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Abstract. In this paper a new spline interpolational method is presented
in the LP-space. For the construction of the approximating spline function
integral meanvalues instead of function values have been used. The order
of approximation — which is the best possible — is expressed by the L?-mo-
dulus of continuity of the LP-function to be approximated.

The approximation of differentiable functions and their derivatives by
means of interpolating splines on equidistant subdivisions in the sense of
LP-metric (1=p<<) has been considered by several authors (see e.g. [2],
[3], [4), [5], [6])- The common nature of these methods is that on one side,
they can be used either on a finite interval, or for periodic functions only, on
the other hand, the functions to be approximated cannot be arbitrary in L?,
namely, function values and even differentiability properties are used.
Here we present a spline interpolational method in LP(a, b), where (a, b)
can be either finite, or the whole real line. For the construction of the app-
roximating spline function we use integral mean values instead of function
values, and the method gives the same order of approximation expressed by
the LP-modulus of continuity for any Lr-function, which is the best possible
one (see [8]). Concerning the main ideas see [7], [9].

In what follows p is a fixed real number with 1=p <, and L denotes
LP(a, b) for either (a, b) is a finite interval on the real line, or (g, b) is the whole
real line. In the finite case all functions in L? are supposed to be extended
periodically to the whole line. For any integer r=0 the spaceW, consists of
all r-times differentiable functions with an r-th derivative belonging to L.
The LP-modulus of continuity w,(f, h),for any f in LP and r=0 integer, is
defined as usually (see e.g. [2], [3])-

For the estimations we shall make use of the following theorem, which
is a modification of a theorem in [2] and can be proved similarly.

Theorem 1. Let I' be an arbitrary set and L,: LP—LP for any y in I', uni-
Jormly bounded linear operators, for which there exists a nonnegative function
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a:I'~R such that a(y)=1, further there exists an integer r=1 and a constant
¢=>0 for which we have whenever f is in W',

ILAS) = Fllp=c - a@IfOll,.

Then there exists a constant d >0 such that for all f in LP we have

1
ILy(f) — fll,=d - o f,a(x)7),.

Proof. To prove this theorem we use the following result: if f belongs to
LP, h=0 and r=1 is an integer, then there exist constants c,, d, and a func-
tion f, , in W}, such that

“f_fr,h”pscr * wr(f’h)p

I7olp=d,- bt (), (= 1,2, ...,7).

The proof of this theorem can be found in [4] under the assumption that f
is bounded, but it is easy to see, that the construction in [4] — which de-
pends on the use of the modified Steklov-transform — works well even if f
is unbounded (see also [6]). We note that we shall use this result only in the
case r = 2, i = 2 for which the corresponding statement can be found also
in [1].

and

1
Let h = a(y) ", then h=a(y) and we have

WLy ()= Fllp=ILAS) = LS, llp+ Lol Sr, ) =T, wll o+ 7, n—

1
_fr, h”p+c' a(y)'dr° h—r'wr(f’ h)pS[(K+ l)Cr+C : dr] 'wr(f) (1(7’)7),,,

where K is a common bound for the operators L,. Hence the theorem is pro-
ved. O

Let h>0 and {t,} be a subdivision of (q, b) with{,,, —f,=h. In the finite
case we suppose that the number of £, ’s is finite, and in all cases (a, b) =

= L’{[tk’ tk+1]'
For all x in LP we define

and
Sy = yk+% Ay, (t- tk)—#Azyk[«—tk)h%(t—tm

whenever ¢ is in [, f,, ,], where the operator 4 has the usual meaning

AV = Yesr—Vio DYk = Yiwa— 2Vhsr + Vi
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Obviously S,(x) is continuously differentiable and S,(x) = x whenever x is
linear.

Theorem 2. For all x in LP we have
ISx(x) —x||,= const -wy(x, h),.

Proof. The proof of this theorem depends on Theorem 1. Obviously, the
operator x»S,(x) is linear. On the other hand,

1SaC)Ip = 1 Ax)l, + 1BAC) |, + I CH(N, + 1D »
where

A (X)) = Vi

B,(x)(t) = %Ayk (-1,
G = == Ay (=),

DY) = 2 Py —4)

foralltin [, t,,,]
In the estimations which follow we shall use the Holder-, and Minkowski-
inequalities several times, as stated in [1]. We have

uA,,<x)||,,=[2 f |yk|vdt] [ Zh[yk]P] _

h et
hZ ’— x(¢) dt ]l/p = [ hpl—l %' kfz x(t) dt ”] /ps
2 'k—g—
t h
ktg
[ 2 S o awn]” =
tk——
1B, = [ b "]‘ ’%Ayk(t—tk) ’ dt]"f' _
t
k tk+ +£_
12
[h,,(p+1) | Ay ] [ p [ ;. x(t) dt —
thy1—3

