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1. Introduction

Kalashnikov has proved in [1] that the following Cauchy-problem has a
unique generalized solution in the half-plane

(1.0) 2 ={(x,1): 0st<=, xeRY}
Uy = [P(u) ] — P (1), u(x, 0) = u°(x), xeR*

u°(x) €C(RY) (where @(u)=0, ¥(u)=0 are continuous for u=0, &’'(u)>0
for u>0, 9(0)=0, (0) = 0, ¥(0) = 0).
T In this paper we give a stable and convergent explicit finite-difference
scheme applied for a certain type of Cauchy-problem (1.0).

Consider the condition u(x, 0) = u§(x)€ C"(R?) r=4, instead of the ini-
tial condition of the problem (1.0) where |u®(x)— u(x)| =é&yo. That is we app-

roximate the function u®(x) (continuous in — eo<Xx< =) by a function
u(x)€ C"(RY).

Assume that u®(x)—~0 and %ﬁ_.o as|x| - oo. In this case the follo-
wing approximation of u°(x) is usual:
ug(x) = e~9* %a,x" (d, a; are constants). Further we assume that ®@(u)
(I=5) exist, orin0 it does not exist then we approximate the function ®(u) by a
function @,(u) = % ®,,(u) where &D(u) (I=<5) (i =1, ..., N) exist and

i=1
|@(u)—D,(u)| =<es, if [u|=U (U is a constant).
We deal with the following Cauchy-problem because of generality:

ut(x) t) = (gZ(u(x’ t)))xx+(g1(u(x! t)))x+g0(u(x7 t))E Au(x’ t),
(1.1) u(x, 0) = u°(x) € C’(RY),
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where r=4;
o on
e 80 O=6=9) | @), (0=b=5);
o
— () |, (0=l,=5)
ou'o |

are bounded. Our difference scheme is based on the splitting of the operator
A:

Au = Bu+ Bu+ B,u,
]
where Bju = %(g,(u(x 1) 1=0,1,2.
u

In the following part we give some methods for the estimates of the
It-h differences (/=4) of the approximate solution of the equation (I.I).
Therefore we give estimates for the schemes established for the simpler equ-
ations u, = Byuin 2.1, u, = Byuin 2.2, u, = Bju in 2.3. Thereafter we easily
get the estimates for the equation (1.1) in 2.4. Using these estimates we ob-
tain stability theorems for the problems (1.0) and (1.1). In 3. we give con-
vergence theorems for the strong solution, too.

2. Stability estimations

2.1. At first we deal with the problem:
U = (8())ex (8(W)=£(w)), &'(u)=0,
u(x,0) = u’x).
We establish the usual difference scheme on the mesh H, , = (ih, nk)

n+l_ . .n noy_ n n
@.1) i - ui _ g(uiv1) 2g§;:)+g(un—1)E Da(u?).

We seek the approximate solution in a triangle with equal legs, base A, alti-
tude Tf|x| = 2, 0=t=T, X =2L - T n_ 4}
2 h A N 2N

Theorem 1. Assume that A9 uf and APuf are the I-th difference (sym-

metrical if | is even) of ui according to x(x = ih) and t(t = nk); |A§,”u?|s

=V,(V,are constants, | = 0, 1, 2, 3, 4) for all i; h£25 where

18" |m

g | = max g'(2), g(@)=0 if |z]= max |u°(x)].
1z| =max|u°(x) |
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Then the scheme (2.1) is stable with respect to the initial condition and

|uf] = max |u(x), aRul=U, (1=1,2,3,4),

AP ul<U,(m =1, 2) where U, U,,
depend essentially only on the initial function u°(x).
Proof. From (2.1):

n+1

k
u; = utfl + Fz‘(g(uﬁl) - zg(u?) +g(u?—l))'

k
Let ,(y) = y-2 ~g(y), P,(y) = —g(y), P:(0) = ~580)-
?,, D, and P, are nondecreasmg functlons of y.

