Annales Univ. Sci. Budapest., Sect. Comp. 55 (2023) 15117/

A NEW PROOF OF A RESULT OF WIRSING
FOR MULTIPLICATIVE FUNCTIONS

Karl-Heinz Indlekofer (Paderborn, Germany)

Communicated by Imre Kétai
(Received May 5, 2023; accepted June 16, 2023)

In celebration of the eighty fifth birthday of Professors

Zoltan Dardczy and Imre Kdtai

Abstract. In this paper we give a proof of Wirsing’s result [11] for non-
negative multiplicative functions.

1. Introduction

In this paper we give a new proof for the following famous result of E. Wir-
sing ([11], Satz 1.1).

Theorem. Let g be a multiplicative function which assumes real nonnegative
values only. Let

1
(1.1) Zwmcxlogm, T — 00,

p<z p

hold with a constant « > 0. Furthermore, let g(p) = O(1) for all primes p, and

let
> Fgr") < o
p,k>2
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Besides this, if a <1, then let

> 9") = O(x(loga) ™).

pF<w,k>2

Then

e 9p) 9@
29t eriog 1L (1427 + 257 )

p<z

as x — oo. Here v denotes Fuler’s constant.

In the case of complex-valued multiplicative functions of modulus < 1 we
used a method to give proofs for results of Haldsz und Wirsing (see [4], [5],
[6]). Here we adopt the method to the present situtation. Then the idea of the
proof is as follows.

Let ¢ as in the theorem. Define an exponentially multiplicative function go
(see [1] P. Erdds and A. Rényi) by

(1.2) go(pk) = % (p prime, k €N).

Then g = h * go where

S ol

Further, define the multiplicative function 7, by

(1.3) ST _ ),

n.S

where ((s) is Riemann’s zeta-function. Then put

A(zx) := H(1)e* exp Z g(p)T—a ,

p<x

where H(1) = A and

c=Y (;+log(1—;)).

We define, for 1 < u < x,
M(u) = 1x(g— Ax)1,)(u) =
= ) (9(n) = A(z)7a(n))

n<u
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and prove in the first part of the paper by convolution arithmetic

o [ TL2 ] s 2o oo
. P
p<z

log x

x [ |M(u)
M d
|<x>|<<10gx/ il du+ o
1

Next, we define an exponentially multiplicative function g, by

ol

hS]

w [0 forp<a, k>1
a/kl  forp>x, k>1

and put g = h * g,. Choosing
(1.4) Ko(u) = 1% Ag, * (g — A(x)7o)(u)

we obtain, for 2 < u < z,

_ Ko(w) u 9(p)
(1.5) M(u) = oz +o logueXp I;L )
Now
(1.6) /'Mg“)‘du < /‘M<2“>'du+/'Mg“>'du =:
u u u
1 1 x€

= I1+IQ.

Put 0 =1+ - . Then

logz*

[EKo@)? o [ |Ko(w)?
/71;’ du <e T du.
1 1
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Since (s = o +it)

oo

w\  —us —iut _ 66(5) al s) — T @ s
0/ Kofe')e"%e "t = 22 (Gls) = A (),
where
(17) (=3 B g G =y 1
n=1 n=1

we conclude, by Parseval’s equation,

T |Ko(u)? 1 [1Ch(s) 2= o dt
(1.8) I = - / S0 P () - A Oliwet
1 —o0

Using ideas of G. Tenenbaum (see [9], Theorem 4.10 and Theorem 4.13, and

p<z

[10]) we estimate the last integral in (1.8) by o <log:c exp <2 > g(pp)> ) , which

proves our Theorem.
2. Notations and some preliminaries

Let g be as in Theorem. Define the exponentially multiplicative function
go by (1.2). The generating function Gg(s) of go satisfies

(2.1) Go(s) = exp (Z 9;?) :

If we write g = h * go then G(s) = H(s)Go(s) with H(s) = i h(n)n~° and
n=1
k
h(p) = 0 (p prime) and Z w < 00

p,k>2

which implies

§ bl

For ao > 0 we define the multiplicative function 7, by (1.3).
By Theorem II 5.2 and Theorem II 5.4 of Tenenbaum [9] the following holds.
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Lemma 2.1. Let 0 < a < b. Then, uniformly for a < a < b,y > 2 the relation

> () = g logw)* {1+0( ! )}

et logy
holds.
Let s = o + it. The function ((s)exp(—>_ p%) is holomorphic at s = 1 and
P
for o > 1,
log (s Z—:—c—i—0|s—1\)
where . )
= (5 roe(1-2))
2 pre))
Then
—Qc o
(2.2) C*(s) = e *“exp (Z ps> {1+0(]s—1)}.
P
Put
(2.3) A(z) = € exp Z 9(p
p<lx
and (£ > 0)
W) = A(ef).

