrédinger operators

[16] that the expansion of —f" + ¢f is uniformly convergent on
[0,1], hence

Y Aleal|<oo]. (25)
n=1

Define the function

v Y

n=1

>0
-3 Ia



ON STURM-LIOUVILLE DIFFERENCE... 157

By (25) this sum converges uniformly (cf.(4)), hence u(0) = u(1) =
0. The series

2
converges also uniformly and twofold derivation gives that
P Ppu
and hence u is the /unique/ solution of (23). Now

Au(z) = —u,, +du—f = Up)ze+

+3 ua(z)d(z) Z
o C,
=) 1 [ (Wn)2z + d(z)un () = Aaua ()]
We apply here the estimates given in proving Theorem 1 to obtain
nc}ax|Au.(:1: |<cZ (/\2h2+\/ Anh) < ch.

If ¢ € Lipl then

max | Au(z) [<c Z —"/\2h2 < ch®.

ZE Wy A

Theorem 4 is proved.
Remark
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We can also formulate the analogon of Theorem 4 for non-
equidistant point system using the estimates of Theorem 2.

2.2 Uniform convergence of the solution of the dif-
ference equation (24) to the solution of (23).
In this point we consider the solution y = y, of (24). Define

_ylz+h)—y(z)
yz - h .
We need the following results, representing the difference analogon
of some inclusion theorems of S.L.Soboleff /[8],p. 118, 120./
Lemma 3

If a function y is given on the set
Wy :={z; =th:0< i< N}

and y(0) = y(1) = 0 then

1
lylle< 5 llye] |
where
|y lle:= max | y(z) |,
N H
Ioe] = (sl o= (Y- he2(a0)
i=1
Lemma 4

If the assumptions of Lemma 3 hold, then

h? 1
7 el P<lyP< 2wl

where
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N-1
Iy |l:= (Z vh)'? = e (z).

=1

Now multiply the equality in (24) by y;2 and sum up over wj,
then we get

N-1 N-1 N-1
Z (Yz2)sysh — Z diylh + E fivih =0,
i=1

=1 1=1

or, writing scalar products

(Y22»9) — (,¥°) + (f,y) =0.

Using the difference analogon of the first Green formula /[8],
p.110/ we get

_(yz’yz] - (d’yz) + (f,y) =0

i.e.

%] P +d,9) = (1,9).

Suppose that

d>0, +=1,...,N—-1.

Then by the Cauchy-Schwartz inequality we obtain

lw=]P<Il Fllwll-

By Lemmas 3. and 4. we get

V2 [yl lle<) ve]
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and hence the a priori estimate

1
< —= 26
lvl< ;5 111 (26
holds. Now take the solution u of (23) and consider the difference

z:=u-—y.

It obviously satisfies

Zzs —dz = Uz, — du — Ys, +dy=uu—du+f=—A“

by the terminology of Theorem 4. The estimate (26) and Theorem
4 give that

Iz ]l.< f I Au ||= (k).

So the following statement is proved.
Theorem 5

Suppose the conditions given in Theorem 4 further let ¢(z) >
0,z € [0, 1]. Take the solution u of (23) and y = y, of (24). Then

|'w—wn [le=0(h).

Remark
By Lemma 4 the operator

Ay:=—-y,. +dy 0<d<c

is positive definite, namely

(Ay’y) 2 (yz,yz] =|| yﬂ] Izz 8|ly “2 .
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Further A is also selfadjoint by the second Green formula /[8], p.
110/.
Remark On the application of the Taylor formula.

When approximating differential operators by difference op-
erators, it is useful to use Taylor formulas /[8]/. This method
requires that the functions from the domain of the operators be
very smooth. E.g. for the differential operator Lu = u it is
known that

U — Uy, = _Q_(hg) (27)

whenever u € C*[z — ho,z + ho| and z and h, are fixed ([8], p.
75). By a modified use of the Taylor formula we can prove the
following proposition:

Let
uw € C®[z — ho,z+ ho), u!® € Lipa on [z — ho,z + hol.
Then

u' —u,, = 0(h'°).

If u(®) € Lipl, then we get (27).
Observe that Theorem 1 gives (27) under more weaker smoothness
condition. To prove the proposition, write the Taylor formulas
consisting of four members

u(e +h) = ule) + w (Db + o () o + 0O (6

u(e—h) = (o) - w(Dh+ w(0) e —u (e )2
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with some
€, € (z,z+h), & €(z—h,z).
This gives

_ h“(s) (£+) — u® (&)
6

Uy, —u'(z)

which proves at once the proposition.

We can analogously investigate the case of non-equidistant nodes
where u,; is defined in (14). We can assert:

Let

u € C? and u” € Lipa for some 0< a < 1.

Then

U’ — Upz = g(ha).

Indeed, by the three member Taylor formulas

2

ulzthy) = u(@) + how () + w0 (E), € € (@matha),

2

u(z—h_)=u(z) - h_w(z) + %u"(f_), E_€(z—h_,x)

we get

_ 2 u(z + hy) —u(z) 4 u(z — h-) —u(z)
hy +h_ h, h_

Uz:
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hyu (&) +h_ur(§
_ hyu (fhfih_“ ) _ ), eele,e)

hence

e —w(2) = w () - v (z) = O(A")

as we asserted.

The authors are grateful to the academician A.A. Samarskii and
to professor J. Baldzs for their attention to this work and for their
valuable help and remarks.
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