Let U = sup |u;|, it follows that
i
&(—U)=uf*'<®U) for all i;

D(y) = D,(0)+ P, (N+D3(y) = ¥

So |uf*'|=U = sup |uf'| and by mathematical induction:

where

luf*!| = sup |uf|.
l

n n
The estimation of Ayl = l_”i‘h__”' aPul.

We give three methods of the estimation (2.1/a, 2.1/b, 2.1/c) and apply
the method which is suitable for the initial function and the equation of the

problem.

Let |...|,=max |...|; |g|, = max |gW)|; |aufl, =
u

= max |aui'|;A =

h_z;
og(ur’) = g—————(u;ﬂ? — g(: ) gl =it =u41); 8%@ul)=
— 6g(lli.;.1)—6€(lli) — gu(l:l;l)
Uiy1 — Ui
2 n 52 n
s3g(ul) = 6g(u,:l) 6ng(ux) g“")(u ); diu” N

Uiy1 —U;
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2.1/a. From (2.1), we deduce:

n+1 n n
1 ll 1 —u u —u
(2.1.1) AU["+ 1+ { _ i+1 i

= h - h

+ G, where

k n i - ;‘ n n -
G = h—z[ag(um) Bhea— Wit _ ppgtufy S =2 4 gg(ur. 1)—1‘1—‘].

I. Assume that | AuP|=|G|; Au?=0and G=0 (or aAu?<0 and G=>0).
Then it is trivial | Aup*t|, <|Au?| (=...=|au?|,). Let | aAu?| <|G| and
Aut=0and G=0 (or Au?<0and G=0), and L ~—1—- Then if is ob-
viously: 4| I
|auf*! | =|aufl(=...=|au],)
I1/1. Assume that Au?>0, G=0.

A) au?y,— Aur=0.

Suppose that k and h are such that |G| <| Au?,,— au?|,
k
|G| = ‘F[ag(u?ﬂ)Au?H —28g(ui’) Aul + 8g(ui-1) Aui— ” =

=|Aauiys — aui| =h|Duf

thus
k n n n n n
—h—[ézg(ui) A Uipr U +6g(ui )Dui —
- (62g(u?_1 ) AUF All,‘n_l + 6g(u?_1)Du?_1)] I =
=h|Du}|, it is sufficient for this: kC, =h|Du;'|, where
Cy = 18%(u?) || & ul'm|®+316%(ul) | ml &7 || DUf |+
+ 1 8g(ui') | m|d%ut | e
Thus if 75 ”Z‘i" then
|au?t = [Au?+G|s|Au?+ AUl — aul| = | Aufy.
We show that 1f B |Dg il then for sufficiently small & the first diffe-
1

0
rence can be estimated, too. Since lim du’(x)

= 0 thus for any =0 there
x>~ dx
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exists A, such that |Au?| <eifi=] where Ih = A,. It follows from
k

Duj| = —Cy:

| Dui | h 1

k
lauf | =Ay p C,=AhC, ———— (because of 1.)

1
41¢' | m
0 ’
Choose h so that h= IA—”"”’L“”L’-‘. Then | A u}| =| Auf|,, and by mathema-
1
tical induction: | A u?| =<| Au‘,}|m and | au?| =e¢ if i=1. Therefore | Au?| can
be estimated independently of the rate o We give the estimations of the

second and third differences involved in C, later.

B) Assume that au?— Au?,,>0; then a) Aut_,— Au}>0or b)
Aut_ — Aut=0.

In the case a) if k and & are such that |G|=|aup— Au?_;| then simil-
arly to A) we get:

|auf*! |=|auf+Gls| aul+ auloy — auf| = | AUt
if 7 IDZ’ 1] [f_ |Du. il then we also proceed according to A).
1

In the case b) we utxhze that the third difference is bounded (see later).
So |Duf'| =h|d%ul|,, thatis |Aauf|= A,h|d3uf|,,. Chooseh that

__lad,
A, ldui|
C) If aur = aun,, then the estimation is trivial.

11/2: Aup<0,G<0; A) au?,,— sup<0. If kand h are such that
|G| =| Au?,,— Aup| then similarly to II/1 A):

then | auf|=|Aaui|n,

n+1

|auf*'| = | adl + G|l s|aul + auiyi— A7 = | Aupyl.

