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B HEKOTOPbIX BA3HUCAX

JIOKKHH C. A.

MockoBckuit ['ocymapcTBeHHbI YHUBepCUTET
®dakynbreT BoiuncaurenbHoil Marematuku ¥ KubepHeTnku
Kagpenpa Maremaruuecioi kubepHetuku, MockBa, JIEeHUHCKHe ropbl

(IMocmynuano 29. 712. 1982)

B Hacroseit pabote mpojosniKaercss M3yueHHe OJHOTO U3 OCHOBHBIX
KJIacCoB VIPABJSIIOLIMX CUCTEM — KJjacca CXeM M3 (YHKLHMOHAJIbHBIX 3Jle-
MeHTOB (C.¢.3.). Jna kapoi c.¢.9. onpeensieTcsl ee ecTeCTBeHHasi BpeMeH-
Has XapaKTepucTHKa, Ha3biBaemasi ryOuHoi*, ¥ paccMaTpUBalOTCSl BOMPOCH
ONTUMAasbHOH (Mo ryybuHe) peanudauuu GYHKUuMHA anreGpbl Joruku (¢.a.n.)
c..3. B HeKoTOpbIX Oasucax.

[yere D) ={E,, E,, ..., E,} — cucrema UCXOAHBIX 3JemMeHTOB (0asuc)
wmua i=1,2,...,r E; = (p; (X3, Xg, - . -, Xk;), D;), TO ecTb 3nement E; pea-
nu3yer ¢.a.J. @;, CYLIECTBEHHO 3aBUCSILLYIO OT BceX CBOMX k; apryMeHTOB, U
umeet TyOMHY D;=0 (D; mo)keT ObITb, BOOOLUE TOBOPSI, TPOU3BOJILHBIM He-
OTpHLATeJIbHBIM AeHCTBUTEJIbHBIM UMCIIOM).

Byjem npeanoJararhb, uto cucrema {p;}i—1 6asuCHbIX ¢.a.JI. IOJIHA U YTO
c.¢.9. Haj 6a3ucom > CTPOSITCSI B COOTBETCTBUM C 0ObIYHBIMY NPAaBUIIAMHU (CM.,
Hanpumep, [9]).

[Mox rayOuHOM Liermy, cocTosileil M3 MocCJefoBaTesIbHO COeAMHEHHBIX
3nemeHTOB 0asuca, OyaeM MOHMMATb CYMMY TJyOuMH BceX ee 3J1eMeHTOB;
ry0uny c..3. 6yaem onpefensiTb KaK MAaKCUMalbHYI0O TNyOUHY ee LerneH,
a rnybuny ¢.a.3. f B 06asuce D — Kak MUHMMaJbHYIO TNYOUMHY c.0.3. Hak
0asucom D, peanusviomux f.

M3 [3, 8] cieaver, yTo THUIl ACUMNTOTUUYECKOTO TMOBEAEHUA (QYHKLHUU
[llenHoHa Dy (1), KoTopasi paBHa MaKCMMaJIbHOM Tyy0OuHe ¢.a.J. oT n Iepe-
MeHHbIX B 0asuce D, OnpefesisieTcsl MHO)KECTBOM Z, COCTOsIIIUM M3 Tex Oa-
3ucHbIX d.a.0. ¢, i =1,2, ..., r, Ana KoTopbix D; = 0, a MMeHHO:

1. Dy(n)~7s-n, ecnu Z cocTouT U3 ¢.a.J1. OfHOI MepeMeHHOH;
2. Dy (n)~aslog, nn, eciin Z COCTOUT U3 JIMHEHHBIX ¢.a.]1.;

* B paborax pa3HbIX aBTODOB 3Ta BpeMeHHasl XapaKTePUCTMKAa HasbiBaiach JuG0
3afIep>KKOH (CM., HarnipumeD, (3, 4, 8]), nubo rayouHoi (CM., HanpuMmep, [1, 11, 12]). Opna-
KO, YuuThIBasi pe3vibTarhl [10], cienyer npusHarhb, 4TO TEPMUH ravOHHa siByisiercs Gosiee
YAAYHBIM.
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114 C. A. JIOXKKHUH

3. Dx(n) = C: npu n=nyz, ecnu Z COAEPKUT HeJlMHeiHVIO ¢.a.n., e
Tz, &5, Cz, Ny — HEKOTOPble KOHCTaHThI, 3aBUCsIMe OT 6a3uca. dop-
MVJbl, BBIp@)KAWILUE 73, ax, C; Yepe3 XapaKTePUCTUKU 3JIEMEHTOB
0asuca, nonvyeHsl B [3, 4, 8].

Jl1s mepBBIX ABYX THIIOB aCUMIITOTHYECKOTO MoBefeHUs1 GpyHKuUuK LlleH-
HoHa Dy (n) ecTecTBEHHO BO3HMKAaeT 3ajlaya 00 OLEHKE OCTaTOUHBIX YJIEHOB
COOTBETCTBYIOLIMX acCUMIITOTHUeCKUX dopmyi. M3 [3] cieayer, uto B ciyyae
BTOPOT0 THUNA ACHMITOTHYECKOro ToBefeHust ¢yHxuuu IlleHHoHna Dy (n)
CMpaBe/l/IMBO PABEHCTBO:

Dy (n) = as-log,n+0(1).

