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The first part of the paper gives two theorems for characterization of
best Chebyshev approximations (the basic idea of the Theorem 1.1 can be
found in [2] and [3]). In the second part we shall give a program of the itera-
tion of the Theorem 1.2.

1. On the characteristic properties of the best approximation

The fixed symbols are as follows: [a, b]€R?, a closed and bounded inter-
val; f(x), a continuous function on [a, b]; gl(x) 2:(X), ..., g,(x), a Chebyshev
system of the continuous functions on [a, b], i.e.

lgl(xl) - gil(xn)
. . =0

2(%1) - - -8nl%)

if a=x,<x,<...<x,=b; A¥, ..., A¥, the coefficients of the best Chebyshev
approximation, i.e.

ir[lf’ﬁll Aff(0)+ - .+ ARg(x) - f(X)] < max 1' Ag(X)+ - -+ Angn(X) — S0,
where A*={A¥, ..., AX}ER", A={A,, ..., A J€R"and A*=A; x¥, x¥, ...
.., X%, ., a set of the extremal points, i.e.
AfH(XF)+ . - + ARg () — f(xF) =
= —(Atq(xta)+ - -+ Akga(xhy) — F(xt)

and
A () + - . . + Akg(xF) — f(x¥)| =
= mmax |Afgy(x) + . . . + Afgn(x) — f ()|,
where

a=xf<xf<...<x¥, =b.
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Theorem 1.1. Assume that f(x), g,(x), ..., g.(x) are continuously diffe-
rentiable on [a, b]. Then each sequence x¥ <x¥...<x¥*,, of the extremal points

satisfies the system of equations .
(1 —a)Dy(xy, . .y Xpyy) = 0,
Di(xlv cey xn+l) = O’
(Xn+1—=0)Dp4a(Xy, - - -y Xpyq) = 0,
where
0 gi(x)
1 gi(x) < ga(xy)

Difx, -

')xn+1) =

-1 g(x)

Proof. We can see in [3] that
(1) if x¥=a and x}¥ ., =0b, then

{( =G+ G0 + - - +Criagl6) +f () = 0,
Cog1(XF)+ - - - +Crngn(X) +1(xF) = 0,

(2) if xf = a and x¥,,b, then
{(— DG+ Cogi () + - - - +CrinnxF) + f(xF) = O,
Coi(xf)+ - - .+ Criagn() +f(xF) = 0,

3) if xf#a and x}¥,, = b, then

{(~ DG +Cogy(xF) + - - - +Crngn(xF) + f(xF) = O,
Cogi(x) + ... +Cryrgn(xH)+f(x¥) = 0,

(4) if x¥ = a and x#,, = b, then

{( — )G+ C () + - - -+ CragnxF) + () = 0,
Coi(x) + - - - +Criagn6F) +7(c4) = 0,

If we determine ¢, ¢, ..

i=23,

- 8nx)  S(x)
- gn(Xg)  S(Xy)

(=1 g1(%n41) - - - gn(Xn41) f(Xn11)

ceynl

J(xy)

i=12,
i=12
i=1,2
i=23,
i=12.
i=1,2
i=12..
i=23,..

o, n+1
o, n+1

o, n+1
., n+1

.on+1
., n

Sn+1
L n

.y Cpyq from the system of the first n4 1 equations

of (1), (2), (3), (4) and we use these values in the remainder equations of (1),

(2), (3), (4), then we get

(1) g1(xF) dy(xT, .
= fO)d(xt, . .

o Xp 1)

xR+ GO, -
i=12,..

S Xh41) =

Hn+1
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2 aGHda,xg, .. X))+ gD, xF, L xR ) =
= f'(xHd(a, x¥, ..., xE), i=23,...,n+1
(3) gilx)dy (xF, . X8 )+ - g Ay -, xh b) =
= f/(x¥)d(x¥, ..., xk D), i=12...,n
4) g d;y (@, x¥F, ..., x50+ ... +gu(x¥)d (a, x¥, ..., x%b) =
= f'(x¥)d(a, x¥, ..., x*b), i=23,...,n
where

1 gn) - 2.00)
-1 g,(3,) e 209)

’

dYys - - 3 Vn41) =

(=1 gVn+1) -+ 8nVns)

1 fOon) 204 e 2401
=1 f(2) 202 .- 202

9 o0 ey

dl(yl’ .- "yn+l) =

(= 1) fOVn+1) 8Vn41) -+ €iVn+1)

L oay) .. fO0

-1 g0 ... f0o)
dn(yl! . "yn+1) = .

