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In paper [1] J. B. Rosen gave sufficient conditions for the uniqueness
of the equilibrium point of a general n-person game.

R, denotes the set of the strategies of the ith player. Assume that for
i=1,2....,n
(1) R; = {x;| x;€ E™, h; (x,) =0}
where each component b, (x;) (j=1,2, ..., k)ofh(x) (=12, ..., n)
is a concave function of X;. It is assumed, that R; is nonvoid and bounded.
We will also assume that the set R; contains a point that is strictly interior
to every nonlinear constraint.

So R; is a convex, closed set (1 =i=<n).
Let R be the set of the strategies of all players, then R< E™, where

n
m = Z mi .
i=1
Assume that

R = R1XR2X . e XRn-
We assume that the pay-off function of the ith player is the following:

— (i) i i i
(Pi(x) = Z 2 aiklikz_,,,-kmxl"‘xz"z ceL X Em
k=0 ik1+"'+ikm=k

For a fixed vectorr€ E*, r=>0,1r =(ry, ..., r,) let

(14, @1 (X)T]
ry 4y @4 (X)

rn An ¢n (x)

g(x,r) =
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where 4;¢; (x) denotes the gradient with respect to x; of ¢, (x). Let [G(x,1)]
be the Jacobian-matrix of g(x,r), that the is, jth column of [G(x,Xx)] is
ag(x,r)\axj G=12,...,m).

It is easy to prove, that

[G(x, )] = D[C(x)]

where
D = diag{r;}
and the jth element of the ith row of the matrix [C(x)] is the following
* 9. (x)
0X;0X;
where

-1 1
l=i,j=m, > m<i= >m.
t=1 t=1

If the matrix [G(x, r)+ G’ (X, r)] is negative definite for some r>0, then
the game defined above has a unique equilibrium point [1].

Consider the approximation of this game with the same sets of strategies
and the pay-off functions

@ = —(l) . s ikl ik2 ikrn
(Pi(X)— Z Z Aiyipg ooy X1 X250 X™
k=0ig+... +igm=k

Let the matrix [G(x, r)+G’(x, )] be the corresponding matrix to [G(x, r)+
+G’(x, )] for this game.
Assume thatfork=0,1,2,...andi = 1,2,...,n

(2) |a(i) —(1)

i ige - dem — Qg gy o g | = € -
Let
o (Xpy -0 3 X)) = > xikxle | xikm
i+ Figm=k
%o (|xe]s .-y X ..
Buj(xy - - 5 Xp) = ACAIRERLON) (I=i,j=m)
3xi3xj
and
0y, -+ X)) = D g (Xgy oy X))
k=0

Assume that the series ¢, (X), ¢; (X) (1=i=n), §(X) are absolute conver-
gent and can be differentiated twice by terms for all x€ R.

If the matrices [G(X, r)+G’ (X, r)] are negative definite for all xéR
and fixed r=0, then there exists a positive number T such that the eigen-
values of the matrices [G(X, r)+G’ (X, r)] are less than —T. Let
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r = max {r;}.

lsisn

The following theorem is true.
Theorem. 1f the conditions above hold and

! .z . T
3 ‘max max > g B, (X)=——
( ) l=i, j=m x¢R ,é'o kﬁk}( ) 2mr

then the game with the sets of strategies R; and pay-off functions ¢, (x) has.
a unique equilibrium point.

In the proof we will use a theorem about the variation of the spectrum
of symmertic matrices. I'ts proof can be found e.g. in [2] and [3]. The theorem
is as follows:

Let B = (b)) =1 and B = (b)) j—1 be two symmetric matrices. Assu-
me that for i,j=1,2,...,m

|b;; —b

Sg,

ij Uil =

then the eigenvalues A, <#i,=<...=A,of Band 2,=l,=<...=2, [B satisfy
the inequalities

=X =me (1=i=m).
Proof of the theorem.

Simple calculation shows that the moduli of the differences of the corres-
ponding elements of the matrices [G(x,1)-+G’ (x,1)] and [G(X,r)+ G’ (X, 1)]
are not greater than

oo

2r 3 ey B (X)=2r max max 3 g fB;(X).
k=0 1=i,j=m x€R yp_q

The matrix [G(x, r)+G’ (X, r)] is also negative definite and so the app-
roximating game has a unique equilibrium point, if

4) m-2r max max gekﬂk”(x)sT

1s=i, jsm x€R y_¢

in consequence of the definition of T and the theorem mentioned above, and
(4) is equivalent to (3).
Thus the theorem is proved.

Remark 1. In the case, when RC R, X R, X ... XR, J. B. Rosen gave suf-
ficient condition for the uniqueness of a so called normalized equilibrium
point. The theorem proved above can be adapted also for this case without
any difficulty.
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Remark 2. 1f the pay-off functions have the form

n
g (x) = > [ely+xic;lx; ((i=12,...,n)
j=1

— where e;; is a constant vector in E™ and C,; is an m; X m; constant matrix —
the above result gives a better estimation than the one in [4].
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