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Abstract. In this work we continue with the study of smooth Gauss-
Weierstrass, Poisson-Cauchy and Trigonometric singular integral opera-
tors that started in [3], see there chapters 10-14. This time the founda-
tion of our research is a trigonometric Taylor’s formula. We prove the
parametrized univariate uniform convergence of our operators to the unit
operator with rates via Jackson type parametrized inequalities involving
the first modulus of continuity. Of interest here is a residual appearing
term. Note that our operators are not in general positive.

1. Introduction

We are motivated by [2], [3] chapters 10-14, and [4], [1]. We use a trigono-
metric new Taylor formula from [4], see also [1]. Here we consider some very
general operators, the smooth Gauss—Weierstrass, Poisson—Cauchy and trigono-
metric singular integral operators over the real line and we study further their
parametrized and uniform convergence properties quantitatively. We establish
related parametrized inequalities involving the first modulus of continuity. We
provide detailed proofs.

Other important motivating articles on the topic are [6]-[10].

Key words and phrases: Gauss—Weierstrass, Poisson-Cauchy and Trigonometric smooth sin-
gular integrals parametrized approximation, modulus of continuity, trigonometric Taylor for-
mula.
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For the history of the topic we mention about the monograph [5] of 2012,
which was the first complete source to deal exclusively with the classic theory
of the approximation of singular integrals to the identity-unit operator. The
authors there studied quantitatively the basic approximation properties of the
general Picard, Gauss—Weierstrass and Poisson—Cauchy singular integral oper-
ators over the real line, which are not positive linear operators. In particular
they studied the rate of convergence of these operators to the unit operator,
as well as the related simultaneous approximation. This is given via inequali-
ties and with the use of higher order modulus of smoothness of the high order
derivative of the involved function. Some of these inequalities are proven to be
sharp. Also, they studied the global smoothness preservation property of these
operators. Furthermore they gave asymptotic expansions of Voronovskaya type
for the error of approximation. They continued with the study of related prop-
erties of the general fractional Gauss—Weierstrass and Poisson-Cauchy singular
integral operators. These properties were studied with respect to L, norm,
1 < p < oco. The case of Lipschitz type functions approximation was studied
separately and in detail. Furthermore they presented the corresponding gen-
eral approximation theory of general singular integral operators with lots of
applications to, the under focused till then, trigonometric singular integral.

2.

About Part I: on Gauss—Weierstrass smooth singular integrals
By [1], [4], for a,8 € R with a8 (a® — %) # 0, and f € C*(R), a,z € R,
we have the following general trigonometric Taylor formula:

B%mﬁﬂw;g&;f::dﬁ@—aﬁ)+
+ﬁ%®<am«wm—23:2fuux—a»)+
+jm@”(ﬂﬁnwwx;g&;fj;Uﬂx—aD>+

(ﬂ%@gﬁgtigﬂw»<@$§<ag;@>_&$ﬁ<ﬂ@;m>)+

1) ﬂm—ﬂwzf@(

2
+

1 [ 111 a2 2 1 042 2 _
b [ L7 0+ (@ 82) £ )+ %57 0)

= (" (@) + (a® + 8°) f" (a) + a?B°f (a))] -
[Bsin (a(x —t)) — asin (8 (z — )] dt.
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For r € N and n € Z*, we set

<—1>“J(7T)j—", J= 1ot

j

(2) Q5 = r =i [ T

1oy () ( ).7 n=0,
Jj=1 J

that is

3) a1

Here we consider all f, f, f", f”', f® € Cy (R) N Cg (R).

For z € R, £ > 0 we consider the Lebesgue integrals, so called smooth

Gauss—Weierstrass operators

(4) an(f,ff)Z%/ > aif (@ +jt) e dt,
=0

— 00

see [0], W, ¢ are not in general positive operators, see [5].

We notice by

(5) ﬁ 4 e Tdt =1,

that

(6) Wiy.¢ (¢, ) = ¢, where c is a constant,
and

(7) Wr,s(fw)—f(x):ﬁ Sa; [ F@+in-fane
j=0

— 00
Denote by

(8) wi (f,h) = Sup |f (@) = f Wl
|z—y|<é

the first modulus of continuity of f.
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By (1) we get that

3sin (ajt) — a2 sin (B8]
©) flz+gt) = f(2) = [ (2) (6 (a/j?B ) wm) +

+f" (x) (COS (ajﬁtz) — Z;b (ﬁjt)) +
m sin (ajt) — asin (Bt
+f (x)(ﬂ (046](22—a2)(6]))+

A () o ()