B) au?— aut,, <0, then a) au?_,— Au?<Oor b) aAut_,—sut=0.
The method and the result are snmllar to II/I B). C) as above.
1

k
Consequently, if ) =—

174 P
h 4|g|m|Aul|m and = |Au(i)|m
A A, |dui|,

then for the scheme (2.1): | Au?|=| A u?|,, for all i and n.
If u}n takes over the role from u?,, then by using the above method
we obtain the stability in the following sense:

0 *0
|u? _U;n‘ =|ui —uy ]m'
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2.1/b. In this point we get such an estimation for | A u?| in which there
is no limitation for A.
We obtained in 2.1/a :

k
ault! = R L CH N aul —hd%g(uf-;) auf auly +
+og(ul) (AUl — aul)—dgui)(auf — aulty)].
First estimate the right side of this equality by | A u?|,, using that g’=0

k 1
(and so 6g(u)=0) and —<—-—
ke 41

k
& up + (8g(ui) A Uiy — (8g(ur) + 8g(ui-1)) A ui + dg(ui-1) A=) =

=|a u?l,n[ 1+ %(6g(u?) — 8g(ui) + 6g(ui-1) — 6g(u?-1))] = | AUF| e

So we get:
n+1 n k 2 n n n
| & uj |$|Aui|m+ﬁ[h6 g(u;)Auf+1Au,—
—he%ui™ Y auf ault ],
(2.1.2) |Au,-"‘”|s|Aui'l,,.+%lau?|2

where & = 28 1 boie c= 2127, [a=X n= A
N R 2 h? 2N

In (2.1.2) | au?t1j, increases in n. Let K be a given constant such that
| aud|,,< K. We can compute all n (n=n,) such that | Au?| =K. Since

C cC Y
lAlI;H-llmS|AU?'m[l'*"ﬁK)SlAu?_l'm[1+NK] =...=

n+1
=|auf] 1+£KJ
m N
thus we find
| aud| e NK =K.

We get a greater n, if we use the expression (2.1.2) succesively from
n = 0 to a suitable n, such that

| auf'|,, =K but |au*'|,,>K.
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The proof of stability is entirely similar, (now u#" takes over the role
from u? ;). So we get:

— _ —CK
uf — "= |7 — T | e ¥

After the following estimation of Du? in 2.1/c we give such an estimation
for Au? which can be applied for all n.

The estimation of Du?. Let

pig(ufy = S = BUD) _ o

~n n En n
. U (Wi =Ui=Ui41)-
Uiv1 — U

From (2.1), we deduce:
k
Dui*™" = Duf'+ 5 {8%(uls1)( & uf1)* + dg(uf 1) Dufr —

—2(8%g(ur)( A uf)? + 8g (u)Dui') + 8%g(ui-1)( A ui-1)*+
+ 8g(ui—1)Dui—1}=[1+ A(8g(uiv1) — 28g(ui) +
+ 8g(ui-1))] 1 Du |+ M%) uis1)? A Ui +

+hd%ul)Dul(Aufvr + auf)— (h83g(ui-1)(Aul)? Aui-1+
+ hé3%g(ui-1)Dui—1( A uf + Aui-1))},
|Duf*' | = |1+ A(ho%(ul’) Auf — hé%g(ui—1) A1 +
+4h| 8% auf| )IDuf | +hCy=(1+C,h)|Duf|,, + hC,,
whete C; = 64 C; C,, C, = 2AC; C3, and

Cy = max |auf|, C, = max |8%g(ul)|=1g"|m Cs =
i,n i,n

= max |8%(u7)| = |g®| -
Furthermore:
|Duf*!| = (14 Cyh)((1 +Cyh) | Duf ™" |, + hCy) + hCy,

and by mathematical induction

A 1+Ch)n—1  AG
[h = W] |Duft =(1 +C1h)"|Du?|m+hC2(—Cllh—~se 2 |Duf|,+
ACy
+&|eT—1|EC6
C,
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Let
C, = max |dg(ul)|, Cg = max |Duf| thus |Dg(uf)|=