B pa6orax [1, 11, 12] Gb1u moayyeHs! HEKOTOPblE OLEHKH OCTATOUHOTO
4jeHa acUMOTOTHYECKOi (opmyabl mepBoro tvma st GyvHKUuM [lleHHoHa
Dy, (n) B 6a3uce

20 = {(x-y, l)r (xVy, 1)’ (7_(» 1)}

Haunboee TouHbie U3 3THX OLIEHOK ObLIM MosyyeHbl B 1], rae Obiio foKa3aHo,
YTo

(1) ]n—log, logy 1+ 0 (1)[ = Dx, (1) = Jn —log, log, n+0 (1)[ + 2

(uepe3 Ja[ Ovmem obo3HauaTh Oamkaiiee K @ CBEpXY LieJloe YMUCIIO, a yepe3
[a] — 6mmwkaiiee K a CHU3Y LieJI0e YUCJII0).

Hactosimass pabora NpofoJpKaeT McciefoBaHUsI B JlaHHOM HarmpasJie-
HUM. J1JI51 HEKOTOPBIX KOHKPEeTHbIX 0a3UCcOB >’ MepBOro TUMa C LeJIOUHCIIeH-
HBIMU MOJIO)KUTENbHbIMI BenuuuHamu D;, i =1,2, ...,r n 1z =1 (B yacr-
HocTH U Asia 6asuca D)) nosefeHue dyHkuuu lllenHona Dy (n) ycTaHaBiu-
BaeTcs 3/iecb, Boobuie roBopsi, ¢ ToyHoctbio 1o O (1), To ectb ana Dy (n) mo-
Ka3blBaeTcsl PaBEHCTBO BMJA:

(2) Dy (n) = Jn—log,log,n+0(1)[+C%,

rae C¥ — HexoTopasi KOHCTaHTa, 3aBUcsiwiasi oT 0Oasuca.
bopMyIHPOBKHM MOJIYUEHHbIX pe3yibTaToB ObuiM onmy0inMKoBaHbl B [5].

§ 1. OcHoBHbIE OnpeneleHus,
0603HaYeHMs H HEKOTOPbIE BCTIIOMOraTelbHbIE Pe3ybTaThl

BBenem HeoOxofgumble onpefesieHust 1 0003HaveHus1, Kacatwuuecs ¢.a.u.
M UX peanusauuu B KJjacce c.¢.3.
IMyere B={0,1} u B*=BXBX...XB, tme n=1,2,..., — eau-
N —————

n
HUUHBIA 1 — MepHbI KY0, TO eCTb MHO)KeCTBO HabopoB M3 X U 1 JJIMHBI 1.

MHoykecTHO ¢.a.u. f: B LB orm nepemMeHHbIX Oyjaem 0603HauaThb ye-
pe3 P, a mHO)xecTBO Bcex ¢.a.. — uepe3 P,. Byaem cuuraTh, yTo nepe-
MeHHbIe 0epyTCsl X HEKOTOPOro GUKCUPOBAHHOrO cueTHOro andasura X =
={Xy, Xg, ..., Xpy ...}
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Habophbi (al, Gsy ..., 0,), TRe 0,€B,i=1,2, 1, (Xy, Xy, - .1, X)), THE
xeX,i=12,..,n (fi,fe - f,,) rae f,eP " oTIL Oviem 0603Haanb
TaKKe uepes g" (mm o), X" (unu X), fr (anu f) n 1.1

Anst ¢.a.n. f(x") yepes N, 6yaeMm 0603HauaTh MHO)KECTBO Tex HabopoBs
fe B, nns KOTOPBIX f(ﬂ) =1

Jins HabopoB g, y€ B™ uepe3 ¢-9, ¢V y U o+y OyAem o6o3Hauarb Ha-
Oopsl, MoJivyawLMecss NopaspsiiHoil onepauueil KOHbOHKUUY, AU3BIOHKIMH
M CJI0)KEeHHUs1 110 MOAYJIO 2 COOTBETCTBEHHO M3 HabopoB g, y. Uucino eauHur
B Habope o 6yaem o6o3HauaTh yepes ||o||.

Enuuuunoit chepoit B B" ¢ LieHTpoM B pe Br 6ynem, Kak 06bIYHO, HA3bI-
BaTb MHO)KECTBO BCeX TaKMX HabopoB y € B", nnsa kotopwix ||f+ 7| = 1. Kak
M3BeCTHO (CM., Harpumep, [6]), As uucaa n, sIBJISAIOLIET0CA CTeneHblo 2, B"
MO)KHO pa3buTb Ha HerepeceKawlluecsl eAUHUYHbIE chephl.

Yepes [;,Z,(x) H K;’;(X), rae 7= (Yu V2 -+ > ¥n) @ = (01) 03 - - -» )y
X = (Xg, Xp, -+, X,), 7,0€B" Oygem 0603HavaTh cnepviowne ¢.a.j., Hasbl

Baemble 3JIEMEHTAPHON AU3BbIOHKLUMEH U 3JileMEeHTapHOH KOHDBIOHKLHMEH (3.K.
paHra ||p|| oT nepemeHHbIX X

I;-(x) = \/ x¢, Ko-(x)= & xq,
’ yi=1

Yi=

rae, Kak o0bluHo, x° = X, x! = x. [ToJIO)KUM TaKyKe, 4TO
L#)=1;;() w K;(3)=K;j;(%), e 1=(,1,...,1)€B".

