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In [1] systems are considered in which the jobs are treated preferentially,
according to the priorities assigned to them. Conventionally, the priority
of a job is a nonnegative integer index fixed at arrival time, and lower in-
dex means higher priority. Given any priority index m, then the jobs with
this index m form a priority class (of index m), and each priority class is or-
dered into a queue, according to arrival. For the service discipline it is assu-
med, that each job, once begun on a processor, is allowed to run to completi-
on, and after completing a job the processor next takes the one at the head
of the highest-priority (lowest-level) nonempty queue. Independent Pois-
son arrivals are assumed for the different priority classes with arrival rate
4@ = 1,2, ..., n). The service time distributions for the different priority
classes may be arbitrary and different. In [1] the mean waiting time in queue
for the jobs of priority i during statistical equilibrium are computed.

Here we shall consider a system, different from the aforementioned one.
We assume that the number n of priority classes and the number k of jobs
present in the system, are restricted. We want to get the ergodic probability
of servicing a job of given type or that of being in free state, and to derive
the distribution function K(x) of the lengths of busy periods.

Under such restrictions the functioning of our system may be described
by of a certain piecewise linear process introduced in {4]. By Kovalenko’s
theorem, if the number of states of the piecewise linear process as well as the
mean values of the continuous components, are finite, the the sought ergodic
distribution exists, and our purpose is to determine it. Hereafter by job and
demand we shall mean the same.

To get the ergodic probabilities we shall use the procedure described in
§4.11 of [4]. By general ergodic considerations the sought ergodic probabili-
ties may be determined on the basis of a period between two neighbouring
transitions of our system from busy state to free state, using the formulas
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where £, is the mean value of the durations of free state and £,(i = 1,2, ..., n)
is the mean value of service time spent on a job of type (priority) i in a busy
period.

As the arrivals at the system are independent Poisson processes with
given parameters, the distribution of the durations of free states is exponen-
tial with a known parameter, the mean value is
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Now we denote by ¢ the mean value of the lengths of busy periods. Be-
cause of the additivity of mean values it is clear that

t=t+h+.. . +1,.

To get t(i = 1, 2, ..., n) we give a system of integral equations for deter-
mining K(x). This system may be solved using the Laplace-Stieltjes trans-
form. On the basis of Laplace-Stieltjes transform ¢ can be computed. Let us
denote by Bi(x) (i = 1,2, ..., n) the distribution function of the service time
of type i jobs. According to Wald’s equality

t=kot+kn+... +k, 7,

where 7, = —b}(0)(i = 1, 2, , 1 and by(s) is the Laplace-Stieltjes trans-
form of the distribution function B, i(x)) is the mean value of service time of a
typeijob; k, (i = 1,2, , n) the mean value of the number of type i jobs,
serviced for a busy period. Determining t (it is necessary to differentiate the
Laplace-Stieltjes transform of K(x) and to take it minus sign at the point
O (if we do not substitute the numerical value of z; we obtain for f an expres-
sion consisting of n summands, each of them being in the form k; z;, where
k; is a concrete numerical value. Substituting now the numerical value of r,
we get f, = k; ..

In the following we give a system of integral equations for determining
K(x). As we mentioned earlier, we put no restrictions on B(x). At first we
assume that the service runs simply according to the FIFO rule, after that
we shall consider the case of priorities, so at each waiting position the wai-
ting job may be of arbitrary type (priority).

Let us denote by K;(x) the specialization of the distribution function
Ki(x) to the case when the service starts with a job of type i(i = 1,2, .. .,n).
Then we have

n
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Fori, ...,i;=12,..,nj=1 ...,k let Ki. i (x)be afurther
specialization of k(x), belonging to the case when up to the starting of ser-
vice j jobs have entered the system, their types and order of occurence are
given by the sequence iy, i, .. ., {;. We introduce the notation

A = dtdet . 44

Now we prove the following

Theorem. Consider an M/G/1 nonpreemptive service system which has
n priority levels and in which at any moment can be at most & demands.
Then the distribution functions Kx) (i = 1. 2, ..., n) defined above can
be obtained from the following system of equations:
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Proof. We show how we can get (2), on the basis of which the other equa-
tions can be derived easily. Suppose in the system there are m demands with
the first of them just being on service. According to the theorem of total
probability we have some mutually exclusive possibilities:

1. During the service of the first demand other demands do not enter.
Then the integral

[ Kiy...ipx—y) e~ dB1,(3)
0

gives the probability of the following event: “The service of the first demand
takes y time units (0 =y =<x), during this period other demands do not enter,
and the whole service of the next m—1 demands, being present already at
the beginning of the service of the first one, takes not nore than x—y time
units.”

2. At the beginning there are m demands in the system and again the
first demand requires for its completion y time units during which [—m (1=
=l—-m=k—2) new demands enter, so the distribution function of the re-
maining part of the busy period is Kj,. .
Denoting by P;

Am imaa-

i (9)-
.i(y) the probability of the event that the sequence
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of types (according to arrival) of the entering [—m new demands in i

m+1’
Ip+9 --.» 1., We have
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where u, (r = m+1,m+2, ..., ![)is the moment when the r-th demand en-
ters, so the last demand enters at 1, and between 1, and y no further de-
mands arrive. After simplifications and integration we get
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At last, 2" in the theorem means that we have to consider all the n/~™ pos-
sible types of sequences (each demand can have any one of the n types).

3. In the previous cases it was possible to let some waiting places empty.
Now we consider the case when each of them is busy. By a reasoning, similar
to the previous one, we simply show how P; . . ;(y) can be determined.
After the arrival of the (k—1)—th demand it is 1mportant only whether yet
a further demand comes or not. So
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Here X” means that the summation is extended over all possible values of i;.

It can be seen easily that now we have a system of Volterra integral equ-
ations which under certain restrictions (see e. g. in [6] and [7]), can be solved
using the Laplace-Stieltjes transform. Calculating then then f (the mean va-
lue of the lengths of busy periods), the sought ergodic probabilities — ta-
king into account our note concerning f, — can be computed. The number of
equations in our system is

k=1
Zn‘,
i—1

where k is the number of waiting places in the service system (and n is the
number of priority levels).

If we assume that in our system the service runs according to the priori-
ties of jobs, then the service is always governed by priority and the order of
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arrival is taken into account only between jobs of the same priority. So at
any moment, if i, i, ... i, is the sequence of types (priorities) of the jobs
waiting at the first, second, . . ., m-th place respectively in the queue then
this sequence is nondecreasing, i. e. lower priority never precedes a higher
one. The probabilities P;, ., (y) can differ from each other only in the or-
der of arrival of jobs and therefore are considered identical and have to be
summed up. Of course the number of the equations will be less too, namely

Z S(J)
which can be obtained (and verified) easily by the following recursion:
m — gm=b L gim=b gD

SV =
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