We observe that, because of (1.1), W(§) is a slowly oscillating function.
Next, we put

(2.4) M(u):=> " g(n) — A(@) > 7a(n).

n<u n<u

Further, if we define the arithmetic function Log by Log(n) = (logn)g(n),
we introduce A4 by
Log =g *Ay.

Obviously,

g(p)logp n =p, pprime;
(2.5) Agy(n) = {0

n not prime.
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and
alogp n=p", pprime;
A (n)=

0 n # p".

This can easily be seen from (2.1) and from the relation

respectively.

Consider

9(p) _ 9(p) —a logp o
L T e 2T

ze<p<zx p
1

= o(l) +alog -

€

which implies the inequality

(2.6) Z gO <<€ exp Zg

n<xe p<z
Now we prove
Lemma 2.2 Let o > 1. Then there exists a constant K so that

eap [ 2R 1 9(p <Kep T g(p) — 1

< < p

p<y p<z
fory <z and x> xg.
Proof. Observe

exp Z 9(p = exp Z 9(p (logy)>~ 1.
pP<y pP<y

Putting ¢ = logz we estimate W (£)é%~! where a > 1. Since W (&) is slowly
oscillating we have, for £ > &y(e),

[NR a0

W(n) <A +e)W(E) for 5 <n<¢
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and ¢
W(TI) < (1 + g)uw(g) Zf ne [27a 2,/,1]'
Thus
FTWE) S () A W) =
B 1 +¢e v—1
= IW(e) ((2a1;V T(I+e¢) <
< 2607w (g)
and
N TIW () < 26°7TW(E), & <n<E
Therefore
—1 —1
exp ZM < K exp ZM for mp(e) <y <w
P<y p p<w
and, eventually with some larger constant, this holds for y < o < z. |

Remark 2.1. If a > 1 then an easy consequence of Lemma 2.2 gives

S ] Y o) < e (X242 ).

n<x m<Z p<z

—n

The same estimate is valid in the case 0 < o < 1 since (see (3.6))

Z |[h(n)|logn < x

n<z

which implies
3 [hn)] < ——.
~ log

Therefore
S g(n) < —— exp Z&) .
log x P
n<z p<lx

For applying Lemma 4.13 from [9] we choose B such that « < B and |g(p)| < B
for all p, and define
B .
(2.7) po:=7m— and f=1-— g
@ %0

Observe > 0.
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Further, put

1
I =<t |t <
1) { ||610ga:}

1
Iye)=<t: <t <e 2o},
2(¢) { elogx t=e }

Then the following Lemma holds.

and

Lemma 2.3 Let G(s) be defined by (1.7), where s = o +it(c > 1). Then, for
every € > 0,

(2.8) G(s) — A(2)C*(s) < eexp Zg for tel(e)
and

(2.9) G(s) < &P exp Z 9(p) for te Ie).

p<xz

Proof. Since, by (2.2),

78:{14—0(1)}@( Z ; 9lp) —a —|—ac—ac—2— )

I DI =R S

p<zx p<xz

By (1.1) and partial summation we conclude, as © — oo

(2.10) 3 9w = _ 3 9w = _

ze? <p<z ze? <p<z
Obviously
Z lo(p) ~ ol —p Y < |s—1|e?logz < ¢ for teIi(e),
p<z€

and thus (2.8) holds.
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Next we observe

G(s)] < |Go(s)| <

< ( Z 1+zt =
p<z
= exp( Mcos(tlogp)
< P
s
Obviously
@cos(tlogp) < ZM Mcos(tlogp)
p<z p<x® p e <p<zx
_ 9(p) _ Z
p<w p
where
Z: Z ﬁ(l—cos(tlogp))
s <p<z p

With 0 < A < 1 we have

>

Z 9(p) Z g(;))(cos(tlogp—)\))>

ze<p<zx e <p<zx
g(p) (cos tlogp N
> (=0 > B 3. -
s <p<x s <p<z
S Y >

By partial summation
1
21 > (1 — /\)alog g + O(l),

since (cf.(2.10))

~~

glp) _ 9(p) —«a a
ZT*Z -

xf<p<z e <p<x ¢ <p<w

Y

alogé +0(1).

