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AN IDENTIFICATION PROBLEM OF
DISTRIBUTED PARAMETER SYSTEMS

ABDUL SAMEE ABDUL RAZZAK AL-JANABI

In (1] we have investigated the identification of an age-specific
population growth model. For the model see also [2]. In paper [3]
the identification with respect to f of a more general system

du + (0, u,f) + gu=h,

u(to,z) = k(z)

with a Volterra type observation has been studied.

In this paper we shall consider the general case ,i. e. we
shall deal with the simultaneous identification of the system with
respect to f and g. For the exact formulation of the problem let
neN,TeR,,a,b€R (a <0< b)and consider the sets

0:={¢,rz¢:tel0,T], rel0,T),
z € [a,b], € € [0, z]},
1, :=[0,T] X [a,b).

For £=0,1,2... denote by C*(f1),C*(f,) and C*[0,T] the space

of £ times deiiferentiable real-valued functions on the respective
domains. For the unknow function

(t,z) = ult,z) ((¢t,z) € Qo)
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we consider the equations

ou+ fo,u+gu=~h

(1) u(.,z) = k(:z:) (.‘17 € [a" b])

where f,g,h € C?*(Qy), k € C?[0,T] are given.

The solutions of the system (1) will be observed by the ob-
servation operator O defined as fallows:

t z
@) (0.)(t, z) := / /K(t.r,z, €)u(r, £)dédr+
0 0
+ Ko(t, z)u(t, z),
where the functions
K:0-R ,K;,:N1—=R
and their derivatives :
3133K:Q—+R, alagKo :no—’R

are also continuous.

Our objective is the simultaneous identification of the system
(1) with respect to f and g. The inhomogeneous part h of the
equation (1) can be changed. Thus we can suppose that the func-

tions h,,h,,...,h, are given. Then the corresponding solutions
Uu,,us,...,u%, have known observations
0; := Ou,

By the Cauchy formula we can deduce that the solution of (1)
is twice differentiable, however, the problem can not be solved by
that formula because the latter implicitely involves the knowledge
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of f. For this reason, we must solve our problem directly, without
using the mentioned formula.

From (2), by partial integration, using (1) we get

oi(t,z) = (Ow,)(t, z) = / j K(t,s,z, €)dsu, (¢, §)dé—
- / / / K(t,s, 7, €)dsd, u (1, €)dedr + K, (t, z)u;(r,z) =
= / j K(t,s,z, €)dsu, (t, £)dé—
- / / / K(t, s, z, €)dsh, (r, €)dedr+

+j]jK(t,s,z,s)ds(a,u.-(r,f)f(r,f)+

0o 0 O

+ u; (7, &)g(7, £))drdé + K, (¢, z)u; (¢, ).
Now, for 1 = 1,...,n we define functions
p:0Q, —»R', L:0—-R"*?
by

pi(t,z) : = o;(t,z) — Ko (¢, z)u,(t, z)—

—]jK(t,s,z,f)dsu;(t, £)dé+

+]]/rK(t,s,:c,f)dsh,-(r,f)dfd"'a
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Lo (t, 7,3, €) 1= / K(t,s, 1, £)dsd, us(r, €)

Li2(t,7-’za 6) :=/K(t,s,z,£)dsu,-(r, f)’
(1=1,...,n).

Then the observation equation has the following form

(3) //L(t,‘r,z, €)e(r, £)drdé = p(t, z)

w0

REMARKS. Unfortunately, (3) is Volterra equation of the
first kind and p, L involve terms u,; resp. d,u; which are unknown.
From the original observation equations the functions u; can be
ontained equations the functions u; can be obtained via Volterra
equations of second kind :

ui(t, z) + / / K(t,rz2i) 0 eydedr = I‘;‘O((tt’,“;))

where

provided that K, does not vanish anywhere. Clearly, if 3, 0;, 0, K,
0. K, are continuously differentiable then the functions 8, u; have
the some property.

By differentiation of (3) we obtain a Volterra equation of the
second kind : First differentiate with respect to t,

z

/L(t,t,:c, €)e(t, E)df—{-//B,L(t,‘r,z, £)e(r, E)drdé =

0

= d,p(t, z).
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Then differantiate with respect to x,

z

Lt,t,z, 2)e(t, z) + / 9. L(t, ,z, )L(t, )dé+

0

t
+/3,L(t,r,:1:,:z:)£('r, £)dr+
0

4 / / 8.8, L(t, 7,3, )t(r, £)drde = 8,8,p(t, ).

In the following, we suppose that the term £(t, z) can be found
explicitely, that is, the rank of the matrix L equals 2 everywhere,
or in other words, for the system h;,0;(i = 1,2,...,n) the corre-
sponding solutions u; (1 = 1,2,...,n) of (1) satisfy the following
condition : the vectors

u(t,z) = [ul(t,z)]’ duult,z) = [3,u1(t,z)]

u, (¢, z) d.u, (t, z)

are independent everywhere. In this case we say that the system
of functions h,,...,h, is admissible with respect to observations
015...,0,.

Now we find £(¢t, z) :

The left multiplication by ((L*L)~*L*)(t,t,z,z) provides

x

ot, ) + /(L’ (t,t,7,2) L(t,t,3,7)~ L' (t,, 7, 5)3. L(t,t, 7, £)-

0
t

- L(t, &)dE + /(L* (r,t,z,z)L(t,t,z,z)" ' L* (¢,t,z,2)-

0
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t =z
-8, L(t,7,z,z)¢(r,z)dr + / /(L‘ (¢,t,z,z)L(¢t,t,z,2)" -
(s I (]
- L*(t,t,z,2)08,0,L(t,7,z, £)L(r, £)drdf =
= (L*(¢,¢t,z,z)L(t,t,z,z)" ' L* (L, ¢t,2,2)0,0,p(t,z) =
=:¢q(t,z).

Denote by M, (t,z,¢), M,(t,7,z) and M, (¢t,7,z, €) the ker-
nels in the first, second and third integral respectively. Then we
get equation

ot,z) + / M, (¢, 7, £)(t, €)dé + / My (t,7,7)-

(4) t =z
- £(r, z)dr+//M3 (t,7,z,€)E(r, €)drdE =

= q(t, z)

which is a Volterra equation of the second kind.

The three operators defined by the kernels M, , M, and M,
have O as their spectral radius thus, the equation can be solved
uniquely for J.

Theorem. Let k € C?[a,bl,0;, € C(fl), h; € C?*(Qy)
(t=12,...,n)and K : @ - R, K, : Qy, — R be continu-
ous functions such that

a.)8,8;0, € C(fly) (1=1,2,...,n),

b.)the systems h; ({1 =1,2,...,n) is admissible with respect
to the observations o;(t = 1,2,...,n),

c.)0,8;: K € C(01),0,8, K, € C(R,), K, does not vanish.

Then the system (1) is identifiable simultaneously with re-
spect to f and g.
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REMARKS.

1. A similar theorem can be obtained for the following mul-
tidimensional case:

6,u+26,_.uf,- +ug =h,

i=1

u(-, z) = k(z).

2. By the rank condition, we have that n > 2. In the general
case we obtain n > m+1. This means that we have m+1 functions
to identify so we need at least m + 1 observation equations.
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