=C,C3+C,Ce=C
If we take
|h83g(ul)( AUl 1) Auf —hedg(uf1)(a uf)aul 1| =
=h[8%(ul)|( o ui)* + |8%(ui' | m| Duii | m]

into consideration then we can improve the estimation of Du} in the case
of great C,:

|Duf*!| = (1+C,h)|Duf|,, + hC,,
where
C, = M6C,C,+3hC2) and C, = Ah|g®,,|C}.

If h=|Du?| for all i and n then |Du"+1|s(1+C1h)|Du"| (where C =C+
+C,/h), otherwise |Dur*1|=h.

2.1/c. Form the inequality obtained in 2.1/b we have

n+1
ui

k
& |S|Au’lm h[‘szg(u”-l)Aut-HAut
h2

—8%(ul) auf aui—1 ] <| auf|,+ hA[2h]8%g(uf)Duf A uf|, +
+h|8%(ui)( A UF)?| ]
Assume that
Kl A Ui |m
2I<52 ()| DUT | | A U]+ 8% (D)3, | Au? |
where K is a constant. Then

A IAK
|auf™ | =] auf|+ hK| auf|, = IAH?Im[1+ WAK]slAu?w ?

We can use this estimation of | AuP*1| in the previous estimation of Du?.
Now the condition on h does not contain |d3u?| as that in 2.1/a.
Du?,,— Dut

The estimation of d3u? = . The method is similar to

the estimation of Du?. So the result is:
AC1(3) n 3) ACI(3)£

+1 2 N 0 2 N
Idsu;l | =e ldaui Im E{g)— le - ll-
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where
CS? =22(| 6% | | &P |1+ T18%| | A UL || DUF |y + 3| 8% | Duf' | 30),

|81 = max |gO(@)], CF = 818%(ul)lml & |-

d"u" |—d3U'n . . e
— 1T T s also similar:

The estimation of d4u} = 7
nAC,(® @ nAGW®
|e 2N _ 1 "

|d4u?+1|mse 2N |d4u?|m+$
where
C5Y = 22{16%] (| A uT|,)5 + 14|8% | | Duf| (| A UP] )+
+68%|,(1Dui’ | )24 A uf| )2 +618%| (| Auf | )3 dui |, +
+3]8%| | A UL (1 DUT | )2+ 14] 8% | | d3ui | | Du? |, +
+4|6%| ] AUl %] d3ul )
C{? = 10]8%| .| Auf|2, |6%|, = max 1g®)(u)].

So the proof is complete. O
Now we establish similar numerical schemes for the equations u, =

= Byu, u, = Byu and we get similar estimations for the differences of the
solution and for the stability. For the original equation (I.1) the numerical

scheme is:

up®=uf,
(2.2) il ; ”?'0 = Ez”?'o’
u?—uft B.u™
k = Dyu; ,
G —u B one ere Bl = g2(u:-‘f1)—2g2<htf'°)+g2(u£':°x ,

k

n,l1 _ p,l .
Blu?'l — g (uit1) hgx(”t )’ Bou?'z — go(u?’z).

We get estimations for the differences of the solutions of the equations
,u and u, = Byu more simply than of the equation u, = B,u.

2.2. In the case of the equation u, = (g(u)), the estimation of Auf and
up—u¥n| is the same as in the case of the equation u,=(g,(11)),,, only that C

is the half of that in 2.1/b.

u, =
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Furthermore C,, C{?, C{» and C,, C{¥, C4? are multiplied by % in the

case of |Duntl|, |d3up*l|, |d*uptl| and A = % Thus we find the estima-

tions: [— ——]
gl'm

| agy(u) | <Cyl a7y |Dgy(uft!)| =CiC3+CoCs.
2.3. Consider the equation u, = g,(u). Suppose that |go(u)= Kyu. Then
for the scheme u?*1 = u?+ kg (u?) we obtain |u?|<eN K *|u?| ..