-+t

er / [(f(‘i) (s)+ (oz2 + [32) 1" (s) + Oézﬂzf (5)) B

— (19 @) + (@2 + 52) 1 (@) + 082 (@) ]
<[Bsin(a(x 4+ jt —s)) — asin (B (z + jt — s))] ds,

or better,

3 sin (ajt) — o3 sin (B
(10)  fla+it) = f(2) = f'(2) (B (a/j ?ﬁ ) wm) +

w0 (SO0
m sin (ajt) — arsin (B4t
i (A=),

A () o ()

=~

J

1
T Y @+2)+ (@ +82) " (w+2)+a?Bf(x+2)) -
+ 5 a )0/[( +2)+ (o + +2)+ + )

~ (IO @)+ (@4 8) 17 @)+ 8] (@)
-[Bsin (a (jt — 2)) — asin (B (jt — 2))] d=.
Furthermore it holds

(11) S [f (@4 jt) - f (@) =
j=0
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P N
=—><— |5 a; sin (ajt) — a a;sin (Bjt) | +
<a5(52—a2))_ 2 esin(eg) mat gy (2 }

" (z) K ; it) — - o cos (7
+(ﬁ2—a2) jgoajcos(aﬂ) jz::() j (B]t)]'f‘

Y@ N N o (0t — S sin (31
+(aﬂ(52a2)> [ﬁ; sin () Z:jo : (ﬁyt>]+

N (2 (fD (z) + (a2 + 52) f" (x))> .
(aB)” (82 - a?)

. (5220@ sin” <a‘27t> 70&2;% sin” (?)) +

R
aB (B2 — a?)
e / [(FD @+ 2) + (@24 B2) [ (w+2) + @22 (z+2)) -
=0 9
— (19 @) + (4 52) 1 (@) + 062 ()]
-[Bsin (a (jt — z)) — asin (B (jt — 2))] dz,

or better
(12) Z% x+jt) — f(z)] =

7=0

— <O£(J;;%) B3Zaj sin (ajt) — agzaj sin (ﬁjt)} +

Jj=0 Jj=0

" (z) K ; it) — - o cos (7
+(ﬁ2—a2) JZ:;)%COS(CVN) gZ::O j (ﬂ]t)]"‘

M i Sin Oé — o sin
(e [ﬂz jinei) ~a 3o, ﬂm]

7=0
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N (2 (fD (z) + (a2 + 52) f" (x))> .
(aB)” (82 - a?)

(5 > oo (')—cﬂz%sm (% )>+

1
aB (2 —a?)

+

t
04]3/ [(F9 @+ jw) + (a2 + 82) 7 (@ + jw) + B2 (@ + jw))

T

=0
(I @)+ (024 82) 1 @) + 0282 ()]
-[Bsin (aj (t —w)) — asin (Bj (t — w))] dw.
We call
1 o
(13) Rim R(t)i= oo j;ajj.

/ [(f(4) (z + jw) + (o + B%) f (z + jw) + *B*f (z +jw)) -
0

— (19 @) + (0 + 52) 17 (@) + 062 ()]
<[Bsin(aj (t —w)) —asin(Bj (t —w))]dw, VteR.

We set
(14) By (z) =W, (fiz) = f(2) - <M> '
.83 - a-i OOsin aj 6_% -
[5 JE::O i (_Oo (agt) dt)

—a3 T ouL Oosin ] e_% —
> ﬁf(/ (5i) dt)]

-(F45)
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r 1 s . 2
: Lz_:oaj\/ﬁ (/ cos (ajt) e édt) -

- 1 T 2
_j;)ajﬁ (/ cos (Bjt) eidt)] -
f¥ (@)

B <a/3<62a2>)'
{ﬁjoa];g _4 sin (ajt) e t;dt) -

- (2 (f@ () + (a2 + B2) " @;))) .
(aB)’ (52 — a2)

=0 .
- 1 7 ] 2
7012 Qj—— / Sin2 <[3‘27> TEedt =
7=0 s e
1 oo
= (t)e €dt
\/775_00
Next we simplify F4 (x):
We observe that
00 0 o0
t2 2 2
(15) / sin (ajt)e” € dt = / sin (ajt) e” € dt + /sin (ajt) e” € dt.
—0o0 —oo 0
Notice —00 <t < 0= oo > —t > 0. So that
O ‘t2| / 2
/ sin (ajt)e” & dt = — / sin (aj (= (=t)))e” €d(—t) =

—00
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(16 = [ (sin(aj(-0)e a0 = [ sin(aj(-0)e Fa(-0) -
0 2 7 2
= [ sin (ajt)e Tdt = sin (jt) dt
/ /
So that
/sin(ozjt)e_%dtzO7

and all sine integrals in (14) are zeros.