Next we use ideas of G. Tenenbaum (see [9], Lemma 4.13 and [10]). By [9],
Lemma 4.13, we have

1
Yy = Bmlog - +0(1),
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where (see (2.7))

i.e.

—% = (—a(l - A) + B) log é

Then, together with (2.10),

1 1 1
Z > (1—-XNalog = —a(l —X)log = +O(1) + Balog —,
€ € 5
and )
_ Z < —afBlog - +0(1) < afloge,
which proves (2.9). |

Remark 2.2. A trivial estimate for G(s) is given by

|G(s)] < exp Z g(;’o) for all o> 1.

p<z

Remark 2.3. We use the following notations:
. . g(n)
M*(x) := Zg(n), m*(x) := Z "
n<x

and
B*(t) :=e "M*(e), L*(t)=t"*m*(e").

Then the assertion of Theorem can be written as (cf. [3], p.147)

M*(z) ~ ax(logz)* 'L*(logx),
(2.11) m*(z) )H(1+ ot T >

MNa+1 o
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The function L* is slowly oscillating. Let
B i g(n)
n
n=1

be the generating Dirichlet series of g. Then integration by parts shows that

for s = o +it,o0 > 1, we have
B
s71G(s) = /6*(u)e‘"(”_1)e_i“tdu,
0
which implies that if (2.11) holds, then
al*(;15) L*(;=)
G — o—1 o—1
()=t <<o—1>

as 0 — 17, which holds uniformly on each bounded interval

and let {a,} be a sequence of

-K<t<K.

Lemma 2.4. Let M(u) be defined by (2.4),
positive numbers a,, such that

Z an = 2zlogx + O(x).

n<z
Then

Z\M |an—2/\M )| logudu + O | zexp Zg

n<x p<z

Proof. Put ¢; =0 and, for n > 2,

n

Cp = Ay, — 2 / log tdt.

n—1

Then
[z]

Clz) = chfZaan/logtdt

n<x n<x

= O(x).
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We write

> IMC

n<z

|an

= Z\M Nan =2 > |M /logtdt+
n<z 2<n<x ne1
+ 2> \M(f)|/1ogtdt—2/\M(f)|1ogtdt=
n t
2<n<w n—1 1

x

- 21+22+2/|M(%)|1ogtdt.
1

By partial summation

B =13 COMIMEI - IR+ CEIM(E]+ 1M @) <
< M) = MGl + 0@ + M ()] <
<X nIM) = MG+ 0) £ M)

Using

we conclude

|34

M(y)l < M*(y) =Y lg(n) — Alz)ra(n)]

n<y

—~ E B n—+1
> M) +O0x) + M* ()
3 lg(m) — A |21+o M (y) =
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For the estimate of ), we observe

M(%)|/logtdt— / \M(%)Hogtdtﬁ
n—1 n—1

IN

X xr

/ M) = (5] log e <
n t

n—1

< [or) - )t <

n—1

T T
< — (M (——) = M*(=)).
< (- D) - M ()
Then
S 0< > (M) - M (—)) +O(logz) <
a n<zr—1 n 7’L+].
< Texp Z@ ,
p<x p
and the assertion of Lemma 2.4 holds. |

3. Proof of Theorem; First Step

With the function M defined in (2.4), the identity function 1 and L given
by L(u) =logu (u > 1) we use, for arithmetical functions f, the convolutions

Lef(@) = Y (log=)f(n),
Mxf(@) = Y (M()f(n),
1xf(z) = ) f(n).

Then the proof of Theorem 2 in Indlekofer [5] gives

(3.1) LM = Mx*(Ago#Agy+LoAg,)+ (R + R+ R3) % Ay, + L(R1 + Ra+ R3),
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where
Ry = Lx(g—A()710),
Ry = 1x(Lohx*go),
Ry = —1xA(x)1a* (Ar, —Ayg,).

In the first step we shall prove

(3.2) |M(z)] <

1 [ x g(p
M(=)|d — —
< 10gx/| (Dlduto| e Z
1

z M) g(p
= 7d R ——
logx/ u? uto lgx P Z
1

p<z

as r — OQ.