If g,(1)=0 and t is not too great, then |uP*1| < |u?|,,.
If untl = u'.1+kgo(u’.‘) then:

E'Im 0 — LTIQ’O‘m 0
|Au:|<e | sy |uf—u"|e™ |luf —u;l,
n
LT|g’ | eWT|8'0|m l
D] = 1Dufle™ " 18]l &
1€ 0l m
2 Tigolm N TI€olm — 1]
|d2uf| = |d%uf| e ™ remle® 7 T —
0olm
where
111 3
C = g% nl atl|m+3| AUL|H| DU | |86 | o
further
N TIgol
—Tlg ‘m eN olm ._1
|d4uy| < |d* u:lm “’|,—|'
120l m
where

= 186"l A U7 |m +6| AuT| 7| Duf| 1|86 | + 31 Duf |21g0] m +
+4l AI.I,' lmldaui l n1’g0'm°
The constants mean quantities similar to those of the second order equations.

2.4. Theorem 2. Applying the methods of 2.1/a, 2.1/b to (2.2), by using
2.2 and 2.3 we find that the following estimations are valid for the numerical
scheme (2.2):

n
(2.4.0/a) |up| =eN " "|ud).,, where |go(u)] <Kolu| or:
|ug]

(2.4.0/b) |u?| =|u?|,, if go(u)=0 and k< —————
FACH I
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Further
IAuilmse | Aut|m,

2.4.1/a TI¢0lm .
(24.1/a) e 0o

and as in 2.1/b:
IAuﬂsElAlI?lmsK for n=ny, [u?—ﬂ;”[sE[u?—E;O[msK;
(2.4.1/b)

for n=ny; where IAu?ImsK‘ |uf = u3° | = Kn,

£ e%(m 20| 55| B | 41| Zaw)| ),
where (I = l,2-k=0 1, 2)
1}
gk( ) = max a—gk(u) .
Further
n (AEs AE, n
(L2 2 TE 3AmEn—
(24.2) |Duf|=e ‘2% 2 °)|Du?|m+g—”‘le "N ).
where:
k
Ez = 62,C4’ng, El = 3—h_C41C3" Eo = C7°-
E,, = max (E,, E,, E,;), F,, =
= max (F,, Fy, Fo), A, = max (% T]
3 k 3 2
Fy = 22C5,C3, Fy = 5Cs,C31, Fo = CalCio;
n fAE; AE, n
—AE2+52+TE : 3AmEm—
2.43) |duf|<eNVZ 2 °)|d3u?|m+£"l|e N ).
E,
where:

k
E, = 82C4,Cs,, E, = 47C4lC3,, E, = Cq,.
E,, = max (E,, E,, E,), F,= max (F,, Fy, Fy), A, =

= max [—A—, T ]
2

8 ANNALES — Sectio Computatorica — Tomus VI.



114 ISTVAN SZEPESVARI

(3) k 111
F, =21CS), F, —702,, F, = Cli1,

(BB AR 1R, 3 ApE

(244)  |duf|=eN V72 )|a4u?|m+%;e~'""‘_u,

m

where

k
E, = 10)'C4:C3v E, = 5 7C42C4:! E, = C7o

E, = max (E,, E,, E,), F,,= max (F,, F,, F,), A

= max [ﬁ, T]
2
k (4) v
F, = 2).C2, , Fy =702,, Fo=0Co .

We get the above estimations by using the induction steps on the layers
n,2; n,1; n,0 one after the other succesively.