Furthermore we have that

oo o0
it 2 it 2
sin? i e_t?dt =92 [ sin? il e_t?dt =
2 2
0

— 00

“v [ ((*57) Je) 7 el
(L =, and 255 = )

2
That is
‘t 2 «2i2
(18) / sin? <Og> e~ Tdt = ng <1 —e 5) )

and similarly,

(19) / Sin2 (ﬂ?]t> ei%dt = @ (1 e ﬁzf&) .
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Next, we treat

(20) Zo cos (ajt)e” €dt = 2O/cos (ajt)e” €dt =
oo () )
(L =@, and “58 = 3))
%@7mﬂm@eﬁm;2¢§¢m‘?¢ﬁefﬁ
0
That is
(21) 7008 (ajt) e~ dt = /mEe T

and similarly,

(22) /cos(ﬁjt 5dt \Fe o

Hence, we have the simplified expression,

(23) By (x) = Wre (f2) — f (x) —

(ﬂ@@»+«ﬂ+ﬂaf%m>,
(aB)* (82 - a?)

2

r 0242 r 2.2
622 aj<1—e_ i£>_a25 aj<1—e_551£> =
§=0 '
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Remark 2.1. Call the function

(24) Fi=fO+ (o + %) /' + o*52f.

Then, we get

(25) R:R(t):a —a2 ozjj/ (x4 jw) — F (v)]-
J=0 0

<[Bsin(aj (t —w)) —asin(Bj (t —w))]dw, ViteR.

We isolate and study

(26) / (z + jw) — F (z)]-
0

[Bsin (aj (t —w)) — asin (Bj (t —w))] dw, VteR.

For t < 0, we have that

0
1= | [ 1F (@ 4 juw) ~ F @) [Bsin 0 ¢ = w) — asin (3 (¢ - w)] | <
/|F x4+ jw) — F (z)]|Bsin (af (t —w)) — asin (B) (t —w))|dw <

(by |sinz| < |z|, V 2 € R)
<21l 1313 [ F (@ + ju) - F ()] (w 1) dw =
0
= =2l 813 [ IF (@ = j (~w) = F &) (=t = (~w)) d(~u) =
t<w<0=—-t>—-w=:02>0)

0
— 2ol |81 [ 1F (o~ j6) ~ F (2| (-t~ 6) a8 =
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— 2o |6|j/|F<z—je>fF<z>|<ftfe>d9:
0

]

= 2|045|J'/\F(9€+8i9n (t)30) = F ()| (|t — ) db.

So, we have proved that
It]
@) <208l [ |F (o + sign () 6) ~ F (@)| (]~ 0)do, ¥t € R
0

and, by (25),
]

29) 1RO < 5 S lagls? [ F (@4 sign ()6) = F )] e - ) d.
57—t 25V

vVteR
By (14), we have

(30) B (m):% / R(t)e < dt.

About Part II: On the smooth Poisson—Cauchy singular integral op-
erators ([5])

Leta €N, 3> % and f € C? (R). We define for = € R, ¢ > 0 the Lebesgue
integral

[e%e} 2 Oéjf (.17 +jt)
=0 __dt,

(31) Mrg(fi2) =W [ ——er
(t2a + £2a)

where the constant is defined as

T (B) 6525571
32 W = — .
32 R ES TR

We assume that M, ¢ (f;z) € R for all z € R. We will use also that

r o0 . 1
(33) M e (fvx):Wj;)aj _4 f(x+jt) mdt
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We notice by W f dt =1 that M, ¢ (¢; ) = ¢, ¢ constant, and

(t2‘1+§2 )ﬁ

(34) Mg (f;2) (Zaj/ (z + jt) — f (2)] Wdt).

— 0o

We set

Ba(o) = Mg (o)~ 10 - (522 ).

- 7 dt
.83 o ;W sin (qjt) —m8 —— | —
[5 > (Z (a1 (tmw)

(35) —a? Z oW ( /OO sin (35t M) ] <5J;//_( 022>

[ (Tomon )
*ZO‘J (Z cos (Bit) (tzaim)ﬂ” B (a;((;(—w)cﬂ))
[52720‘3 (Z sin (jt) M) _
_aiaj (_Z sin (Bjt) (tzaj;a)g)] N

(@) (B2 — a2)

FEr ([ () e)

oo

o o () ) -

- (2 (f@ (@) + (0 + %) " <x>)> ,

— OO
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(30) My (f.0) - £ ) - (= ) -
- i . . dt
| Lz—:o v (0/ sty Z o220 (127 4 §2a)3) ]