J.K. K OT nepeMeHHBIX X Ha3blBaeTCst AOMYCTHMOM Ans ¢.a.J. f(X), eciu
Ny SNy,

C. q) 3. Han 6asucom 3 = {E;, E,, ..., E}, the E; = (9 (X, X3 - - -, Xi))s
D), i=1,2,...,r, 6vaem 3anaBaTb auu}cnuuecxumu OpPHEHTHPOBAHHBIMU
rpapamu, BepllJMHbl 1 pebpa KOTOPBIX MOMeueHbl cieAyiolum o6pasom:

7. ecan uucio pebep, BXoAsiIMX B BepIIMHY W, KOTOpoe Mbl Ovaem
o6o3Havatb uepe3 indeg (w), paBHo O, TO BepLIMHA W Ha3bIBAETCSI BXOJOM
CXeMbl U TIOMEUaeTcsl CUMBOJIOM HEKOTOPOH rnepemeHHoi u3 X, npuyem pas-
Hble BXOJbl TIOMEYAIOTCS Pa3HbIMU TNepeMeHHbIMY;

2. ecnu indeg (w)=0, To BeplLiMHA W Ha3bIBAaeTCsl BHYTPEHHeH BepIIUHOMA
CXeMbl U TOMEYaeTCsl CUMBOJIOM HEKOTOPOTo 3jemeHTa E;€ > Takoro, 4ro
indeg (W) = k;;

3. Bce pebpa, BXoAsiiliie BO BHYTPEHHIOW BepUIMHY W TIOMEYalTCs UMC-
namu 1,2, ..., indeg (w).

Uepes Vax (S), Vau(S), V(S) u U(S) 6vaem o6o3HauaTb MHO)KECTBO
BX0/10B, MHO)KECTBO BHYTPEHHUX BepLIMH, MHOECTBO BCeX BEPLIMH M MHO-
»KecTBo pebep c..3. S COOTBETCTBEHHO.

B kaxaoit BepuiuHe w c.d.3. S Hajx 6a3ucom D peanusyeTcst HEKOTOpast
¢.a.n. f,, 3aBuUCsILIAs OT NMepPeMEeHHBIX X;, Xy, . .., X,, TIPUIMUCAHHBIX BX0JaM
S, 1 onpefensiemast Mo MHAYKUMKM CJeAYIOIIAM 06pa3om:

8%



116 C. A. JIOKKHUH

7. ecnn W€ Vex (S), To f, coBMajaer c nepemMeHHOH, NMPUMUCAHHOH W;
2. ecnmt we Vo (S) nomedeHa cumBosiom 3nemeHta E €D, mis j =

=1,2, ..., k; opuenTnpoBanHasi mapa (w; w)eU (S) momeyeHa yuciom j,
B Bepuinde w;, j=1,2, ..., k; peanusyercs ¢.a.j1. f; = f,, To B BepiuinHe
w peanusyercs ¢.a..

Jfo= ‘Pi(flyfz» .- "fk,-)~

Uucno pebep, BLIXOAAWMX M3 BepilinHbl w, 6yaem o6o3HauaTb uepe3
outdeg (w). Bepuiunbl w, fas KoTopbix outdeg (W) = 0, Gyiem HasbiBaTb Bbl-
xopmamu cxembl. C.h.3. S Hap 06a3ucom D> Oviem HasbiBaTb Gopmyiioit (¢.),
ecnn 1y mo6oii BepiuuHbl W€ Vay (S) outdeg (w)=1, u abcomoTHoit dop-
mysoit (a.0.), ecnn aist moboit Bepwunbl weV (S) outdeg (w)=1.

Byvaem cuutaTh, uTO paccmarpuBaemble GOPMYIIBI MMEIOT TOJIbKO OAMH
BbIXOJ, ¥ OyJeM roBoputh, uto c.p.3. S peanusyer ¢.a.n1. f, ecau f peanusy-
ercst Ha Bhixofie S. C.p.3. 8" u S OGviem HasbiBaTb 3KBUBAJIEHTHBIMH, €CJIU
OHM PeasU3vIOT OfHY U TY ke ¢.a.J.

W3omopdusm c.d.3. Hap 6asucom D> GyiaeM NMOHMMATb KaK U30MOPHU3M
COOTBETCTBYIOLIMX ToMeueHHbIX rpagos. C.p.3. S’ u S” Ovaem HasblBaThb
KBa3MM30MOPOHBIMH, €CJIM NyTeM MepeuMeHoBaHUst (0e3 OTO)KJAECTBIIEHUS)
BX0/I0B, UX MO)XHO c/ieJ1aTb H30MOPDHBIMHU.

Llenbio B c.0.3. S Oyiem Ha3blBaTb MOCJIeA0BATEJILHOCTb €€ BHYTPEHHUX

BEPMUH Wy, Wy, . .., W, JJII KOTOPO# (W;_,, w;)€U (S)npuBcexi = 2,3, ...,
Tny6unoit Tavodt uenu Ovaem HaswiBath uucno Dy +Di,+ ...+ Diy, TA€ i)
j=1,2,...,1, — Homep 3JieMeHTa, NPUIMCAHHOTO BepLIKHE w;, a riyou-

Hoii c.0.3. S Hajg 6a3ucom D — MaKCUMalbHYIO TNIYOMHY ee Lielelf, KoTopyio
Mbl 6yaem o6o3Hauath uepes D (S).

OnHOPOAHOM MOJIHOH p—sIpYCHOH a.}., MOCTPOEHHOH U3 3JIEMEHTOB
E;, bynem HaspBaTh a.p. F, nast xotopoit |Vax (F)| = (k;)*, D(F)= uD; n
BCE BHYTPEHHHE BepIUMHBbI F momeueHbl cumBosiamu E; (Bce Takue a.p. 6v-
AYT, OYEBUIHO, KBA3UNU30MODPHHLIMHU).

B [peanosioyKeHnu MoJHOThl CUCTeMb {p;)i—1 6asucHbIX ¢.a.1. B P, BBe-
JieM, Kak 00bluHO, GvHKUMio [lleHHoHa Dy (n):

Dz (f) = min D(S), rae f€ P, 1 muHumym Gepetcsi o Bcem c.d.3. S Hap,
6a3ucom Q, peanusvioiium ¢.a.n. f.

