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1. ®opmanbHOe pa3iio)KeHHe ¢ NMOMOILLI0 (PAaKTOPHAILHBIX
NCEBJOMOMEHTOB

I". Beprctpem [6] nokasas, Kak, MCMofb3ys 00lLee TOXAECTBO, MOXHO
[10JIy4NTb KJIAaCCHUECKHUE, HAMpUMep, 10 MHorouseHam YeodbieBa — pmuTa,
pasnoxeHusi. B aTom naparpade nocTpoum passioKEHUs pacnpeneseHuit
CYMM HE€3aBMCHUMbIX, HEOTPMLATEJIbHbIX, L€JOUUCIIEHHBIX CJIyYaiHbIX BeJu-
YpH, KOTopble OYAyT BbIpaKaTbCsl yepe3 (haKTOpUasbHble TICEBIOMOMEHTDI
OT[eJbHBIX CJlaraembiX. PaccmoTpum TOJIBKO TOT ciyuail, Koraa ciaraemble
O[IMHAKOBO pacnpejeieHbl. [lJ1s1 HEOAMHAKOBO pacnpefesieHHbIX CJy4aiHbIX
BeJIMYUH MOYKHO TIOCTPOUTb Pa3yoyKeHUsl aHaloTHUHbIM 00pa3om, HO Qop-
MYJIbl TIpY 3TOM OYYT FPOMO3AKUMH.

Mycts X, X,, ..., X, uVY,, Y, ..., Y, He3aBUCUMbIE, OJUHAKOBO
pacnpejesieHHble ClydyailHble BeJIMYMHBI, MPUHUMAIOIME LeJible HeoTpH-
raresbHble 3HaueHus. [lycte F v G ux QyHKUMHA pacnpejesieHusi, a f u g
COOTBETCTHEHHO XapaKTeprucTUUYecKue GyHKUUH. Uepes

a(r) = 2 k(k—1)...(k—r+ 1)(P(Xj = k)—P(Y; = k)

Br) = 3 kk—1)...(k=r + DIPX; = ))=P(Y ; = &)

00603HaYuM (paKTopuasibHble U a0COJIOTHBIE (paKTOpUAJIbHBIE TICEBJOMOMEHTBI
cydaHbIX BeJIMUMH X; n'Y ), j=L2 ...,n

JUIs1 annpoxkcumauuy pacrpejfesieHuss F*7 HeKOTOPbIM pacnpejesieHrem
G™*M uCnosib3yem passioKeHue

(1.1 FRO) = GF(x) + S B (X) + 7y (X).
=i

wm
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3nech

j
(1.2) Bjx)= > [”]Hj+v, (= 1)+v A THvGRa=(x),
v=1\V

AG(x) = G(X)—G(x—1),
~IGE) = A (2I71G(R)),

v ofiy)
(1.3) H;, = > -
i+iat. .. +i,=j =1 I
il>l
JT0 pasfo)KeHHe TMojyyaem cieayolum obpasom. 3ameTuMm, 4yTO B Tep-
MHMHAaX XapaKTepUCTUUeCKUX (YHKLUMI pasnoxeHune bBeprctpema umeer
TaKoW BUJ :

(14) 170 = 0+ 3100 -0y 0 470

[Mpeanonoyxum, uto pacnpegejieHuss F u G MMEOT OAMHAKOBble TepBble
MOMeHTbI, T. €. a(l) = 0. a5 nocTpoeHusi GopmajbHOT0 pasioKeHUs1 At
XapaxTepuctuueckoid gyHkuuu f7(f) npennosaraem, yto ciyyaiiHble Besu-
uMHbl X j, ¥V ; MMEIOT KOHeuHble paKTOpHasbHbIe MCEBIOMOMEHTbI BCEX MOPsi/-
KoB. Takum o06pa3om, umeem GopmasbHOE pPaBEHCTBO

100 = 3 =P,
CnenoBaTesibHO, ” .