B (4 (S () + (o2 +5°) 1" “))) w.
(@B)? (82 — a?)

e - ; sin2 (ajt>dt —

[ Z (/ 2 ey

o [ [ ﬁjt)dt _
o ([ () ).

r dt
37 =W [ R(t) —————.
(1) Zo O
That is
(38) =W / R(t e

About Part III: On the smooth Trigonometric singular integral op-
erators ([5])

Let £ >0, f € C2(R), z € R, B € N; we set

(s (2))”
(39) Tre (f;2) ::%/ (Zajf(x+jt)>( tf ) dt,

where

(40) = 7




284 G. A. Anastassiou

(by [11], p. 210, item 1033)

B 28—1
_1)* k
S R ITEESY

=26 (-1)° B
k

Denote

_— 8 kQE—l
41 Ap =27 (—=1)° —1)F— _ ,
(41) =2 BV g
that is
(42> A= Algl_Qﬁ.

We suppose that T, ¢ (f;x) € R for all # € R. Clearly, again it is

00 . (1 28
(43) %/ (Smt(f)) dt =1,

and T, ¢ (¢;z) = ¢, ¢ constant, and
(44)

. ¢ 28
Toe (f5) Zaj/ v+ 3t) — £ (@) ( 1@) at

— 00

We set

B3 () :=Trg (f,2) = f () = @M) '

243

3 1 7 sm £>
B %X sin (ajt) dt | —

<

Jj=

t
3 r 1 sin E)

dt —
= oo

—« %X sm ﬁjt
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- 7 sin (1> 28
_ZOC]'% (/ cos (Bjt) (tf) dt)] B

— 00

7 sin (& 26
(45) B (aﬂjé;; (x)az)> {szaji\ (/ sin (ajt) ( t(f)) dt) B

(16) . (4 (D (@) + (o + 8) 4 w))
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2o [ . .(B
o ;0% 4 sin? ( ﬂ)
(47) - % /OOR(t) (Sin
That is
(18) By@)=y 7R<t> ( |
We need

Remark 2.2. By (29) we get (t € R)

]

2|Z|%|] /

B0 < 15~

(€>0)

It|

T
\anf/wl (
—0 o

i

. 2
- 2 _ 12
77— ] <

It
2&)1

=7 —O<2|

0

3

o 2&)1 (F,f)
12—

> oyl 4°

=0

r

Z|aJ|J

7=0

Z|a3| 2

_ 2wy (F,f)
‘62i

o?|

4|

(x + jsign (t)6) —

jo
F e
,€£

>l [ (145 ) 1 o) ao

t2

2 +

F ()] (|t] - 0)df <

) (- 0yap <

|

1 g
(It —0)do+2 [ (t]—6)> (0 —0)>"ag| | =
[n-owd] |

;i N
3¢
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Consequently, for ¢t € R, we obtain

" |
(50) ROI< 508 Zlam i

3. Main results

Next we present uniform approximation by the W,. ¢ operators.

Theorem 3.1. It holds (£ > 0, xz € R)

(51) [Er (2)] < [ Brlloe = [Wre (f,2) = f (2) =

B (f(4) (Z‘) + (042 +ﬁ2) f// (l‘)) .
(aB)* (82 — a?)

IN

r 242 52
52205j<1—e ié)—0422:<)¢J<1—e == >
> oyl 2 (4 + 4)
j:
7=
as &€ — 0.

If 7 (z) = fY (x) = 0, then
(52) (Wie (f,2) = f (z)| < By,

and Wy e (f,z) = f(z), as § — 0.

<

Wy (f<4> + (a® + B%) f + o*B*f, \/E) E=: By =0,

Proof. By (30) we get

(53) [Ex (2)] <
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(apply (50) with £ to be /€)

<l (S| v [t

- e [T | [t tgesdtﬂ

B e | 9] ()
s ('] ()

201 (F,/E) ¢ | T o o T e
QS(QQ\)F[ZMJHQL/:EQQ d:r—i—éb/x?’e dl’]]z

Thus, we obtain

o s ]

The claim is proved. |

Next we present uniform approximation by the M, ¢ operators.
Theorem 3.2. [t holds (¢ >0, x € R, 3 > %, aeN)

(55) B2 (2)] < || Bl = [[Mrg (f,2) = f (z) =

oo

2f" (x) ~ ) con (B a |
B <52_O‘2> v [-0 “ (/ (cos (@t) (B3t)) (12 _’_5204)18)]

J= 0

- <4 (F@ (2) + (o2 + B2) f" (x))) w.
(aB)” (82 — a?)
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) [52§aj (Zshﬁ <Ogt> (tmj;a)ﬁ) _

0

<

[Z 0y 72 (0 (&) T (F— &) + 4T (2) T (3 - 3))]
- 7= T ()T (- %)

cwr (FO + (2 +82) f" + a2B2f,¢) €8 = By — 0,

as & — 0.
If " (z) = f@ (x) = 0, then
(56) [Mg (f,2) = f (2)| < B,

and M, ¢ (f,xz) = f(z), as £ — 0.

