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SPLINE APPROXIMATIONS FOR SYSTEM
OF SECOND ORDER ORDINARY
DIFFERENTIAL EQUATIONS

IBRAHIM R. AHMED

Abstract. A method for obtaining spline function approxima-

tions for the solution of the system of nonlinear ordinary differential
equations ¥’ = f,(z,y, 2),2" = f(z,y, 2) with y(zo) = ¥o,2(z0) =
zo,y'(:co) = y'o,z'(:zzo) = 2’y is presented. The spline functions
approximating the solutions are polynomial splines. It is a one-step
method O(ha) in y(‘)(:z:) and z(‘)(:z:) where © = 0,1 and 2 and
0 < a<1assuming f;,f; € C.

Description of the method

Consider the following system of nonlinear ordinary differen-
tial equations

(1) y" = fl (z,y,z), y(zo) = Y%, y'(zo) = y’o:

(2) 2" = f,(z,¥,2), 2(zo) = 20, 2'(z0) = 20,

where f;, f2 € C([0,1] x R?).
Let A be the partition

A:0=zy<z;...<2; <Zyp41<...<z, =1
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where z, ., —z, =h <1and k =o(1)n — 1.

Let L, and L, be the Lipschitz constants satisfied by the
functions f, and f, respectively, i.e.,

(3) |filz,y1,21) — fi(Zyy2,22)| < Li{|ys — v2| + |21 — 2|},

(4) |f2(1‘,y1,21) - fz(z,yz,ze)l < Lz{lyx - yzl + |21 - Zzl}

for all (z,y:,2,) and (z,y.,2;) in the domain of definition of f;
and f;.

Then, we define the spline functions approximating the solu-
tion y(z) and 2(z) by S (z) and S, (z) where

(5) Sa(z) =Sk(z), zx Sz < Zpy1, k=0(1)n -1
;md
(6) Sa(z) =8k(z), T <2< 24y, k=0(1)n — 1.

Both S, (z) and S, (z) are given from the following:

Sk(z) =Sk_1(z) + S's-1(zi)(z — zi)+

+ %fl 2k s Sk-1 (), Si- 1 (zi))(z — 24)?

Si(z) =Se—1(ze) + S'x -1 (ze)(z — i)+

8
(8) +%lezkask—x(zk)sgk-l(z")](z—z")z

where k = o(1)n — 1,5_,(zo) = yo and S_,(z,) = 2.
By construction, it is clear that S, (z) € C*[0,1].
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Convergence

We are going to discuss the convergence of these spline ap-
proximants.

For all z € [zx,2x+.],k = o(1)n — 1 the exact solutions of (1)
and (2) can be written - by means of Taylor’s expansion - in the
forms:

© @) =u vz + 5y (6 - %)’
and
(10)  2(z) = 2 + #a(e - ) + 52" (ne)(z — )’

where &,,n, € (zZx,Zx4+1) and k = o(1)n — 1.
First, we estimate |y(z) — S, (z)| where z, < z < z;,.
Using both (7) and (9) for k = 0, we get

1 " "
8(2) = So(2)| = 10" (20) = ¥ Iz — 2o

(11) 2
S Ehzw(y”,h) — O(h2+a)

where w(y", k) is the modulus of continuity of the function y".

Also,we estimate |y’ (z) — S’ (z)| and |y’ (z) — S0 (z)| where
Ty S z S z;.

Using both (7) and (9) for k = 0, we get:

¥'(2) = 80 ()] = [¥" (m0) = ¥"ollz — 20|

" < hw(y",h) = O(h'**)
and
(13) ¥"(2) = S"o(2)] = " (2) = 9"l

<w(y", k) = O(h?)
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In a similar manner, using both (8) and (10) for k¥ = 0 and the
Lipschitz condition (4), it can be shown, for z, < z < z,, that:

(14) 2(2) — Sol(2)| < Zh%w(a",h) = O(h**),
(15) 12(2) — 85(2)| < hw(2",h) = O(R*2)
and

(16) |2"(z) - 8;'(z)| < w(2",h) = O(h")

where w(2", h) is the modulus of continuity of the function 2".

In what follows we deal with the general subinterval
Ik = [Ik,Ik+1], k = l(l)n - 1.
We estimate |y(z) — Sk (z)|.