(1.5) () —g) = > (e =1)H,,.

j=2v
10T psR noacrasnsiem B (1.4) u mosyyaem
S (n S, (n = .
> ([Jvo—sore—o = 3 (Moo 5 @,
v=1 v=1 j=2v

[MTopsinok yObiBaHUs1 «(r) B obLiem ciyyae camblit pasHoob6pasHbiit. s
BBISIBJIEHHS NTOpsiIKa yObIBaHUS psifia

j=2v

Heo0X0oauMo mNpuOErHyTb K HEKOTOPbIM OrPAaHMYEHMSIM, HajaraeMbiM Ha
(axTopuasIbHbIe TCeBIOMOMEHTHI o(r). CyllecTByeT MHOTO0 NpPHUMEpOB, TI0-
Ka3blBaIOLIUX, 4TO

«(r) = 0(n™")
IIPU 1 —> oo,
B arom cnyuae u3 (1.3) umeem, uTo NMpu n—

(1.6) H; , = 0(n).
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13 (1.5) monyuaem
st [Z](f(t)—g(t))vgn_v(t) = Z [n]z"’“‘”(t) i (e —1)*Hy, , =

=11\ j=v
« min(j,Ss) n . )
(17) -3 [ ]gn—vaxw—1)f+VH,-+v,v.
j=1 v=1 \V

B cuny (1.6) B psage (1.7) cnaraemble UMEIOT CJIeAYIOLLME MOPSIAKU YObIBAHUS
OTHOCHTEJIBHO 11 :
ming, s) (n ) . )
(L)oo = 0o,

=1 vV
3ameTuM, 4TO B j-OM uJieHe ITOH CyMMbl NPUCYTCTBYIOT (paKTOpHaIbHbIE
TICEBIOMOMEHTHI TOJIbKO 10 j + 1-0ro nopsiaka.
B cymme (1.7) orpanuuumcst nepsbiMu s wieHamu. O603HaunM

I (n), . . .

bty = > [V](e”— Ditven—vHH 4y J=1,2,...,s

v=1

Torpa Bmecto (1.7) nonyunmm cymmy
(1.8) o).
j=1

Jlerko Buneth, uto b(t) siBnsiercs mpeobpasoanuem Pypbe-CTunrbeca
Anst GyHKLUUU
I (n 4 . B
B0 = 31| 0y G700,
v=1\V
CnegoBatesibHO, MONYYMM passioxenue tina (1.1).

B uyactHOCTH,

B9 = "7 g,

B,(x) = [g][ﬁ‘;ﬁ]g A“G*‘”‘”(X)—Iz%('s)—A3G*(”‘1)(x).

B onpenenennn pynkuuu B (X) Gbl1 HCTI0IBb30BAaH TOT (axT, uto eciu g(f)

SIBJISIETCS1 XapaKTepPUCTHUECKO# ¢yHKuMed j-KkpaTHO# pacHoctH G(x), TO
(1—e")g(t) ectb npeobpasoBaHne Pypoe-Ctuntoeca ot AJG(X).

2. OLIEHKHM 0CTaTO4YHOro YjeHa

751 OLeHMBAHMSI OCTAaTOYHOrO UJeHa MCMoJb3yem a0CoNOTHbIE (ak-
TOpHaJibHblE TICEBIOMOMEHTHI A0 S+ 2-0ro nopsaka. Has ynpoueHus ¢op-
MYJIMDOBOK HAlUMX TEOpeM OMNpefes MM TIOHSATHE IOPsSAKA MOJMHOMA OT
a0COJIIOTHBIX (PaKTOPHAJIbHBIX NCEBIOMOMEHTOB.
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Onpepnenenue 2.1. Ilopsi10K nonMHOMa /i C MOJIOXKUTENbHBIMU KO3 pHU-
LIMeHTaMHu 0T a0COJIOTHBIX (AKTOPHAIbHBIX MCEBJOMOMEHTOB [(r) 0003Ha-
yaercs1 uepe3 R(h) v onpepesnsieTcsi CleIy0WMMHU CBORCTBAMH :

a) 4151 ABYX MOJIMHOMOB h, U h,

R(hy +hy) = min (R(hy), R(1y)),
R(hy - hy) = R(hy) + R(hy);
0) NOps/I0K KOHCTAHTbI PaBEH HYJIIO U
R(B(r)) = r.C:
Mpumep. Ecu B(r) = O(n=") u h(B(1), B2), ..., B(s) = O(n~"), To
R(h) = L.
Teopema 2.1. [Tycmb s HeompuyanieavHoe yeaoe ducao. Ecau a(l) = 0
u B(s+2) xoneuro, mo

| s s+1
@.1) max | F*(x) — G*(x)— 3 B,(x) = > [”]h,.,
x j=1 i v=1 \V
20e h, aeasemces noaunomom om B(2), B(3), ..., B(s+2) u
R(h) = s+ 1+

