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i. Introduction

Let Z,, Z,, ... be a sequence of i. i. d. random variables distributed uni-
formly on the set S = {1, 2, ..., d}. Forany given sequence A€S" let z(A)
denote the waiting time until A occurs asa runin the sequence Z,, Z,, ... .
A great number of papers have been published on problems related to these
waiting times since de Moivre’s work [4], which can be considered as the ori-
gin of the systematic study of the longest pure head run in a sequence of
fair coin tossings.

In [5] the following question was put and left unanswered. What is the
asymptotics to the number of experiments tried until every possible head-
and-tail pattern of length n appears as a connected subsequence of the out-
comes in a coin-tossing game? This random variable can easily be expressed
in terms of the above waiting times: it is simply max 7(A) when A runs over
the whole S and d = 2. In the following we shall denote it by W .

In a recent paper [2] A. Bencztir gives two-sided estimations for E(W).
He proves that

27(log 27 —log n+c+o(1))= E(W,)=27*2(log 2"+ c+o(1)),
where c is the Euler constant.

In a couple of interesting papers D. J. Aldous has dealt with the time
taken by random walks on finite groups to visit every state. In [1] he proved
that if the time taken for the transition probabilities to approach the uniform
distribution is small compared with the cardinality G of the group, then the
time taken for the random walk to visit every state is approximately RG log G,
where R is the mean number of returns to the initial state in the short
term. Though the problem he investigated seems to be closely related to our
subject, his theorems cannot be applied directly. On observing the sequence
Z, Z,, ...one can readily define a homogeneous Markov chain with S
as state space in a natural way, but no group structure on S” will turn this
Markov chain into a random walk in the sense of Aldous. We can, however,
utilize some of Aldous’ proof.

The aim of the present note is to prove the following estimation.
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Theorem.
E(W, )~dn log d»
asn-—»eo.
The proof will be carried out in two steps contained in Sections 2 and 3.

2. Upper bound for E(W,)

Since W,, = max {z(A): AcS"}, it follows that

1) PW,>x)= 3 P(z(4)>x).
A

Asymptotic exponentiality (and independence) of the waiting times
7(A) was proved in [6]. Here we need a little more: we must estimate the de-
parture from exponentiality. We can refer to [5] where this was done, too,
on the basis of the stability in the well-known characterization of the expo-

nential distribution by its lack-of-memory property. As a special case of
[5, Lemma 3] we obtain

1—4b X
(2 P((A)>x)= 155 exp [ - —ET(‘L'(—14))],
where b = nd—".

The expectation E(z(A)) can be calculated by using Conway’s leading
number algorithm (see [3] for an elegant proof): let A = (a,, a,, ..., 4,)€S",
then

n

E(z(A)) = > ed,

i=1
where ¢; = 1 if the two sequences (a,, ..., ¢;) and (a,_;4,, - .., 4,) are iden-

tical, and &; = O otherwise. It is easy to see that d" = E(z(A)) <—dd—1 drand

the average of E(z(A)) over S* is d"+n— 1, hence for most A’ s in S E(z(A))
cannot differ from d” significantly. Let ¢ be a fixed positive number and

H = {AeS": E(r(A))=d™(1+¢)},

then |H|<2-. From (1) it follows that
&
EW,) = f PW,,>x)dx= f min { 3 P(z(A)>x), 1} dx=
A
0 0 '

=6+ g jP(r(A)>x)dx,
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where & = (1+¢)d” log d*. By applying (2) we obtain

f PlH)=2) dx “—‘f P~ )~

[}

1—4b
=1 e E(z(A))exp

[~ Ze)

For A¢H this can be majorized by :——gl[—; (1+¢), while for A¢H by
145 d g, Thus
1-5b d—1

1—4b d n
EW,)=(1+¢)d logd*+——|(1 + e)d"+ —dne|,
Wo=(1+ariogan 1= N1+ an S M|

Choosing ¢ = n—2 we arrive at the upper bound
3) E(W,)=d"(log d"+ 1+o0(1)).

3. Lower bound for E(W,,)

Denote by H(i) the set of n-sequences not observedasarunin Z,, Z,, ...

Z,; and let H(0) = S". Consider the random variables f; = |[H(i)| and
the stoppig time U = inf {i: {, = 0}. Then obviously ;=f;,_,=t+n and
W,=>n(U-1).

First we show that
@) E(ty~t;4y |H(i—1))=nd=",
Indeed,
E(ty—t,.1 [HiI-1)) =
=E( > I(Aisarunin{Z,n(i—1)+2=j=n+1)}|H(i-1)) =

AEH(®)

=E( > I(Aisarunin{Z, n(i—1)+2=j=n(i+1)}|H(i-1)),

ACHG~1)

where I stands for the indicator function. Since the process {Z, j=n(i—1)+2}
is independent of H(i —1), we obtain

E( "_‘ ’+1|H(l— 1)) § 2 P(A ls a run il‘l Zl’ ey Zzn__l):<_—_ti_1nd_n.

ACH@i-1)
Consider the sequence
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Using (4) we get
E(yi+1—yi|H(i— 1)) =
() = nd~" — E(log(t; + 2n) — log(t, ,, +2n)|H(i — 1)) =
= nd=n — E[—ﬂ H(i - 1)] znd“"[l ——’1-1——] =0,
tip1t2n tiy1+2n

For any positive integer k
Ywnre= Yﬁ_fz::i (YVin—Y)U=D).
Taking expectation we have
E(Wwsnaw) = B+ E( 3, EI o - )1z DIHG- D)

i=1

On the right hand side I(U=z=i) = I(H(i— 1)) can be picked out from
the conditional expectation, thus (5) gives

E(Y w+na)= E(Y )= nd="+log(d® + n).

Here we used that {,=d"—n.
On the other hand, the Jensen inequality implies

E(Y(U+ l)/\k) = E((U + l)ﬂd_n) + E(lOg(t(u+ DAkt 271)) =
=nd~"E(U + 1)+ log E(t(U+ yak+2n).

Let k tend increasingly to infinity and apply the monotone convergence theo-
rem to the second term:

nd—"+log(d*+n)=nd—"E(U+ 1) +log 2n.
Hence

n

2n

and we obtain the following lower bound:
EW )=dr logd—— n.
2n
From here and inequality (3) our theorem immediately follows.

4. Remarks

1. According to Theorem 3.1 of [3], the expected time till any of r com-
peting runs appears can be calculated by solving a system of r+7 linear
equations. This fact offers a method for computing the exact value of E(W ),
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since the maximum of a set can be expressed in terms of the partial mini-
mums assigned to its subsets. This sieve formula, however, seems to be hardly
evaluable.

2. Author is able to prove that
lim P(d~"W,—logdr<x) = e~ ",

n-» oo
The proof of this limit theorem is based on the large deviation results of [5]
combined with the graph-sieve of Rényi and requires delicate technique.
Details will be published elsewhere. If, in addition, one could verify the uni-
form integrability of the sequence d—"W,—log d”, the following equality
would hold:

EW,) = d"(log d"+c+o(1)),
where c is the Euler constant.
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