Using (7), (9) and the Lipschitz condition (3), we get:
(17)
y(z) — Sk ()] < lye — Sk (ze)] + V' — Sk ()| — 2|+

1 -
+ §|y“(£k) - fl[zkask—l(xk)ask—1(zk)Hx — Tg |2
Now let,

U, = y”(fk) - fi [zkysk—l(zk), S'k—l(zk)]-

Then, using the Lipschitz condition (3), we get

Uy <" (&) — v | + [ fi(zx 0, 26) —
"fl[zkask—l(zk),gk—l(zk)”
<w(y'sh) + Li{lye — Se—a (=) |+
+ze — Se-i(z) 1}

(18)
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Using the fact that S, (z),Sa (z) € C*[0,1] and the notations:

e(z) = ly(z) — Sk ()],
ex = |yx — Sk(zk)],

& (z) = |2(z) — Sk ()],
& = |zv — Si(zs)]

(19)

then (18) becomes:
(20) U, < W(y“, h) + L, (Ck + Ek)

Using (17)-(20), we can easily get:
1
(21) e(z) < (1+ coh®)ex + coh®e, + he), + Ehzw(h)

where w(h) = max{w(y",h),w(2",h)} and ¢, = ; L,, is a constant
independent of h.

Similarly, using (8), (10) and the Lipschitz condition (4), we
can show that:

1
(22) €(z) < cih’ex + (1 + ¢1h?)&, + he, + Ehzw(h)

where ¢, = ; L,, is a constant independent of h.

We now estimate |y'(z) — S; (z)|. Thus using (7) and (9), we
get:

¥ (z) = S (@)] < lvk = ey () + |y (&) -

(23) _
- fi [xk,sk—l(zk)a Sk-—1(-’5k)]| . II - Ikl

Using (18) and (19), inequality (23) yields:

(24) ¢'(z) < Lhe, + L h&, + €, + hw(h)
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Similarly, using (8) and (10), we can easily see that:
(25) €(z) < Lyhe, + Ly he, + &, + hw(h)

To complete the convergence proof, we use the matrix inequality
which is given in the following definition:

DEFINITION 1. Let A = [a;;], B = [b;;] be two matrices of
the same order, then we say that A < B iff

(i) both a;; and b;; are nonnegative,
(ii) a;; < b;; Vi,7.
According to this definition and if we use the matrix nota-
tions:
E(z) = (e(z) &(z) €'(z) & ()"
E, = (ex & ¢, &)

we can write the estimations (21), (22), (24) and (25) in the form:

(26) E(z) < (I + hA)E; + hw(h)B
6 ¢ 1 0 z
¢, ¢ 0 1 N
where L, L, 0 0] B = 3
L, L, 0 0 1

and I is the identity matrix of order 4.
Now, we give the following definition of the matrix norm.
DEFINITION 2. Let T = [t;;] be a mxn matrix, then we

define || T ||= max ) |t,;|
=1

Using this definition, we get
(27) | E(z) ||= max(e(z) &(z) €'(z) &(z))

Since (26) is valid for all z € [z,,2x4,], k = o(1)n — 1, then the
following inequalities hold true:
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I E() | <@+h|Al)I Ee || +hw(r) || B
A+r[ANNEN<@+R] AN || Eeen |l +
+ho(h) [ Bl (1+R][ A])
A+R AN I By | <Q+A[TAN || Bey || +
+hw(h) | Bl (L+h] All)?

(T+h[ AN 1B <@Q+R] AN B || +
+hw(h) | Bl (1+h| Al

Adding R.H.S. and L.H.S. of these inequalities and noting that
| Eo ||= 0, we get:

(28) I E(z) [|< e;w(R)

where ¢, = ;— (el4!l — 1), is a constant independent of h.

Al
By definition (27), we get

(29) el (z) < c,w(h) = O(h*), t=0,1
and
(30) e (z) < cow(h) = O(h*), i=0,1.

We now estimate |y"(z) — S} (z)].
Using (7) and the Lipschitz condition (3), we get:

lv" () — 8¢ (2)] = ¥ (z) — fulzk, Sk-1(24), Si-1 (2]

(1) w(y",h) + Ly (ex + &)

Now, using (29) and (30), we get:

(32) e"(z) < caw(h) = O(h*)
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where ¢; = 1+ 2L, c,, is a constant independent of h.

In a similar manner, using (4), (8), (29) and (30), we can
easily get:

&' (z) = ["(z) — S (2)| < caw(h) = O(h%)

where ¢, =1+ 2L,c¢,, is a constant independent of h.
Thus, we have proved the following theorem:

Theorem. Let S, (z) and S, (z) be the approzimate solu-
tions to problem (1)-(2) given by equations (7)-(8), and let f,, f, €
C([zo,zn] X R?).

Then, for all z € [z,,z,] we have:
v (z) — S\ ()| < ech*‘w(h), i=0,1,2
and .
|2 (z) — 8! (z)| < Kh*‘w(h), i=0,1,2

and for all z € [z,,z44,], k =1(1)n — 1 we have:
ly¥) (z) — 8 (z)| < e*w(h), i=0,1,2

and .
120)(z) — 8 (2)| < K*w(k), 1=0,1,2

where ¢, K,c* and K* are constants independent of h.
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