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The classic secant method can be extended for solving a non-linear
operator equation defined in the conditions of Banach spaces, by using the

generalized divided differences treated in the last chapter of the monography
[3]. In their paper [2] M. Balazs and G. Goldner proposed the

_ Fxy)
Fepxn 1 (Vn)

method for the computation of the solution of the equation

(1) Xny1 = Xp— Yn (n=0,l,...)

) F() =0,

where F: X R, (X being a Banach space) is a non-linear functional, and
the auxiliary vector series was chosen in the following form

Xn—Xn—3

”xn_xn—ln
In this paper we are going to solve the functional equation (2) using a
Steffensen-type method instead of the above secant method. Let’s define a

non-linear operator @ : X -~ X in the X Banach space using the above men-
tioned functional F

3) Vpi= (n=0,1,...).

@) @ (x):= x— F (x)——
I} x|

and let x,,, u, be the nodal points of our method, where x, is the n-th ap-
proximate solution of (2), but u, is computed by the following form

5) U, :=D(x,).
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We define step by step a scalar L, and a vector y,, in the following forms

1

T B0

(6) R G SR
y .- xn_un
el

and suggest the following method

(7 xn+1=xn—LnF(xn)yn (n=0,1,...)

for solving the equation (2). According to the essential feature of divided
differences Fox-(x’—x") = F (x’)— F (x”) the following relation

8) 1Fepull = 1 Fepu, W), (m=0,1,...),

can be proved easily. Further on we assume the functional F as being con-
tinuous in the sphere S(x,, r) specified later on.

Theorem. We suppose that the following conditions are satisfied
1°. For the divided difference of the functional F in the points x,, u, we

have
1
|Ly| = ———=B, Boy=1.
”Fxo uo”
2°. For the approximation x,
|F (xo)| =1 -

3°. The divided difference of the operator @ and the divided difference of
the second order of the functional F satisfy the following relations

1P xll=M;  ||Fex— Ferxrl| = K [IX" = x|

if x’,x”, x"" €S (xq, r), where

ri= max{B0 1, (1 =) ; MBq o (1= «) + 78
1 -2« |
4°, The constant numbers B, n,, K, M satisfy the inequality
3-V5

hy:=2K Bin,(M+1)<a< 5 -

Then equation (2) has at least a solution x* €S (x,, r) which is the limit
of the approximations (7) and the rapidity of the convergence is characterized
by the inequality

o 21
) o= () e
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where

« 2@k—1_1
i)

Proof. First of all let’s take the following estimates, which are given di-
rectly from the formulas (5), (7) and the assumptions of Theorem:

%1 =Xoll = Lo F () Yoll = Bo 7o »

(10) lluy — toll = |9 (x1)— P (Xo)ll = MBy 75,
[l — tgll = l|xo— toll + | Lo F (Xo) Voll =10+ By 119= 2B, 1o ,
Nty —Xoll = MBqy o+, -

6:=Bon0§:(l—a)""l[
k=1

According to formula (7) it results immediately

Froug (X3 —Xo) = _F;Couo(LoF(xo)YO)7

whence using the formulas (6) and the definition of the divided differences
we obtain the identity

(1) Frou, (X1 —Xo) = —F (X,) -
Substituting x, for x; from the conditions of this theorem, we have

K (Byno+MB, "70)]Z 1-hy
“F;ouo” BO

’

IFe ulnzna.,uon[ -

whence it results

(12) L) =— = Bo _.p.
IFemll  1=ho

From (11) we obtain
|F (x1)] = K lxy — tol| [Ix, — Xl = 2KBg 75 (M + 1) ,

so we have

(13) home =11y .

Considering the formulas (12), (13)

(14) h,:= 2KB? m(M+l)S——(lfgho)2

is given. The inequality h; <« is satisfied iff «a < 3_2V5 . By induction we

obtain



130 A. VARHELYI

anISan Bn 1 1 0’
-« (1—a)
(15 |F@&)=n,=h * ey

X)) =n,=h,— = —a)n,,

n n—1Mn-1 (]—0!)2] Mo
2 212"-1)
= h%_, s[ 1 ] h%n.
(1— n— 1)2 1 -«

On the basis of the formulas (15) we have

“xn-l-p— n”SBn+p—1 77n+p—1+ St Bn Nn=
p a
=B
o’?okz1 [(l “a)

whence using the inequality

ont+hk—1_,
] (1 __a)n+k—1 ,

(@rth-1_1)—(@2r—1)=2(2""1—1), n=1,

we obtain
n x -1
Pyl =0 (2] 0n
(16)
8 1= By, S (1—a)t1 2@y
1= — )kl | —
1= Buta 3 (1) (H)z]

Considering the completeness of X it results that the sequence {x,} has a limit
x*e X. Since hm n, = 0 by the continuity of the functional F we obtain
F@x*)=0. From (16) if p— - the rapidity of convergence is given.

Using the inequality 2¥-=k, k=1 we can estimate |x,—x,/| and
llu, —x,| in the same way as (16). So we have

T g
= B ,
] 1— % 0o

—Xoll=Bgnq S 1 —a)k—1
=l = Byto 31 (1) [(1_ ;
(17)

MBy (1 —a)

U, —Xo| = ——2"1——2 4 .
I = ol =200

Choosing r as in the 3°. condition of the Theorem it results x*€
€S (Xg, r). This completes the proof.
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Computational example
Fx)=(@+y* =27+ -y? =0,
initial values: x_, (.7; .7)

X, (.8;.8)
Xy (.7;.7) for the Steffensen-method.

} for the secant method,

Secant method Steffensen method
1 .89931 .959508
.89931 .959508
2 .938356 .976706
.938356 .976706
3 .963359 .987196
.963359 .987196
4 .977575 .993213
.977575 .993213
5 .98629 .99649
.08629 .99649
6 .991566 .098227
.991566 .998227
7 .994807 .99913
.994807 .99913

The exact solution is (1; 1), the secant method will accurate to three
decimal places after 11 step.
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