TToauHombL h, MOMCEM 3anicamb 8 A6HOM BuOe:

v(s+1) v 2\ (s+Dw—1)
e n= 3" e e S TS et

j=s+v+l (s+2)) j=2p-p
The
s rB(i)
(2.3) L&D =
Y iy+i +Z +i —_11[71 11!
l<1lss+l
1o w1 -1 1[2]
j J—
(2.4) C;= - f‘Qsm L dt = ,
27 2 ]/"z []_‘*’_17]
g 5
npuv=12,...,5,a 6 cayyaec v =s+1
_ C2(s+l) +
(2:5) By = =201 B0, O

Moka3aTeiabcTBo Teopemnl 2.1. [1py j0Ka3arTesibCTBE TeOpeMbl UCIOJIb-
3yem pesynbTatel [8]. B Teopeme 1 [8], nonaras m = 1, nonyyaem,

max|F*"(x)— G*"(x) - S [’; ]((F _Gyvx G*)<"‘")(x){ - [Si l]hsﬂ.

v=1
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Taxkum 06p330M Ham J0CTaTOYHO AOKa3aTb HEPABEHCTBO

|v1

PaCCMOTp UM PA3HOCTb

)

i[WW“WfW%ZMﬂ

COOTBeTCTBYIOLMX npeobpa3osaHuil Pypoe-Crunteeca. B cuny (1.8) moay-

yaem

s s

Z b Z Z [}l](eu_ W Hgty ~VH 4., =
j=1 =1v=1\V

(2.7) '
= > [V]g(t)” "Z (e"=1)H; |
v=1 j=2v

Takum obpasom,

ey o= 3 (Memolvo-wor-Se- ).

j=2v \

Mo ¢popmyuste Teitnopa

5 & al)) y(s +2) o

(2.9) O —gt) = > L (et — 1y 4 2T it 1y,
%1 (s+2)!

ﬂﬂﬂ OCTATOYHOI'O UJIeHa UMeEET MECTO HepaBeHCTBO

(2.10) [y(s+2)| = B(s+2).

13 (2.9) cnejgyer paBeHCTBO

WOM)[z“%'ﬂ%

j=2
< +Z t S+2 H it .V—l
2 (e[ e
OTcrona ]
v(s+1)
(FO—gt) = 3 (e~ 1VHED +
(2.11) v 2(s +2) f=’l" L(s+1)(v—1) LYEED
el S+2 it _ ijs:' .
ae Z[ J[( +2)‘( ) ] j=%—t>(6 YH
chb
H](_f:'l) — ]3- o‘(il).

i +is+... +iy=j I=1 0!
1<llSS+1
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Mockonbky H; , = H; 5"V npu j=s+v, 10 u3 (2.8) n (2.11) nonyuyaem

L s v(s+1)
=3[0 el 5 e Ht -
v=1lV

j=s+v+1
@12 L (VY r(s+2) ’i”:‘”j’) : 2+ s+ D)l
Sl
SN (s+2) ) =56
Tak Kak «(r)=<pB(r), |glf)]=1n |ei!—1] = 2isir1 't)f:, To M3 (2.12) cnenyer,
uTo 1 o y
= Zs: [Z]{v% ) L(s“) 2sin ; g
(2.13) v "=‘(s+2f)=‘:“::1‘)(v i) . t H(s+2)+j
Z[ ][ <s+2>'] j=2z<v:—1> RARRAE }

3ameTum, 4TO L}ft’) onpefesieHo B (2.3).
Mo yTBep)xaenuto nemmbl Llaperpaackoro [3]
| (), .- _ s bl f D
F—G)* % G*" M) (x)— > B{(x) =-- --———dl.
(1w -0 =380 =, [

v=1 'sin -

=y

ELg

max
x

[NoxcraBnsis oueHky (2.13), monyuaem HepaBeHCTBO (2.6).