OueBuaHO, yTo 11 Joboit c.p.3. S Han 6asucom D CYILECTBYET 3KBU-
BajleHTHas eit ¢. F Hajg 2, anst kotopoit D (F) = D (S). CnenopareJbHo,
npu omnpefeseHNd M usydeHuu ¢VHKUUI Dy (f) ¥ Dy (n) MOXXHO OrpaHu-
YUTbCS paccMOTPEeHUEM Kiacca popmyst Haj 6asucom D).

HmwxkHue oueHkd B (2) OYAYT MoJIvUeHbl C TOMOLUbI) OOBIYHBIX MOLL-
HOCTHBIX C000pa)keHUi, MPOBOAUMBIX, BO3MO)KHO, C VUeToM (YHKLHMOHAJb-
HbIX 0coOeHHOCTe HEeKOTOpBIX M3 paccMarpuBaeMblx 6asucoB. [TonyueHue
HIDKHeR oueHKHU s GyHKUMU llleHHOHa Dy (n) B ciyyae NpOU3BOJIBHOIO
6asuca mepsoro Tuna > ={E;, E,, ..., E}, E; = (¢;(Xs, Xy, ..., Xx,), D)),
i=1,2,...,r MOOKHO OCYIIeCTBUTb, Hanpumep, cjeayvioiium obpasom (cp.

8-
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Jlemma 1. [1ns1 moGoit c.d.3. S Hap 6a3ucom D)
D(S)

3) [Vex(S)| =2 ™ , rme rz:min—LL. O
ki=2 log, k;

JloxasarenbCcTBO MPOBOAUTCS WHAYKUMEH MO YKCY BeplUMH.

O6o3Hauum uepe3 Ny(D), D=0, — MHO)KECTBO IONAPHO He KBa3U-
u3omopoHelx a.b. F Hap 6asucom > Takux, 4to D(F)=D u B F oTcyT-
CTBYIOT LeIH, COCTOSILLME U3 ABYX BEPLIMH W', W/, ISl KOTOPLIX indeg (W) =
= indeg W) = 1. O603Hauum yepe3s M (D, n), D=0,n=1,2, ..., — MHo-
»ectBo ¢. F’ Hap 6asucom D Takux, uto |Vex(F’)|=n u F’ nonyuaercs
u3 HexkoTopoit a.p. F €N (D) oTokAeCTBIEHHEM BXOJ0B U NPHUMNUCHIBAHUEM

KOKAOMY M3 HUX TNepeMEHHOH M3 MHO)KECTBA Xj, X, . . ., X,. O4eBHIHO, UTO
s moboit . F”7 nap 6asucom D Tawoi, uto D (F”")=D, |Vex(F”)|=n u
KaKAplii BXOA F’/ TomedyeH HEKOTOPOH MepeMeHHOH Xy, X,, . . ., X,, Haiaercs

9KBMBaJIeHTHas ed popmyna us Mx (D, n).
Jlemma 2. Jlnsi HekoTopoit KoHCTaHTel Cy », 3aBucsLiedl oT 0asuca 2,

(4) % (D) =(D,, 2% O

Jloxa3aTenbcTBO. Ilo mocTpoennio mMHokectBa Ny (D) mns moboit a.d.
F €Ny (D) cnpaBeajinBo

() |U(F)| =4 |Vex (F)| .

I'pad, cooTBeTcTBYIOWMA a.Q. F, sIBJIsieTCS, 0YEBUIHO, KOPHEBHIM Jie-
peBoM (OMpefesieHHe KOPHEBOTO iepeBa CM., Hamnpumep, B [2]), u qia mo6oit
a.p. F nyTem HaHeceHMsl onpejesieHHbIM 00pasom MOMETOK Ha BHYTPEHHHE
BepUIMHBI ¥ pebpa HEKOTOPOro KOPHEBOI'O JEPeBa MOXCHO BCEr/a IMOJIYYUThb
a.p. F’ kBa3uusomoppHvio F (HaHeceHHE NOMETOK Ha BXOJbl AJI KBasu-
13oMoph13Ma HecyllecTBeHHO). TT0CKOJIbKY YHMCII0 MONAapHO HeU30MOPQHBIX
KOpHEBBIX JepeBbeB ¢ h pebpamu He mpeBocxomuT 47 (cM., Hampumep, [2]
crp. 189), To, vuursiBas (3), (5) u To, uro ANA Moboi c.p.3. S |Veu (S)| =
=|U(S)|, MO)KHO MOJYYUTb OLEHKY (4), rae

Ciy = (Sr- (max k,.))4 .

I=isr

Jlemma nokasaHa. (O
B cuny (3)—(4) nist mHo)kectBa My (D, n) OveT, oyeBUHO, CrIpaBe-
JIMBO HEPaBEHCTBO

®) | (D, )| = (n-Cy 1
Jlemma 3. [1ns moutu Bcex ¢.a.j1. fER?
D (f) = Dn ’
e

(7) D, = 7z (n—logylog, (n-2Cy 5)). O
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Moxa3aTenbcTBO. PaccmoTpim MHO)KecTBO Q7, cocTosiiee U3 Tex ¢.a.Jl.
feR:, nas kotopulx Dy (f)<D,. Jobyio ¢.a.1. f€Q™ Mo)KHO peanu3oBaThb
HeKoTopoit ¢. F €Mz (D, n) ¥ 1103TOMY

(8) 1Q" = Mz (Dp, M| -
Hcnonb3ys (6) u (8), MOXKHO JIeTKO MOKasaTh, uTo
m»o npu n- oo,
Loy
Caeocmaeue.
1.
Dy (n)=1z(n—log,log,n+o(1)).
2.
C)) Dz (n)= vz (n—log,log, n+0 (N[,

ecJIi Bce 3JieMeHThl 0asuca 2 MMEIOT B KayecTBe TJIyOUHBI Lej0€e YUCIIo.

