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Abstract. In this paper the existence of the Cournot-Nash (or Cournot or
Nash) equilibrium and numerical methods for its computation are investiga-
ted for an oligopoly with multi-product firms. First the relations between
the Cournot-Nash equilibrium points of the N-person noncooperative games
and the fixed points of point-to-set mappings are discussed. A sufficient con-
dition is then given for the existence of the equilibrium for a Cournot oligo-
poly with multi-product firms, based on a new result on concave functions.
The condition is interpreted especially in relation to the properties of the
demand functions.

1. Introduction

The purpose of this paper is to present some new results on a Cournot
oligopoly with multi-product firms which is an N-person noncooperative
game with players or firms 1, 2, ..., N. The number of products equals M
and the strategy of each player or firm is characterized by the production
vector

(1) X = (2, .o, Y,
where x{™ is the k-th firm’s output of the m-th product. The total production
level vector for the oligopoly comprising of N firms is defined as

2) s= f: Xy
k=1

The set of strategies of player k (1=k= N) is then given by the subset S, of the
M-dimensional Euclidean space. The payoff or profit function of firm k is
given as

) PulXy, - - -5 Xn)=Xf(8) — Cie(Xs),

where the elements of function f give the unit prices or inverse demand func-
tions and C, is the cost function of firm k. It is assumed that the cost of each
firm depends on its own production levels, and the unit prices depend on the
total production levels of all products.

g%
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The Nash (or Cournot) equilibrium point of the N-person noncooperative
game with sets S, of strategies and payoff functions ¢, is any vector (x¥, ...
..+, X§7) such that for all k, x} €S, and for arbitrary k and x, €S,,

Pr(XT, -y Xh—1y X XRt1y -« XR)=0u(X%, ..., Xk—1, XE, XEt1, ..., XN)-
4)

The classical Cournot oligopoly without product differentiation is a
special case of the above game obtained by letting M = 1. The existence,
uniqueness and stability of the Cournot equilibrium for this special model
has been extensively investigated. Okuguchi [5] presents a detailed back-
ground for the contributions. Szidarovszky [8], Szidarovszky and Yakowitz
[9] present a new proof for the existence and uniqueness of the Cournot oli-
gopoly equilibrium without product differentiation. If M = N, and if, in
addition, each firm produces non-identical product, then the Cournot oli-
gopoly under product differentiation and with single product firms is obtai-
ned. This model has also been much discussed (see Okuguchi [5]). The Cour-
not oligopoly with multi-product firms where all firms produce in general
more than one product has so far not been systematically analyzed, some re-
sults by Eichhorn [2, 3], Selten [7], Bird [1] and Szidarovszky [10] are known
for simple cases where demand and cost functions are assumed to be linear.
Moreover, most of these authors have been concerned with price-adjusting
firms, instead of as assumed here, quantity-adjusting firms.

This paper proceeds as follows. In Section 2 we will establish relations
between equilibrium points of the N-person noncooperative games and the
fixed points of a special , low dimensional point-to-set mapping. In Section 3
we will present and prove an existence theorem of the Cournot equilibrium
point for the oligopoly with multi-product firms. The condition for the theo-
rem will then be interpreted especially in relation to the properties of the
demand functions. In Section 4 conclusions are summarized.

2. Equilibrium points and fixed points of point-to-set mappings

There is a remarkable relation between equilibrium points of N-person
noncooperative games and fixed points of certain point-to-set mappings.
Introduce the following notation:

N
(5) D(X, )= D @K1y - s Xp—1s Yio Xpens - - 0 XN)s
k=1
where for all k, x,, and y, €S,,. Define the point-to-set mapping as follows:
N
H(x) ={u|ue [T S, d(x,u)= max D(x,Yy)
(©) k=1 N
ye Hlsk
k=

Then the following result is true (see e.g. Szidarovszky [10]):



EQUILIBRIUM POINTS OF OLIGOPOLY 133

Theorem. 1 A vector x* = (x¥, ..., x}) is an equilibrium point of the
N-person noncooperative game if and only if x*e€ H(x*), that is, X* is a fixed
point of mapping H(X*).