Proof. By (38) we get

d
(57) B@<W [ IROI—"—=< (v (50)
(t2a+£2a)
wer (6 [\~ o] T NERY _
>~ |62 (12| ;}laﬂj [_/t (tza _’_5201 f/ t2a+£2a ]] =
W, (F,€) T d [ dt _
e ZW / t <t2a+52a>5+3ff t <t2a+£2a>ﬁn
o) t
_ 2Wwy (F,€) 2 03—2a8 t ’ d(g)
BEErEN Z‘ w7 | [(E)
N (ORES

4/ ) oy
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_ ( Ew (F,€) )
LRI (- 55) [ o

[Err @) r6-2) -5 C)r6-3)]

Thus, we derive

o 50 < Gt (G =
e (2)rG-2) - (2)r6-2)]|
The claim is proved. [ |

It follows the uniform approximation by the 7). ¢ operators.

Theorem 3.3. It holds (¢ >0,z € R, B € N—{1,2})

(61) B3 (2)] < [|Bsllo = 1T (fs2) = f (2) =

00 . t 2p
" ( sin | %
(;g a2) Zaj / cos (ajt) — cos (Bjt)) ( t(£ ) dt | | —

N—
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- (4 (f(4) (@) + (a2 + 82) f" (x))> 1
(aB)* (82— a?)

A

oo . 28
: ﬁ2ia]‘ /sin2 (?) (smt(2>) dt | —

Jj=0 0

o Jur () (212)

0

IN

00,T

_ 2w (f@ + (a2 + B%) f" +a?B2f,€) €2
= M |82 — a2 '

r Y 7 ( )E ' B L2B—3
(B | (5 (E i)
: 28)! (s (—1)P- kk25 kln(k)
(e

as & — 0.
If f" (z) = fY (z) = 0, then
(62) Tre (f,2) = f(2)] < Bs,

and Ty ¢ (f,2) = f(z), as € = 0.

Proof. By (48) we get

oo VAR
©)  |Ba@l<y [ IRO) ((’3)) dt<  (by (30))




292 G. A. Anastassiou

0 0

r s i 28 .7 . 28
200 e [ () oo (1) -
Jj= 0

(by [11], p. 210, formula 1033)

_ 2w (FOE
A B2 — a2

[ (reP @y (8 -
(64) -Lz_gajlfl( 507 9) (k_l k)!(ﬁ+k)!)>+

: (-1 ’fk?ﬁ E1n (2k)
e (5 ) )

The claim is proved. ]

We make

Remark 3.1. Let E; (z) be E; (z), i =1,2,3, when o = 2 and 8 = 1.
We have

(65) By (2) = Wre(fox) = f(2) + fT(“") {Zaj ( _ )] .

=0
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. <f<4> () 51" <x>> {Z oy (1% C4Y e, (1 _)] .

Jj=0 J=0

We also have

2][‘// (1,)
3

- 7 dt
. Q; cos (2jt) — cos (jt)) —————
[Z ( / eos 20 —cos i) - gga)ﬁﬂ +

. (4 (s ) +5/" ) ) "

(66) By () := My g (f,2) — f () + w-

Furthermore, it is

(67) Es (IIJ) = TT,E (f» SL') - f (LE) +
2" (:E) r o0 sin (é) QE
+ o Z a; / (cos (24t) — cos (jit)) " dt || +
=0\
4 (f® (2) +5f" (x))

We finish with the following special results.
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Corollary 3.1. (to Theorem 3.1) It holds

(68) ‘El ) Er]|

w1 (f(4)_’_5170//4_4:.107 \/E> €_>07
as & — 0.

Corollary 3.2. (to Theorem 3.2) It holds

(69) B2 (@) < 2],

wi (F9 +5f"+41.¢) € >0,
as & — 0.

Corollary 3.3. (to Theorem 3.3) It holds
(70) [2: @) < B,

L 2 (FO 57+ 41.6) 8
31

P T S ) I N
'Lz_;o‘j“ [( S5 3)! (;H) (B—k)!(ﬁJrk)!)) ¥

. B Bk 28—k
] k ln(k)
3 a2 (& )| -

as & — 0.
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