§ 2. ®opmyIHMPOBKH M [[0Ka3aTeIbCTBA OCHOBHBIX PE3yIbTaTOB

PaccMoTpymM HeKoTopble JABYMECTHble 0asuchbl > MepBOro TuMa, MJIsS
KOTOPBIX 7z = 1, M JOKayKeM JJIsi KaKAOT0 U3 HUX COOTHOIIEeHHE (2) ¢ He-
KOTOpo# KoHcTaHToH C%.

[Tono>xum

Ef=(x-%%, Ef=@Vya), Ef=@x+y1), E =2
u E} = (1, 2), rae A — npou3BOJIbHOE LieJI0e YMCIIO.
Teopema 1. Jlnst 6asuca 3, = {ES, E\, Ei'} C¥, =0. O

JMoKasaTenabcTBO. HiHASI OLlEHKA, COOTBETCTBYIOLLAS COOTHOLIEHHIO (2)
¢ C¥ =0, nns 6asuca >, cienyeT HernocpeacTBeHHO U3 (9).

J1n1s1 nonyyeHusi BepxHei OLIEHKHU UCI0JIb3YeM cllelralibHoe NpefcTaBJe-
HHe ¢.a.]1., mocTpoeHHoe Ha ocHoBe KoHcTpykuui O. B. JlvnaHosa u3 [6, 7]
(cp- [1)).

[Myeth k 1 t — HekoTopble HaTYpaJbHble YKMCIIA, NpUYeM Kk sIBJIsIeTCS
creneHblo 2, unvetb d = k-f. Anss p=1,2, ..., k yepe3 ¢, 0003HauumM Ha-
6op (0,0,...,0,1,0, ...,0)€ B¥, a uepe3 (e.)' — HaBODP (eu €4y - - -, €4)E

\——— ottt

V73
€ B4. [1ns npousBoJibHOro Habopa Be B¢ t— cepoit ¢ ueHTpoM B Ovaem Ha-
3bIBaTh MHO)KECTBO HabopoB {ﬂ+(e,1) Yiet; t—c¢>epy C LIeHTpOM B Gynem
Ha3pIBaThb XopouieH, ecau ans moboro u = 1,2, ..., k Haiinercs Taxoe Lesoe
v, 1 =v=d, pns xotoporo »= p(mod k) u f, = O, M MJI0XO0H B MPOTUBHOM
cayyae.

MycTb eqnHMuHbe CPepbl C LEHTPAMM &y, Xy, - . ., Xyk, 0Opas3yIOT pas-
OueHue eauHUYHOTO Kyba B* (cM. § 1). Jlerko BHIeTb, UTO BCEBO3MO)KHBIE

t—coepnl A;, i=1,2,...,2¢k, ¢ ueHTpamu f;, riae f; cOBNajaer ¢ 0OJHUM
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u3 HabopoB Buaa (x,,y), v=1,2,...,2%k, y€ B¢k He nepecekawTcs H
obpasyior pasbueHue eauHuUuyHoro ky6a B9, mpuuem OTHOLLEHHE & YHUCIA
XOpowux t—chpep A; K UMCIY BCeX TAKUX cep YIAOBIIETBOPSIET HEPABEHCTBY

1
(10) 82[]—21_1].
Ins npousBosibHoro Habopa B = (B, By, - - -, B4)€ B U Npou3BOJbLHOM
d.a.n. p(u), rae u = (uy, Uy, ..., Uy), u;€X npuBcex i =1,2, ...,d, onpe-

AenuM Habophl
R(B) = (Ri(B), Rs(B), - - -, Ry(B)),
G (B) = (Gy(B), Gs(B), - - -, G4(B)),
H (B, y) = (H, (8, v). Ho (B, v), - - - Ha (B, v))

13 MHO)KecTBa B¢ cnepviowum obpasom: st r = 1,2, ...,d u r' = r (mod k),
1=r'=k,
~ 1, ecnu r= Py = ... = ,=1mu =0
R Gy = [\ ccm Br= B Brx=118,
0 B OCTaJIbHBIX CJyyYasix;

Gr(ﬁ) - {.Brr eciu Rr(ﬂ) =1
0 B oCTanbHbIX CAyYasix;
H (B, y) = p(B+)).

Myetb y; (1) — xapakrepucruyeckast ¢.a.i. t — chepbl A ¢ LEHTPOM

B¢ B4, V13 onpenenenust t—cdepbl U BBe[eHHbIX 0003HAUEHMi ClleAyeT, UTo
st moboit d.a.n. y(u)

(11) 15 (@) (@) = 25 @) T3, £ig, ), Gy (1) -

3amerim, uTo Ansi xopowei f —chepsl A ¢ uenrpom f G () =0 u uro
AJis1 IPOM3BOJIbHOIM  — chepbl A ¢ LeHTpoM f crpaBelJiMBO

(12) IR (B)- (B, v)| = INyNA].

[verb f(Xy, X3, ..., X,) — TNpou3BoJibHasA ¢.a.J1. u a,b,¢,d, k,t,s,p —
HaTypaJsibHble YKCJIA, VIOBJIETBOPSIOLIME YCIIOBHAM:

C
(13) « — crenenb 2, a+b+c+d=n,d=k-t, s<2¢ p = ]2—[
s

Mvers Ay, Ay, ...y Aygy, — f—chepbl ¢ LeHTpamMu fy, By, - .., Bady
COOTBETCTBEHHO, 00pasyiolide pa3BUeHHe eJUHUUYHOT0 Ky6a B¢ M MoCTpoeH-
Hble OMUCaHHBIM BbllLE COCOOOM.
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BBenem o6o3HaueHust:

Lok =Xy -0 Xa)y ¥ = (Xarv Xawz > Xawp)y 2= (Xagpr1r - -
’xu-‘-b+c)’ Ll - (xa+b+c+1! RS xn ’