(=1 g1(ns) --- f(}’n+1)

If we sum up the determinants in the former equations, then we get

(n Dy(x¥, ..., x%4) =0, i=12,...,n+1
(2) Dya,x¥, ...,x¥,,) =0, i=23,...,n+1
3) Dyx¥, ..., x*b) =0, i=12...,n
() DJa,x%, ..., x*b) =0, i=23,...,n

The system of equations of our theorem ‘‘summarizes’ the four cases. O

Theorem 1.2. Let g(x)=1, g(x)=x, ..., g(x)=x""1, where n=2.
Assume that f(x) is thrice-continuously differentiable and f™ (x) exists on
[a, b). If f™ (x)=0, V x€(a, b), then x¥ = a, x¥., = b and the iteration
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0 ...g0(» ... f1(xF)
1 og(xd L f(x

(=0 ... gXher) - SO

X¥ = x¥F—
0 ...glCxH) ... [P
1 .ogGd) D
(=D ook o f(XR)
0 ...g(xy ...
1 Lo L f(xD)
ot xe (D" .ogxXy) .. fxxyy)
0 ... g/ ... [0
1 g L f(xD)
(=D oL ogilxkyy) - f(xxy)

gives the unique solution x¥,. .., x¥ of our problem, if we start from “a suffici-
ently short distance’’. The rate of convergence of the iteration=2.

Proof. (1) If the error function e(x) = A} gi(x)+ ...+ A¥ g.(x)—f(x)
of the best approximation has at least n extremal points on (a, b), then
€’(x) = 0 has at least n roots on (a, b)=e”(x) = 0 has at least n—1 roots on
(a, b)=>...=emM(x)=f™(x) = 0 has at least one root on (a, b). Hence
xf = a, x},, = band the set {x§. ..., x}¥}is unique.

(2) By Theorem 1.1 the extremal points x§,. . ., x* satisfy the system of
equations

0 ... g(x) ... f(x)

1 ... ga) ... f(a)
-1 ogx) o ) |20, k=2,3,...,n

(=D ...ogd) ... f(b)
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The elements of the Jacobi matrix J of this system of equations:

0 ... g'(xp) ... f7(xs)
1 ... g ... fla
Ju = -1 .ogix) ... f(xy)
(—1) ... g(b) ... fb)
0 Cgixg) oo S(xp)
i = -1 o.ogixg) oo S(x) '
N 0 ... gixs) o [ixg) [
-1 cgixg) o (%)

Now we shall prove that J,,(x¥, ..., x¥)=0 and J,(x§, ..., x}) =0
(generally J,, .(x¥,..., x})=0 and J, (xf,..., x¥) = 0 if msj, where
l=m, j=n-1).

Since x¥,. . ., x¥ are roots of the function

0 ... gk ... f'(
1 ... g(a) ... f(a)
o gl - JO)

s(x) = = A gi(x)+ A, g(x)+ ... +

+ A () + A f (),

-1

(=D ... g®) ... f(b)
therefore if s'(x}) = J,,(x%,. .., x}¥) = 0, then the function
S(x) = A g1’ (0)+ A 857 (0)+ ...+ A, g"(X)+ Af’’(x) has at least n—1 roots
on (a, b)=s-1 (x) = Af™ (x) has at least one root on (a, b). As A=0
Ju(x¥, ..., x¥)=0 (generally J, .(x¥, ..., x})=0).

~ Our last system of equations springs from the system of equations
((E,) Ci+Cygh(a) +...+Chyy g4(@) +f(@) =0

(E») —C+C g6+ - - +Cria £+ () =0

+Coyy 8,(0) +f(0) =0
+Crir D)+ (xF) =0

{ (Ens) (=172 C+Cyd) + ...
(En+2) C, i)+ ...

| (Ezn) C, g+ +Criy gR)H S (xF) =0
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(see the proof of Theorem 1.1 and [3]). Determining C,, C,, ..., C,,, from
the system of equations (E,), (Ey), (Ep+s), (Ey), .-, (Epy,) and using these
values in (E,,+2) we get (after summarlzmg of the determmants)

Jo(x3, ..., x%) = 0 (similarly J,, (x%, ..., x}) = 0, m=j).
Hence
Julx3, -5 x7)
Jx, .., x¥) = 0 . 0

Jn—l’ n—l(’q’ ] Xﬁ)
is a nonsingular matrix. Let us see the well-known formula

.]11("2» .. -’xn)' . '.]1, n—l(x27 RES) xn) iz_xz

Jn-11(Xgy 3 %p) e o Jnmt, na(Xay - - o5 X)) L X — X

0. £ (). S (xy)

[

10...gi(x,)- - . /(%) |
of the Newton‘s method (where x = {x,, ..., x,} and X = {X,, ..., X,} are
“old and new approach” of x* = {x%,..., x¥})