Ecnu v=1,2, ..., To u3 Toro, uro R(L (S+l)) = ju u3 (2.2) cne-
nyet, uro R(h,) = s+ 1+v. TlockonbKy R(th) 2(3 1), To Teopema
2.1 nokaszaHa. [

3. ACUMNTOTHYECKHE Pa3jI0)KEeHHSI B clyyae anmnpoKCUMaLUuu
3aKkoHoM Ilyaccona

B stom naparpade paccmoTpum ciyuail, Koria B KauyecTBe ammpok-
CMMaluy 1JIs1 CBePTKU F*7 ncnonb3yercst 3akoH Ilyaccona. CKOpoCTb €X01u-
MOCTH M aCMMINTOTHYECKUE PA3JIOXKEHMS] B 3TOM Cjyyae udyyanucb B [1, 2,
5, 6].. B aTux paboTax mosyuyeHbl aCMMNTOTHYECKHUE Pa3JIOXKEHUs MO MOJH-
Homam Ilyaccona-lllapsbe, a K03(QHLIMEHTB! BbIpaXKaloTCs B TEPMUHAX (aK-
TOPUAIbHBIX MOMEHTOB. OCHOBHBIM METOAOM A0Ka3aTeNlbCTBAa SbJSETCS
METOJ XapaKTepUCTUUeCKUX (QYyHKuMid. B atom maparpade nokakem, uTo
13 o0LIMX Pe3yJIbTaToB, MOJYUYEHHbIX B MpeAbIAyIMX naparpadax ¢ UCHoJib-
30BaHueM MnpeacTaBieHnst beprcrpema, B ciiyyae nyacCOHOBCKOM anNpOKCH-
MalMHU TMOJyyaeM acMMNTOTHUECKHE PA3JIOKEHUs aHaJIOTMYHOr0 TUMa, HO B
TePMUHAX (aKTOPHAIBHBIX MCEBJOMOMEHTOB.

IMycTs

G(x) = 1<2x a(l; A),
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rae

"

a(l; 2) = -[A—le—ﬂ, 1=0.

Teopema 3.1. ITycmo s nHeompuyamensHoe yeaoe ducao. Ecau o(1) = 0
u B(s+2) xonearno, mo

max|F*n(x) — G*7(x) —

j [’:']ij, (7u(k; (/1—1)),‘1)jj+1,_1(k; (n—v)A)|=
|

j=1v=1
(3.1)
s+1 n
- [ ]hl.,
v=1 \V
rae k = [x],
v ail)
o= 3T
iy+is+. . +iy=j+v I=1 I
i

-
a h, seasemcs noAuHOMOM 0 AGCOMONMHBIX (HAKIMOPUAALHBIX NCCEOOMO-

Menmos (cm. (2.2) u (2.5)); Ji(k; 7) seasemces noaunomamu Iyaccona-Illapse,
m. e.

min 1, k) ,[l]k(k—l)...(k—r+l) .

IR =" 3= .

JloKa3aTenscTBO. V3BecTHO [4], uTO /151 KOHEYHbIX pa3HOCTed myacco-
HOBCKOI'0 pacrpefieleHUsi BbiMOJIHSAITCS CeAYoLMe COOTHOLIEHHUS

otalk; 2) = alk; 2)(— D (k; ),
AG(x) = A7 ta([x]; ).
Mcnonb3ysi Teopemy 2.1, B KOTOpoil DyHKUMS Bj(X) UMeeT BUA

Bfx) = j [’;]H”l_.,.(_ l)f+”Aj+"[Z (; (u—v)a)) =

v=1 l<x

J
| | R TR YR RO}
v=1

nojiyyaem yTBepyKaeHue teopems! 3.1. [

IMonyuyeHHoe pasdnoykenue B (3.1) sIBsIETCS aHANOIMUHBIM Pa3JIOXKEHUIO
®dpaHkeHa B [7]. OTiiMuKe COCTOMT B TOM, UTO BMECTO (paKTOpPHAIbHBIX MO-
MCHTOB BBICTYNAWT (AKTOpPHaJIbHbIE MCEBJOMOMEHTbI, a TaK)Xe B TOM, UTO
napameTp MyacCOHOBCKOr0 3aKOHA 3aBUCUT OT HOMEpPA ujieHa Pa3jloyKeHUsl.