2. nast Bcex o€B9, peBb, i=1,2,...,24k

fi,g,g @ u) =f(0,0,2 1) X5, ().
d.a.n. f -~ 38113)1HM Taﬁﬂ”ue“ CTpOKaM KOTOpOH COOTBETCTBYIOT BCe-

BO3MO)KHBIE Haﬁopbl u3 B¢ cTosibliam — BCeBO3MO)<Hble HabopHl U3 A;, a Ha
nepecevyeHUH CTPOKH, coomeTCTBy}omeﬁ Habopy 7€ B¢ u cronabua, cooT-
BETCTBYIOLET0 Halopy p€ A; cToMT 3HaueHue f; - - (w, y). CTpoku Tabimupl
paspe)kem, Kaxk 00bluHO, Ha MOJIOCHI, COJEpyKallue M0 § CTPOK KaKjasi, 3a
MCKJII0YeHHEM, BO3MO)KHO, TOCJefHeNl MO0JIOChl, KOTOpasi COREP)KUT § =S

ctpok. st [=1,2, ..., p onpepenum ¢.a.n. f; ~ ,(2, i), COBMAAAILLYIO C
$.a.n. f; - - Ha [-if nonoce u pasHyio O BHe ee. C'ronﬁubl 3HaueHui ¢.a.n.
fiss l_ 1 2, ..., p pa3obbemM Ha IpyMNIbl OAUHAKOBBLIX cToN610B, cofiep-

)*(aumx He OoJiee g;, rie ¢;=k — HEKOTOPLIH MapameTp, TaKUX CTOJOLOB.
Jlerxo BUAETh, YTO YMCIIO TaKUX rpynn 6vaer He GoJiee uem

(14) N, = ]ﬂu

I nsi onpefesieHHOCTH GY/IeM CYMTATh, YTO UKCJIO TPYIII B TOYHOCTH PaBHO
N,;, TaK KaK 3TOro Bcerjaa Mo)<Ho A06UTbCS JOMOJHUTEbHBIM Mopa3buetem
rpyni.

HusiBeex j=1,2, ..., N, yepes f, (2, u) o603nauum ¢.a.n., cona-

i,0,0,1,j
Raowyio ¢ f; -~ Ha j-i rpynne cTosI0LO0B 1 paBHYW O BHe ee. OueBUAHO,
4To
-~ - _ (]) ~
(15) Juzani @D = 1250, @ Fi5 5, @,
1 - o o
rae f‘( 3 o1 — $-aJ. OT mepeMeHHbIX 2, cTonGell 3HayeHud KOTOPOH ecTb

)
mobo#t u3 cronbuoB j-i rpymnel, a fi°2 -
MHO)KECTBA CTOJIOLIOB j-if TPYNMBI. Mycthb

%6, () = (@), R(B)=R
H(‘Bi’fi,é,g,l,j) = Hi,&,é,z,j’ G(Bz) =G
M3 (11) cnenver, uro
(16) 2@ =@ 1a gy 5o 5 @)

[Myers b7, b7 — LieJIOYMCIIEHHbIE NTapaMeTpbl, ynosnemopmomue COOTHO-
4 44
ElfeHH;’O _b“ bb,— b v nycTh ¥ = (Xgq1s - - -» Xatb')s y = (Xa4v' 41y - - - Xgap)s
o’ € BY, o” ¢ BY. B cuny (15) ansa ¢.a.n. f(xl, Xy, - .., Xp) OYAYT CnpaBeIlJ'lI/IBbI
coon—xomeuuﬂ:

— XapakTepucTtvueckast ¢.a.J.
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f(xlrxm .. ‘7xn) =

= v K (x) K(e n')(y) f' ,0, (2 e)l.J( ) f;(,v,(e,e),lj(u)vfo—

i,0,0'#0,¢"1,j

= UV 5 () [ V. Koy 12 o @ )J

i o’#0, 0"
x(7¢\£ Kig,in D) Fot i, (@ )]Vfo
e'#0,0
"
(17) f(Xy X oo, X,) =
=Y K@ 850,00 & (i OVIS G D) VS
i,o,1,j
rae
gi»‘;!lrj(jl, .z) = ~ \{- K(.O', 6”) (y) f(lz (9 9 N »J( )’ f f(x, 0’ ’2’ l}) °
Q'#o) 9”
W13 (16) u (17) caenver, yro
(18) Xy Xy -0y X)) =
= y K; (i) Xi (l})g" o l,j (5” Z’) _&~ ?l ([("9 2 )(5’) \Y% l}}i.ﬁi, o, (Z,',é'”),l,j,G.i (ﬁ)) v
i,o,l,j o o'#0¢’ "
i,0,1,j 2)
b Fo
(3)
i,o,l,j
vfe.
Brifepem 3HaueHuss mapameTpoB ClefVIOLIMM 00pa3om:
b =[2log.n], b = [logylog,n], ¢ = [2log,log,n]
k = 2Uogzlogznl=1" f = [log, n], s = [log,n—7 log,log, n],
¢ = {q, eciu A; — xopouwas f-chpepa
" \g/2, ecnn A, — nnoxas t-cdepa,
rie
(19) 2b+q =2m,
(20) (log, n)* = =3 (log, n)°.

[Mapametpsl a, d, p onpepensiorcs u3 (13), a napamerpsl k, s, ¢ — yJ0B-
netBopstoT (13) npu AocTaTtouHo 60JbLIKX 1.