If we use in place of the matrix J the matrix

Jll

* — .
J 0 ’

- Jn—l, n-1 1

then we get the iteration of our theorem. Since J*(x¥, ..., x¥) = J(x&, ..
., X¥) and the functions of our system of equations are at least twice-con-

tinuously differentiable in a sufficiently short distance to

{x¥, ..., x}}, therefore our iteration satisfies Theorem 1.2. 0O

2. A program to the iteration of Theorem 1.2

The input functions and parameters of our BASIC program:
100: f(x)~ F(x)
110: f/(x)~D1(x)
120: f”(x)~ D2(x)
130: n~N, a~ AA, b~ BB, ¢~ EP (the iteration stops if ||X—x|. <¢)
140: starting values to x§, ..., x¥~ X(2),..., X(N
The output parameters:

430: x5, ..., x¥~X(2), ..., X(N).
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The complete program (to the first example) is as follows.

10¢ DEFFNF(X)=EXP(X)

119 DEFFND1(X)=EXP(X)

120 DEFFND2(X)=EXP(X)

139 INPUTN,AA,BB,EP

149 FORI=2TON:INPUTX(I):NEXTI

150 A(2,1)=1:A(2,2)=1:M=N+2

160 FORI=3TON+ 1:A(2,])=AA t (1—-2):NEXTI

170 A(2,N +2)=FNF(AA):A(N +2,N+2)=FNF(BB)

180 A(N+2,1)=(—1) t N:A(N+2,2)=1

199 FORI=3TON+ 1:A(N+2,I)=BB # (1-2):NEXTI

200 FORI=3TON+ 1

210 A(1,1)=(—1) + LA(,N+2)=FNF(X(I - 1))

2200 FOR]=2TON+ L:A(I,J)=X(I1-1) t (J—2):NEXTJ:NEXTI
230 FOR J=MTO3STEP — 1:MA=@:FORI = JTO2STEP —1
240 1F(ABS(A(1,J))>MA)THENMA =ABS(A(L,J)):K =1
2500 NEXTI:IFK = JTHEN280

260 FORI=1TOM

270 B(1)= —A(K,1):A(K,I)=A(J,1):A(J,])=B(I):NEXTI
280 FORI = J—1TO2STEP — :FORK=1TOJ

290 A(I,K)=A(I,K) - A(J,K) * AL, J)/A(J,])

300 NEXTK:NEXTI:NEXT J:FORL =2TON

310 A(1,1)=0:A(1,2)=0:A(1,3) =1

320 FORI=4TON +1

330 A(1,1)=X(L) t (I -3)% (I —2:NEXTI

340 A(1,N+2)=FNDI(X(L)):GOSUBI13¢@

350 A(1,1)=0:A(1,2)=@:A(1,3)=0:C1(L)=DE

360 FORI=4TON+1

370 A(1,1)=X(L) t (I -4)*(I1—-2)% (1 —3):NEXTI

380 A(1,N+2)=FND2(X(L))

390 GOSUB1@¢@:C2(L)= DE:NEXTL:FORL =2TON

400 Z(L)=X(L):X(L)=X(L)—CI(L)/C2(L):MA =0

419 TF(ABS(X(L)—Z(L))> MA)THENMA = ABS(X(L)—Z(L))
42 NEXTL:1F(MA > EP)THEN150

43¢ PRINT:PRINT:FORI=2TON:PRINTX(I):NEXTI:END
190% FORJ=MTO2STEP —1:FORK=1TO]

1010 A(1,K)=A(1,K)— A(J K)*A(I,J)/A(jj)

1026 NEXTK:NEXT]J:D

1030 FORJ=1TOM:DE = DE*A( J,J:NEXTJ:RETURN

We tested the program on a COMMODORE —64 computer and deter-
mined the starting values of x¥,. .., x* from the formula

a+b

X, = +b;a cOs[nn—z+1

n

], i=23,...,n
2
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(see [1]). We used the program to the following 12 examples:
J(x) = e, [a, 8] = [0, 1], n=234,5,
J(x) = In x, [a, 8] = [1,e], n=23,4,5,
Jf(x) = sin x, [a,0] = [0, /4], n=27345,

The iteration is convergent in every case and finally we get the errors of
the best Chebyshev approximations:

~ 0.1, 0.009, 0.0006, 0.00003
~ 0.06, 0.01, 0.002, 0.0004
~ 0.02, 0.002, 0.00005, 0.000005.

(We used two "’helping programs*. The first program determines A¥,..., A¥
by solving a linear system of equations and the second program gives the
figure of the error curve).
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