Mpumep. Tycts P(X;=1)=p, P(X;=0)=1-p, rae O<p<l.
B cnyyae s = 1 u3 (3.1) nonyuaem

n np? X
z[l]p'(l—p)“-'—znu;np)— »,”[1—(-,-1-[:--}

l<x l<x 2

3
= [”]—4—;)4 + P
2)3n 3

max
x

W ]z([x];(n — I)p)is
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[Topsiaok wieHOB B pasickeHnuu tvna (3.1) Mo)KeT oKa3aThCsl HeperyJisi-
pHbiM. UToObl 000WTH 3Ty TpyAHOCTb, dPpaHkeH B [7] wuccilejoBal, TaK
Ha3blBaeMble (HOPMHUPOBAHHbIE [10CJIEA0BATEILHOCTHY, KOTOPblE YKAa3blBAIOT,
KaK MOYKHO CrpynmnupoBaTb YjieHbl pasfio)KeHUsi B yObiBawlleM MopsifiKe
JJ1s1 10BOJIBHO LIMPOKOT0 KJjacca pacnpenenenuit. Cnenys dpaHkeny, onpe-
JeJMM TOHSITUE «HOPMMPOBAHHOCTH» TMOCIE€A0BATebHOCTH CJ1yyalHbIX Be-
JINYUH.

Onpepenenne 3.1. [NocnaeqoBaTeNbHOCTb HEOTPULIATE/IbHBIX Li€JI0YNACIIEH-
HbIX ClyYaiHbIX BeJIM4MH Z,, 1 = 1, 2, ... Ha3blBaeTCsl «HOPMUPOBAHHOM
N0 MOCJeA0BaTeIbHOCTH HEOTPULIATESIbHBIX YHCe] 6n, n=1,2, ...7 10
§-0ro Mopsifika, ecau cyutectBytoT yucaa m(l), m(2), ..., m(s) TaKMe uTo

M(ZZ,-1). . (Zy—r+1)) =m(r)s,, r= 1,2,‘..5; n=12,.... 1

Npumepsl. 1. Ecnu cayuyaiHble Beanuumusl Z,, n =1, 2, ... pac-

npejeneHbl no 3akoHy [lyaccoHa ¢ mapameTpamu 2,, TOTAa OHU OYEBHMAHbBIM
00pa3oM HOPMUPOBAHbBI MO A, A0 MPOU3BOJIBLHOI0 MOPSIAKA, MOCKOJIbKY
M(Z(Zy=1). o Zg—r+ 1)) =00, F=1,2,....

2. Mlyctbe Z HeoTpuuUaTesIbHAsl, 1eJIOYUCIIeHHAst CllyuaiiHasl BejIMYMHA,
y KOTOpO# (aKTopHasibHble MOMEHTbI

m(ry = M(Z(Z-1).. (Z-r+1)), r=12,

KOHEUHbI, M MyCTb 8§, n = 1, 2, ... MOC/IeN0BATEJILHOCTb YHUCEJI, IS KOTO-
peixO0<é,<1. EcmV, ., V, ,, ... cepusi HE3aBUCUMBIX Cl1yYaiHbIX BeaU-
UMH TaKasl, 4To

P(V[n:1)=(5n, P(Vi.n:()):l—am i=12,

U Z HezaBucuMma ot V, Torjaa CﬂyllaﬁHble BE€JIMYNHDbI

z
=D Vinp n=12...

i=1
00pa3yT HOPMUPOBAHHYI0 MOCJIEA0BATENBHOCTL 110 0, ;10 $-0I'0 MOPsLIKa.
JleiAcTBUTENBHO,

l n’