3%
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1 P12 _ 1
= 404 = [ 2

=gz k7

IP]II p
L3

fk 3 llp
S[(p+1)hp—1 %fﬁ |x(¢ + 1) —x(@)|" dt - hP ] =2-|x],;
-

- [L > |A2yk|”] [——~— > lAym—Aykl"]

L

ICe0)l, = [2 f ,—Am(t—tk)z

mr(2p+1) % 2p+1
-1 -1 \Yy P+l
[j;+’; 2 (4l + 13| = [—J] PoaTP Xl =4 Xl
and finally
l/p
1D, = [2 Yl — 1) ] -
h3p+1 1,
= @ @ A _A 14
[ PGp+1) %| Vi+1 J’k|] =

2r-1
s[3 +1] [0 3 | AYiial7+ Ayl )P <4l

and hence ||S,(x)||,=11-||x||, that is, the operators S, are uniformly bounded.

Now let xeW?3. By the Taylor-formula we have

x(t) = y(O)+z(t)+w(t),
where

y(t) = x(t,)
2t) = x"(t)t—t,)

wt) = [ (t=&)-x"(e)d(e),

whenever ¢ is in [t,, f,,,]. Hence

154) = xllp =1 44() =Y llp + 1B(x) = 2l ,+ [ Wll,+ ICoX) |+ 1D -
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Further, we obtain

Iwll, =

f@—ax%9@~ml ,

’k+1

=2 f[tf It—sllx”(s)lds]pdt]ll”s

k+l llp
ﬂzﬂﬂwW@WM=wm,
ty

k

On the other hand,

P Yy
(t—t)2e dtl =

1
h2 A2y,

e, = |z T
t

1

h2p+1 YY) PYp
=MHJBFMJ'
But we have
L L 1 Xn(ti+2) = Xnlti+1) _
2 |2 _Z\h( h h
P 1 Sk+2 P
= = i 7(£)d
3| ben) ;MJn@MS
1 ‘k+3 -1 -1
F;Lﬂumqs—szGWQw oot =
tx
le 15,
where we used the notation
t+-—

x,() = — f x(s) ds,
(__

2

%®=%H”%%4“%”

and the fact, that
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Now observe, that
1 h 1
P — x’ —_ -
i1l = [flx (0] dt] [f hx[t+2 hx[

- %[f|x’(t+h)—x’(t)| dtr/p - Hf r

/

1 tsap t+h . I P 1 tkﬂ thae . P T
P kf[ [ x@lae| a 57[§ | [ @las[ o] <

1/
pdt] P =

II(E) d[’:) P dt]l/p -

] ‘ku
57[’12 f Ixu(e)lp d6.2p-1_hp—1] P = 2“xu“p-
tk

Hence we have

ool =[] 22 4 e
X = . . . = —_— . o lIX .
m [2p+1] hve P (p+1y ’
Similarly we get
4
D,(x = .h2. x| ..
1A=~ 1

To estimate ||A,(x)—y||, we notice, that by the Taylor-formula we have
S
x(s) = x(t) +x"WNs—t)+ [ (s—Ex""(¢) dé
%

for all s in [t,, t,,,]. It follows

‘k+£' tk+"
=— f x(s)ds = — f f (s —&)x’’(£) dt ds + x(t,),
tk—? gk_z_

and then we obtain

tgay

1931, = [3 T tne-eolear]” =

-

tx

k+h
f (5= e (o) de ds

P
2

211

1
ty
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[hz[llj f |x"(§)|d§ds] ]”P=

teaq Py i thea 1y
- [hZ’hP[f |x”(5)|d!,:] ] psth'hPf |x”(§)|Pd§-hP“1] ,
k k
t e
= h¥x"’|],.
Finally, to estimate ||B,(x)—z||, we use the identity

1 , Xt + h) —x,(t ,
_’I_Ayk—x(tk): Al ,2 t) —x'(ty) =

= 560 -x @) = 4 [x[s+ 3] -2 65 )]0 =

Nk
= X(m)—x'(t) = [ (e dt,
t
- o h h -
where &, isin [f,, f,+h] and 7, is in gk——2—, §k+? , hence 7, is in

h 3h
t,——,t,+——|. This yields
[ Kk 2 k > y

they

1 p Y
18,921y = [3 ] |- an-xw| ‘e-npar]” =
k t h I
Yp 2
g Y L S— NN
| = o

Summarizing our results, we have
1S4(x) —xll,=C-h2- x|,

where the constant C depends only on p.
Now, our theorem is a consequence of Theorem 1. O
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