If one wishes to apply this theorem to the Cournot oligopoly with multi-
product firms, the fixed points of a point-to-set mapping of the dimension
NM have to be determined. In the remainder of this section a similar result
will be proven when the dimension of the mapping equals M. That is, the
dimension can be drastically reduced.

Let
(7 P(8, X t)=ti-f8—x, +1,)—Cy(t,)

denote the k-th firm’s profit function, if the total production levels are given
as vector s and if, subsequently this firm changes its own output vector from
X, to t,. Define next the M-dimensional point-to-set mapping

(8) H(8) = {u,|u, €Sy, @8, X 1) = {n?;( Pu(S) Uy 1)}
k€S

for each firm k and given total production vector s. Let, in addition,

N
9) H(s) E{t|there exists X, € H,(s) (V k), such that t = > xk}.

k=1

From the construction of the point-to-set mappings H, and H one may
easily prove the following result:

Theorem 2. A strategy vector X* = (x¥, ..., X¥) is a Cournot equilibrium
N

point for the oligopoly game with multiproduct firms if and only if s* =7 X}
k=1

is a fixed point of mapping H, and for all k, X} € H,(s*).

In comparing the fixed point problems given by Theorems 1 and 2,
the following remarks can be made:

1. The dimension of mapping (9) equals M, which is usually much smal-
ler than that of mapping (6).

2. Any vector u belongs to H(x), defined by (6), if and only if the first
order conditions for the optimality of ¢(x, u) hold with fixed x. In the case
of mapping (9), the first order conditions for the optimality of each functions

N

@i(8, X, t,) should be verified, and then the condition s = > X, must be
k=1

checked. In comparing the two processes, in both cases all vectors X, ..., Xy
must be considered: in the case of (6) they are simultaneously investigated
(that is, a large set of equations and inequalities must be solved), and in the
case of mapping (9) vectors X, are examined almost independently, since
they are connected only via their sum s (that is a much smaller set of equa-
tions and inequalities must be solved). For the numerical solution of the
resulted system of equations, the methods discussed in [12] can be applied.
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3. An existence theorem

In this section an existence theorem for the Cournot equilibrium point
for the oligopoly game with multi-product firms will be introduced. Let us
introduce the following assumptions on the demand and cost functions:

A) There exists a convex, closed set Dc RM such that for s¢D, ne-
cessarily f(s) = 0.

B) Each element of f is continuously differentiable, concave and for

arbitrary s€S= ]] S,, matrix (4(8)+ (J¢(S) is negative semidefinite, where

(J1 denotes the Jacoblan matrix of function f.
C) For arbitrary seD and 0=8§=s, necessarily §€D.

D) Cost functions C, (1=k=N) are continuous, convex and strictly in-
creasing in each variable.

E) The set S of simultaneous strategies is convex, closed and for all
x€S and 0=x=x necessarily x<S.

Before presenting and proving our existence theorem, let us prove the
following result.

Lemma 1. Consider the vector function g, where R(g)c RM, and D(g) is a
convex set in RM. Assume that each element of g is concave and continuously dif-
JSerentiable. Let (7 denote the J acobian of g and assume that for arbitrary x€/D(g),

matrix (Jg(X)+ (Jg(X) is negative semidefinite. Then the function
(10) h(x) = x'g(x)
is concave.

Proof. Let v denote the gradient operator, then

(11) v h(x) = g(x)"+X'Fg(X).
Since the elements of g are concave, for arbitrary X, y€/D(g), we have
(12) &(y) —8(X)=Fg(x) (Y—X).

The negative semidefinite property of matrix (Zg(x) + (Zg(X) implies that
1 7’ 4 4 ’

(13) 0=y =X)[¢e (%) + Fe(X) )y %) = (¥ — X) Fe(x)(y — %),

from which we can conclude that

YI&®) - gX)]=y Fe(x)(y—x) = (¥ - X) Fe(X)y = (¥ — X) Fg(x)x.

And finally, by simple calculation,
(15) (¥ —x)'[8(x) + Fe(x)x]=y 8(y) - X'g(X),
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that is,

(16) h(y)—h(x)= v h(x)(y—x)

which proves the lemma. O
Our existence theorem is stated as follows:

Theorem 3. Under assumptions A) — E ), the Cournot oligopoly game with
multi-product firms has at least one equilibrium point.