M(Zn(Zn—l)...(Zn—r+l)):
i k(k=1). . (k=r+1) S P(Z = )[ Jﬁ;(l»— 5 Nk,

N=k
Mensist HOPpsAIOK CYMMHUPOBaHMUSsI, T10J1yHaem

M(Zn(Zn -0 (Zy-r+ 1) =
Pz =N) Z Kk=1). . (k—r + I)[ ]a/\u Nk =

%Ma

oo

= o> P(Z:N)N(N—I)A..(N—r+l)l>vz [ ]a!(1~5 Y=g =

= m(r)or.
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Tenepb C(popmynnpyem yTBepmneHym 151 HOPMUPOBAHHBIX  CepHd.
Hyes Vo j=1,2, ..., k;;n = 1,2, ... cepusi He3aBUCUMbIX CIlyyaid-
HBIX BEJIMUMH, }IHH 1<0Top0ﬁ

k
P(Y; ,=k) = n(k;,‘tn);{'—"’e*’-n, k=0,1,2,

Mycets X; ., j=1,2, ..., ky; n=1, 2, ... cepusi He3aBUCUMBIX, OfU-
HAKOBO pacrpe/esleHHblX, HEOTPUIATe/bHbIX, LIeJOYNCIeHHbIX CilydalHbIX
BEJIMUUH, KOTOpbie (n=1,2, ...) o0pa3yloT HOPMUPOBAHHYIO I0OCJEI0-

BaTeJIbHOCTb 110 A, 10 S+ 2-I'0 ﬂOpﬂlIKa O06o3Hauum yepe3 F, u G,, GyHKUUK
pacnpejenenus, a yepe3 «(n, r) u ﬂ(n r) (baKTopnaanble 1 abeomoTHbIE

(pakTOpHAJIbHBIE TICEBJOMOMEHTBl CJIy4YailHbIX BEJIMYUH X] . Yj,n.

Teopema 3.2. Ecau «(n, 1) = 0 u limz, = 0, mo npun— -

N~

] s s+ 1 k st v
(3.2) mjfo,*l"‘n(x)—G,":"n(‘( Z AA n(‘() [Z [:]Af” ],

v=1

i —
i =

20e

Aj,n(x) =
= Z] [kn]/lg. . > | {“]rn(llz),,. (ks (k= V)n) J jv—1(Ks (K = V)2),

= [X],
G¥n = 3 a(l; kydy). O

l<x

JoKa3aTelbCTBO. YTBep)KIelire BbiTeKaeT U3 Teopembl 2.1, eciu yyecTb,

4TO
O((””’) = M(Xj.n(Xj,n__ l) . '(Xj,n7r+ 1))'—
MY (Y =) (Y o=+ D) = m(r)i,—d, = Aplm(r) — 1]
u
B, ry=2[mr)+1]. 0O
CnepcrBue. Ecau limk 2, = 2, A=0, mo
max F¥n(x) - GHn(x)— S A, (x) = 0G5+,
X j=1
2oe

v myi
im A0 =3 3 7" . ),
N> e v=1 11+1'2+:..-1+i1.;j-é-vl=1 l[.
![>

npu k = [x], u
lim G¥kn(x) = > a(l;2). 3
l<x

C.HelIOBaTEJ]bHO j ThIA uJieH pas3IoXKE€HUs1 UMEET NMOPSAA0K /1,{



76 A. KOBAY

" ] .
3ameTuM, uto PpaHKeH paccmaTpuBall ciydal, korga A, = -. Boartoi
n
CUTYallMM OLIeHKHM OCTaTOUHOro ujeHa B (3.2) MMeEIT TaKoil ke MopsiloK,
Kak U B pabote [7].

[Tpumep. [ycte P(X; , = 1) = 4,, P(X] Oy=1-2,j=1,2,...,m
n=1,2,....Batomcnydae a(n, 1) = 0, a(r1, 7 ﬂnr)—z r=2,3,...,
no3Tomy 1

i) (ndy) s
max A(l=2)r 1= D 2l emn MA (x
x ,Efz] A=A 2 Z f()
T, sty
= 0 n y
Z[) J
rae

Aj n(x):
ﬁ[ ]W(—l)v STl (1 ) s (110,

i 4ie+. .. +iy= j+Vl—1 1-
>1
1

nk = [x]
A
Ecnn )‘n =" l>0, TO
n
! S MA. i 1
max‘ n][i] [1 _i] _ Z Fopio s f.A_l_,__zi(i‘)i - 0[.__],
*oll=x [ n n l<x ! j=1 nl . nst1
/1
j v
lim A ,(x) = D (= 1) S H
N—~ oo v=1 i1 +i2+. -'ilv =j+v = 111
II
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