[MokaykeM, UTO MO)KHO NMOCTPOUTH Takyio ¢. F Haj 6a3ucom 2, KoTopas
peanusyet ¢.a.J1. f B cootBercTBUM C (18) M 1Is1 KOTOpoit

Dz, (F)=]n—log,logy n+ 87,

9 ANNALES — Sectio Computatorica — Tomus 1V.
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rae
5 = 2log, log, n +0[ | ]
log, n log, n

cnosb3yst OAHOPOAHYIO TMOJIHYI0 u-SIPYCHYIO (., TIOCTPOEHHYIO U3 3Jie-
menToB EY (cooTBeTCTBEHHO El"), A1 peanusauuy .a.Jl. X;-Xe- ... Xy
(COOTBETCTBEHHO X; V X5V ...V Xp), TAe M =2# JIerKo MoKasaTb, UTO
(21) Drx, (K- (x)) = Jlog, n[ + 1 =log, n+ 2
(22) Dr, (x; (i) = Jlog, d[ + 1+ ]log, k[ =2log, n
(23) Ds, (gl., QL (3, 2)=b+c+1+]log, (b+c) =

=2log,n+3log,log,n+3+0(1).

13 (18), (21)—(23) cnepyer, uTO MOXHO MOCTPOUTH . F;(lc)lj TaKUM
obpa3om, uToO

Dfo (F;fla), I,j) =2+ max {Dfo (KZ, (i))r D)-"o (Xi (ﬁ)), D)Jo (g,', a, 1,j)} ’
TO €CTb
(24) Ds,(F{2, ;) =2log,n+3log,log, n+5+0(1).

3 (11), (12), (16), (19), (18) cnenyer, 4T0 MOXKHO TMOCTPOUTb HOPMY JIbI

) )
F; AT E 2 w1, TAKMM obpasom, uto
(2)
‘U:C‘yQ )l])<m’
’7
(25) D, (,M,])<b +m.

Hnst Toro, yTo6bl MOJYUUTH . F,.( G) ,,j TIOCTPOUM b’-SIPYCHYIO OXHOPO-

HYI0 TOJIHYI0 (OpMYJY U3 3JIEMEHTOB E§, 0TOX/IECTBUM KayK[blil ee BXOA C

BBIXOZOM (. F(a, 7 F,.(? w1, IS BCeX 0#0 U CKJIEUM OJIHOMMEHHble BXO-
Abl Bcex Takux ¢. B cuny (24) u (25)
(26) D5, (F2, )=b'+b0"+m=b+m.

Tax Kak (M—b")— e 1npu n— , 10 B cuay (1) moxHo nocrpouts ¢.
F°, xoTopasi peanuayer ¢.a.1. f° v JJ1s KOTOPOit NpH A0CTaTOYHO GOJIbLIKX 11

27) Dz (F®)=n—-b"—log,log,n+3=n—2log,log,n+4.

O6o03Haurm uepe3 | MHO)KECTBO Pa3JIMUHBIX MHAEKCHBIX Habopos (i, o,
1, j}. OueBupHo, yTO 24/k

|1|$2"‘P'IZINi
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1 moaromy B cuaty (10), (13), (14), (19) u (20)

4

29k d
|| =20p- [£+2s+1]52“'!)2—(1+(1—£)+———(23-;1)q]s
i=1 q

n—

b
= (1+96)
q-s

a:o[ ! ]
log, n

MMyctb A = [log,log, n]—5. ®. F, peanusviomyio ¢.a.j. f B COOTBETCT-
BuK c (18), moctpoum cienviowum obpasom. MHo)xecTBo | pasobbem Ha He-
nepeceKaiouecs: MoamHoyecra Iy, I,, ..., I,1_,, KaJ0€e U3 KOTOPHIX CO-
aep)xut He GoJsiee yem | /][22 —1 anemenroB. Ing p=1,2, ...,2*—1 uepe3
F, o6o3Hauum ¢., KOTOpast MoJyyaeTcs CKJIEMBAHMEM OJHOMMEHHBIX BXOJO0B
Bcex . F,(? 1, j» COOTBETCTBYIOLMX Habopam (i, o, [, j)€1,, ¥ oTOXKAECTBIE-

HMEM BbIX0Ja KaKJ0# Taxkoit ¢. ¢ 0JHMM U3 BXOJ0B OJHOPOAHOH NOJIHOH u-
o _ 1] y y
sapycHoit ¢., rae p = |log, prard | NOCTpPOeHHOK M3 3nemeHToB Ej. B

cuny (26)

Dy, (F) = ]logz [

rae

]
28 —1

][+b+ms]n—2—log2q—logzs+ O[+m
(28)
rae

6’56+10g2[1+ 1 ]:0[ ] ]
21 log, n

®. F nonyyaercsi CKJIeMBaHUEM OMHOMMEHHBIX BX0J0B ¢. F, F, F, .
«.+, Fa_| ¥ OTOXKMECTBJIEHHEM BbIXOJA KAKMOH M3 ITHX (. C ONHUM M3

BXOJIOB A-SIPYCHOH OXHOPOJHOI1 ., TIOCTPOEHHOI U3 37ementoB E) . B cuay
(27) n (28) n1a F Oyper cnipaBejinBo

Dy, (F)=]n—2A—log,q—log,s+ &’ + m+A=]n—log,log, n+ &,
rae

6,’.,’s6'+log2[l+

2b4b ]+ (log, log, n—log, §) =

_ 2log, log, n +0[ 1 ]
log, n log, n
Teopema HokasaHa.
Teopema 2. [{ns 6asuca >, = {E{, E{'} Czx, =2. O

9%



124 C. A. JIOXKKUH

JloKa3aTenncTBO. Tpebyemas BepxHsisi oLleHKa ¢pyHKUMHU LlleHHOHa mony-
yaeTcsl TaK )ke, KaKk U B Teopeme 1, Ha ocHoBe mpeicrabienus (18). I. k.
Xy+Xg+ ... Xp PeaU3VeTCs NPH 3TOM KaK (X, VXV ...V Xy).