Proof. We shall proceed in three steps.
a) First we shall verify that if x* = (x%, ..., x¥) is an equilibrium point,
then

N
(17) §* = > x¥eD.
k=1

In contrary to the assertion assume that s*¢D. If D is empty, then
f(s)=0, consequently x* = 0 is the only equilibrium point. Otherwise, at le-
ast one element of s* is positive and there exist indices p and ¢ such that the
g-th element x(®* of vector x* is positive. Since set D is closed, there exists
an x/ such that 0=x{?=x/9* and s*+e (x‘q) x{*) ¢ D.

Then vector x_(xl, .. x; 1 Xp po, .. x*) for which x, = x}¥+
+€,(x;? —x[9¥) satisfies
(18) ‘Pp(x) = - p(xp)> - p(X*) = q’p(X*)

contradicting to the definition of x* as an equilibrium. Note that e, denotes
the ¢-th unit vector.

b) Consider the N-person game with original payoff functions and sets of
strategies but with restricted set of dimultaneous strategies

k=1

(199 S= {x]x = (Xp, ..., Xy) such that x, €S,(V k), Z X, € D}

Then the previous step of the proof implies that if x* is an equilibrium point
of the original game, then it is also an equilibrium point of the restricted
game. Let x*=(x}, ..., X%) be an equilibrium point of the restricted game.
We shall prove that x* is an equilibrium point of the original game, too. Let

k and x, €S, arbitrary. If x = (x¥, ..., X*_, X,, Xk, ,, ..., X})€S, then
(20) P(X) = —C(x,) = —Cy(0) =

= ‘pk(xfr e Xig o’xlf+1’ .. .,X’;,)S(pk(x*),
since

x¥, .. xE,0,x8,, -, XR)ES.

¢) By applying Lemma 1, we can conclude that the reduced game has
at least one equilibrium point, since it satisfies all of the conditions for the
Nikaido-Isoda [4] theorem on convex games. This equilibrium point coinci-
des with the Cournot equilibrium point of the original game. O
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Some remarks on Theorem 3 might be in order. This theorem is a gene-
ralization of the existence part of Theorem 1 in Szidarovszky [8] and Szida-
rovszky and Yakowitz [11], since in the one dimensional case (4(X) is the
derivative of f(x). Assumptions B) and D) together imply that each firm’s
profit function is concave in its own production level. The existence of equ-
ilibrium point can be seen to be ensured if we assume, alternatively and more
generally, that each firm’s profit functionis concave inits own productionlevel.

In order to clarify the economic implications of assumption B), let

(s)=[11(5)],
where f; is the i-th element of f, and f/ is the partial derivative of f; with res-
pect to change in the j-th element of s. We can reasonably assume that
@1 fi(s)<0, fi(s)=0, isj
for v i, j and for arbitrary s€S.
Assume furthermore that

(22) |2£i()] = 2 FAORFHOL

for arbitrary s€S and Vv i.

Under (22), (Z4(s)+ (Ji(s) becomes a negative dominant diagonal matrix, hen-
ce it is negative definite. Thus, (22) is satisfied if e.g.

(233) 1= 3 1740)
(230) TCIEPARO]

are simultaneously satisfied for arbitrary s€S and vV i.

Inequality (23a) implies that for arbitrary i the effect of change in the
total output of the i-th product on its price dominate in a sense the change in
the price of the same product caused by simultaneous and identical changes
in the outputs of all other products. Inequality (23b) shows that for any i,
the effect of change in the total output of the i-th product on its price domi-
nates the sum of changes it induces to prices of all other products.

4. Conclusion

We have formulated a Cournot oligopoly game with multiproduct firms
and presented an existence theorem for the equilibrium point after showing
relations between the Nash equilibrium point for the N-person noncoopera-
tive game and the fixed points of point-to-set mappings. The condition for
the existence theorem has been interpreted in relation to the properties of
the demand functions. If M = 1, our model reduces to a classical Cournot
oligopoly model without product differentiation. If M = N, and if, in addi-
tion, each firm produces non-identical product, our model becomes one of
oligopoly under product differentiation and with single product firms. Fi-
nally, note that a quantity-adjusting oligopoly problem has been investiga-
ted and not a price-adjusting one,
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