The method of estimation of d*uf (/> 4) is executed similarly.
3. In 1. we approximated the original problem

3.1) u, = [P(u)],—¥(u), u(x, 0) = u®(x) by the problem

(32) ty = [§y(u)]x—Wi(u), ux, 0) = u3(x) where |B(u)— B(u)| =eo
% () — Wy ()| =ew if |u] <U PP(1), PP@)(I=5)

are bounded) and

co = O[le—]» |u0(x) — ud(x) | =e.
The scheme applied for (3.1) is:
3.3) =u+ i (<D(u1+1) 20(uf"°) + B(ufs ))

(3:3/a) o' =uP — kP, u)® = uo(ih), uf®=ul.
The scheme applied for (3.2) is:

(3 4) vn,l — n,O k ¢ n,O ¢ n,O ¢
3. 1 = v+ (P (Vi) - 20, (v ) + (V).

(3.4/a) Vit = v ke oY, v = uo(in), v =0
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The difference of (3.3) and (3 4)is:

nl_ n,0

ittt =M M0 4G

where
G = —{¢1(VH_]) ¢1(ul+l) 2(¢1(V1 0) Ql(u ))+

+0,150) — By () + By () - P(uith) — 2By (i) — D)) +
+@,(uf) - D).
Assume that

A= LS—I,—, &, =0.
h? 4|Dy|,,

If v? and @, takes over the role from u7, , and g then we can apply the method
of 2.1/a:

Gs—{ml(u?f-)(m—um) 280, (u ) (v - ui"®) +

+ 6B, (U (Vi — uf) + 4eo ).
Therefore it follows similarly as in 2.1/a
it —ul | < |V —uf'| + dAeo.
The difference of (3.3/a) and (3.4/a) is:
vt = M P — k[P, 08 - P + ) - P ()]
Assume that ¥"(u)=0, |¥(u)— Py(u)| =ew if |u] < U, ks—f;—m. Then it fol-
lows: |v+1—yn+l| <|vP—u}| +4Aeo+key and by mathematical induction:

n+1 n+1

1
it —u |s|v}—u}l+tnew+n0[m]

Apply the initial function u(ih) instead of u®(ih) to the scheme (3.4). Denote
by V7 the solution in this case. Then because of |u°(x)— uj(x)| <e we have

_ _ 1
vi—ul|=|vi—vi| + Vi —ul|<eE + |vi —uj| +t,,ew+n0[N,]

(see E in 2.4.1/b).
If n, N «, respectively h -0 (k—+0) then ey -0, £~0. Applying the method
2.1/b and 2.1/c, we get similar results.

8%
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One can obtain similar estimations for v?, A V7 and A M7} as in (2.2).
These estimations in absolute value norm are valid in weak sense, too, so we
can apply Theorem 6.1 of [2].

Theorem 3. Let {h} be an infinite sequence which converges to zero.
Assume that the conditions for 7’;- or %] are satisfied for each h. Then

there exist a subsequence of {h} such that vV} converges uniformly in any sub-
domain GCH to a solution U of problem (1.0).

We can obtain limitations for ADvn(I<4) and A{™vH(m=2) for (3.2).
So we get similarly to Theorem 3:

Theorem 4. A V?—~U.(x, t) uniformly, A,V3-U,(x, {) uniformly,
AVE—U(x, t) uniformly. If we know the uniqueness then the convergence of
the complete sequence follows.

Proof. The convergence of A ,v7 follows from the boundedness of | A ,,V?|
and | A,w?|, similarly the convergence of A,V from the boundedness of
| &4V and | A V7|, and the convergence of A 7 from the boundedness of
| &nvP| and | A407.

From the equation u, = [D(u)],,— ¥(u) we get:

ug = ¢uuu§ - (puuxx -Y,
u,, = P u? + 3u,u, D, + diuuf) -Y.u,,
Uy, = DOUS+50Du 1, + 3u%®,, + 4y Dy +ud D, —
— Wiz — W il
Uy = OOUL+ 20,1 By + Bttty + U Dy — Wl

The boundedness of the expressions on the left sides result from the bo-
undedness of the expressions on right sides.

So the solution of (3.2) (respectively 1.1) exists in strong sense, too, and
is arbitrarily near to the solution of (3.1) (respectively (1.0)).

We deal with the difference of the exact and the approximate solution,
the rate of the convergence and the uniqueness in other papers.
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