[nst nonyuyeHuss HeoOX0AMMOM B JaHHOM CJIvyae HIKHEH OLEeHKH pac-
CMOTPUM MHOXKECTBO Q" =P}, cocTosiiee M3 Tex ¢.a.l. f, Y KOTOPbIX paHTr
JOMYCTUMBIX 3. K. He MeHblue 4yem n— [log, n]—1. Kak u3BecTHo (cM., Ha-
npumep, [2] cTp. 133),

L
|R2| ==
Ons a.p. F Hap 6a3ucom >, uepe3 Vi (F,f), rae { — mpousBojbHOe

uejsoe uucio, O6viem 0003Ha4YaTb MHOMECTBO BXOMO0B W€ Ve (F), obnapa-
IOLIMX TeM CBOMCTBOM, UTO cpeiyu BepwMH W€V (F), i=1,2, ...,1, ais

KOTOPBIX (E,-__l_;v,-)eU (FynpuBcex i =2,3,...,ln (Ei)eU(F), no Kpai-
Hell Mepe ! BepIIMH IoMevyeHO cUMBoJiom Ep'.
Jlemma 4. Ons moboit a.p. F Hag >, u moboro t =0, 1,2,

(29) |Vax (F, f)] <2PF)-t

Joka3aTenbcTBO MPOBOAUTCS MHAYKLHMEH 1o { ¢ ucnosb3oBaHuem (3).
Mycts Mz, (D, n) — mHO)KecTBO Beex Tex . F' €My, (D, n), ana Koto-
pbIX cooTBeTcTBYIOWAs a.p. F”” €Ny, (D) obnafaer ciefyiolMM1 CBOCTBAMMU:

1. Vax(F”) = Vax(F”, 1);

2. aiis mo6oii BepuiHbl W U3 MHO)KecTBa VD (F’’), coCTosIero U3 Tex
BHYTPEHHUX BeplIMH a.p. F’/, MoMeueHHbIX CMMBOJIOM E|', «HMWKe» KOTOPBIX
V)Ke HeT BepluuH, TMoMeueHHbIX Ei', crpaBellnBO HepaBeHCTBO

" n
IVBX(FWMZ'_Q’:

rae F;/ — noppopmyna a.p. F”, «BblpacTaioumas BBEpX» U3 W.

Jlerko BuaeTb, uto yrobas ¢.a.n. f€Q" peanusyercss HeKoTopoit ¢op-
mynoit u3 M, (Dx, (f), n) npu n=b.

ITo moctpoenuto muoxxkectsa Ms, (D, n) ana moboi a.p. F”’, cooTBeTcT-
BVIollei HekoTopoit ¢. F’ M3 3TOro MHOXKECTBa,

2 | Vax (F)
n )

30) Va2 (F")| =

YuutniBas (4), (29)—(30) u To, uro uKcyO cnoco60B NPUNKMCHIBAHUS
NePeMEHHBIX X;, Xy, ..., X, TeM BXOAHbIM BepluMHam w a.p. F”eNz (D),
}(OTO]:)bIe npuHannemaT MHOXKECTBY Vux (F"")\Vax (F”’,2) He Oosbuie uem

) 1
(2m)!Veu B ) ! nierxo monvunTh oueHKY
31) | (D, n)| =(C,)2° - n2° %,
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Ha ocnoBe (31) ¢ nomolbto 06bIYHBIX MOLIHOCTHBIX PacCy)KAEHUH (CM.
J0KA3aTeJIbCTBO JIEMMbl 3) MOXCHO JIOKa3aTb, YTO

Dy, (n)=]n—log,log,n+o(1)[+2.
Teopema jgokasana.

3ameuanne. Teopema 2 jaer npumep NOJY4YeHUs] HWKHEH OLIEHKH AJsi
¢yHkunK LlenHoHa Dy (1) ¢ MOMOLIbIO MOIIHOCTHBIX PACCY)KAEHUH, YUNTHI-
BaoLKUX crelnPpuKy Tex ¢.a.J1., KoTopble peanusyoTcs djemeHTaMu Gasuca.

Teopema 3. Ina 6asuco 3, = {EV, EY,Ei} n 3, ={E{, ES, Ei}
C¥, =0, C&=2. O

[py AoKasaTesNbCTBE TeOpeMbl 3 COOTBETCTBYIOIAS BEPXHSS OLlEHKA
NoJiyuaeTcss Ha OCHOBe MpeACTaBJIeHMH aHaJIOTMYHBIX MpeAcTaBieHuo (18),
B KOTOPOM OMNepauusi AM3BbIOHKUMM 3aMeHeHa onepanueid clokeHus: 1o
Moy 2 (A 6a3uca B3 MojiyueHHoe TaKuM 06pa3om MmpeacTaBiieHHe J0JDK-
HO HECKOJIbKO BUJOM3MEHEHO, AJIsi Toro, 4rolbl M30aBUTbCA OT IJIMHHBIX»
KOHBIOHKLUH).

Tpebyemast HIKHsAS oLleHKa sl 6a3uca ), caeaver u3 (9), a A 6asu-
ca >, MoJyyaeTcsl TaK jKe, KaK IpPH J0Ka3aTe/bCTBE TEOPEMbI 2, €C/IH B Ka-
yecTBe MHO)KecTBa Q" B3ATb MHO)KecTBO Tex ¢.a.1. fePy, B nonuHome He-
rajIKMHa KOTOPbIX OTCYTCTBYIOT cJlaraemble (Ka)<J0e TaKoe cjlaraemoe siBJisi-

o o n
€TCsI HEKOTOPOU MOHOTOHHOH 3. K.) paHra MeHblie 4em —.
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