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Introduction

The reduction of the on hand inventory is an important task, which
is not sufficiently investigated in the usual models. The wellknown inventory
models allow operations only which can reduce the on hand inventory at
the price of increasing some other factor, say shortage. However if a change
of models is realizable the mentioned difficulty may not arise. In this paper
we show, that if we change an order-up-to S policy for an r, Q policy (which
is a transaction reporting system) in a simple way we can reduce both the
average on-hand inventory and the average shortage without changing the
frequency of orders and the reduction is also estimated. Thus we avoid the
using of costs in the operation, the improvement is reached for the physical
processes themselves. Similar results are given in [1]. A thorough exposition
of the models is given in [2].

1. Description of the models. We keep stock of a single item, which is
demanded continuously. The amount demanded in the time interval (0, f)
is «(f), where «(f) is a stochastic process. We approximate o(f) by a Wiener

x—mt
oVt ]
where @(y) is the standardized normal distribution function. The replenish-
ment of the stock is done by placing orders. The shipment of an order takes
place time 7 later, where 7 is constant.

The S model is a periodic review model. The length of the period is T,
orders are placed at times O, T, 2T, . ... The inventory position after orde-
ring is S. A plausible way of saying it is the following: each time order the
censumption of the previous period.

The (r, Q) model may be used when the changes of the inventory are
reported continuously. Whenever the inventory level reaches a critical value
r,immediately an order is placed for a lot Q. Thus the inventory position after
each ordering is the same r 4+ Q, but clearly the r, Q model is more sensitive
to the fluctuations of the demand than the S-model.

process, whose parameters are m, ¢. Thus the distribution of a(t) is @ [



4 L. GERENCSER

Though the operations which will be given are independent of the pri-
ces, prices do exist, and now introduce three of them: A the price of placing
and receiving an order /C unit time holding cost of unit quantity, p unit ti-
me shortage cost of unit quantity. The unit time average total costs are de-
noted by K(S) and Ky(r, Q). The unit time average on-hand inventory and
shortage will be denoted by D and B, respectively, using correspondent sub-
scripts.

To get the formula of K(S) for the S-model we first recite, that

(1.1) D, = 31+3_mr_'"2_7
from which we easily get

(1.2) K(S) :%-i— IC[S—mr—m—zT]%—(IC—I-ﬁ)Bl.

For later purposes we give the formula of B, detailed. First we can write
+T

(1.3) By(t) = / By(t)dt

T

where Bi(f) is the expected shortage occuring at time ¢. Its formula is the
following

(1.4) By(t) = f (- S)%Vt_ " [yG‘V’;f] dy.

In case of the (r, Q) model :ve have the similar identity

(1.5) D, = Bz+r+%—mr.

From this we easily get

(1.6) K(r, Q) = %JF 1c[r+§—mt]+(1c+ﬁ) B,

The formula of B, is
r+cC
(1.7) B, = QLfBz(x)dx

where B,(x) is the expected shortage after time 7, when the initial inventory
position is x. By(x) is given by

y—mr

(1.8) Bz(x>=f(y—x) IV ¢[ 7 ]dy.
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2. Correspondence between the two models. Suppose that we follow an
order-up-to S policy. Suppose that the expected value of the inventory posi-
tion just before placing an order is S—mT, and the amount that is ordered
has the expectation mT. If we can change to a transaction reporting system,
it is therefore natural to put

(2.1) r=8—mT and Q = mT

A look at the formulas of the previous point will show us, that this is in fact a
fortunate choice. Substract equality (1.5) from equality (1.1) then we get

(2.2) D,-D,=B,—B,
We see that D and B change simultaneously, hence it will suffice to prove

B, is less than B,. Note that the frequency of orders remained unchanged.

For the sake of completeness we write out the difference of the total
costs, which we shall denote shortly by K, K,. We have

(2.3) K\~ K, = (IC+p)(B,~ B,).
We are now confronted with the task of proving that
(2.9) B,=B,.

To prove this we give a further correspondence between the two models.
We shall let time correspond to inventory position in the following way.
Let s be a parameter which varies from O to T. The corresponding values are
then

(2.5) t+s and S—ms

The value of B,(f) and By(x) at these arguments will be denoted by By(s)
and B,(s). Our next step will be to prove that

(2.6) By(s) = By(s)

3. Positive integral of a normal variable. Let us remind the meaning of
B;(s). Defining the variable

(3.1) £(5) = oz +5)—S

By(s) is nothing but the expected value of the positive part of this variable,
i.e.

(3.2) By(s) = E(&1 (5)).
For the second case introduce the variable
(3.3) E(8) = a(r)+ms—S

then clearly

(3.4) By(s) = E(&2(5))-
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Now notice, that

(3.5) E(&) = E(&y)
but
(3.6) D*(&)) = D¥(&,),

the former being equal to (7 +5) the latter to o?%r.

Speaking more generally take a normally distributed random variable
with parameters m, o. For our purposes it is enough to whow that E(£1) is
monoton increasing in ¢ when m is fixed. The formula of E(£%) is given by

(3.7) R(m, o) = /x% ¢[X—m ]dx.

(4

G

This integral can be evaluated explicitly and we get

(3.8) R(m, 0) = ap [’:—] +md [ﬁ] .

o

The derivation with respect to ¢ yields
oR(m, o m
3.9) _OR(m, 0) _ @ [—]
a0 o

which proves our assertion.
Thus we completely proved that the transaction reporting system has

the desired properties. We may give also estinations taking into account the
convexity of R(m, ¢) in o. Convexity is clear from (3.9) After easy calculations
we may give the following rough estimation

(3.10) B,=B,+0-T-y,
S—mr |

3.11 = - S

( ) 4 w[ oVz ] AVz+T

This is valid under the assumption that in the current S model on-hand-in-
ventory is greater than shortage. We present this estimation because of its
simplicity, though other more refined estimations are available.
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