Since g(p) = O(1) we obtain by a crude estimate (see (2.5))
Ago * Ago + LOAgg < A * A =+ L()A

Putting a,, = (A * A)(n) + A(n)(logn) we use Selberg’s formula

(3.3) Z an, =2xlogz + O(x)

n<x

and get, by (3.1) and Lemma 2.4, the first estimate in (3.2).
For Ry (z) we obtain

2 2 l9(n) + A(@)ra(n)]

(3.4) IRi(z)] < / = du <
[ d
< exp M /1 Y <
o< P ogu

T
< 1 exp M .
ogx < P

In the case
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we use, if @ > 1, Lemma 2.2 and conclude

h(n)|logn
(35 |Ra(e)] < p (o)) 5o Iloen
p<z n<x
= o xzexp Zg
p<z

oo
since ) —thf)l < 00

n=1

In the case 0 < @ < 1 we have

Z [h(p")|log p* = O(x)

and (see Postnikov [8], p. 201)

(3.6) > |h(n)|logn < Y |h(n |Z|h ) log p* <

n<zx n<z

Then

Ry(x) = Zh(n) logn Z go(m) =

By (2.6)
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and as in (3.5),

Yo K ’ exp( g(p)) Z 7\h(n)|logn:
log = = 4 n

Let us consider R3(z). We have

(3.7) Rs(z) = A(x)ZTa(n) (ATQ(m)—Ago(m)):
- AR 2

= A(z)(Z] + X5).

Then
S = D ma(n) D IAn, (m) = Agy(m)] <
n<z® m<
< Z Ta(n) < e%z(log x)”
n<x® n 7
ie.
(3.8) A(x)X] < e“wexp Z 9() .
p<z p
For the estimate of ¥} we use Lemma 2.1. Then
A (m)— Ay (m) T\ 1
Z/ — L a go 1 Fya—1 1 .
= T 2 - (log 2)* {14 0( o))
mgmlfs
Since
Ar, (m) = Mgy (m) alogp — g(p)logp alogp
S e Sel) _ §n SRS ollog y)+0(1)
m<y Py p* y

k>

we conclude

(3.9) ¥, = o(z(log x)*)
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by partial summation. By (3.7), (3.8) and (3.9)

o fef)

Consider
Ry # Ay, Zlog ()7a) * Agy (n).
Observing
> lg(n) — A(@)ra(n)] D 9(p)logp <
<y Y Al (Z o) )

we conclude (cf. (3.4))

(3.10) Ry % Agy(z) < mexp (Z g;p)) .

Since Logo = go * Ay, we have

(3.11) Ry x Ay (z) <logzRs(z) =0 (1’ log x exp (Z g;p))) .

Let us return to
Ry x Mgy (z) = Y (A)7a % (Ar, — Agy) % Ag,)(n).
n<z
First, we observe
Z(Am * Mgy — Ag, * Ago)(n) = O(ylogy).
n<y

Next, we consider

Z(ATa *Ago — Ago *Ago)(n) _

n
n<y
p)logp @ p)logplogyp
_Zg g ()/ log Zg gplogp’ _
p p'*
pp' <y pp’F<y
k>

p)logp «
= Z 9(p) log ( 9(p ;/ logp'> + O(logy) = 24—0

pp’ <y
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We split > into

Z:Z"'+ Z o= Y 4 D,

<y p<yl~e

Then obviously
¥ < g(logy)?

and

= 3 LD 105 %) — of(tog ).

p<y1 €

Then, arguing as in (3.8) and (3.9) we prove

9(p)

(3.12) Rs Ay (z) =0 | xlogzexp ZT
p<T

Collecting the results (3.3) with Lemma 2.1, (3.4), (3.5), (3.7), (3.10), (3.11)
and (3.12) we obtain (3.2).

Remark 3.1. Let g as above. If f is multiplicative and |f| < g, then

w\;f(nﬂ ol
|Zf loga:/ R dutol 7 Z

n<x P p<zx

and

1> f(n) (n)| <

n<z
. | Z<I f(n) = Azg(n)] oo
< logx/ = 2 du+o | — Z

2 p<lx

it A, #0, A, = O(1) and

Z Ay =42y o(log z).
p<wz p

Remark 3.2. It is easy to see that

LM = 1xLo(g— A(x)1,) + R1 =
= 1xAy x(9g— A(x)ra) + Ri + Ry + R3,
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which implies, by (3.4), (3.5) and (3.10),

1xAg, x(g— A(x)70) (U u
My = L2 0= 4 )()“(bguexp(ggf)))

for u < z. Since g(n) =G(n), go(n) = go(n) for n < x, we define (cf. (1.4))

Ko(u) = 1% Ag, * (9 — A(x)7a)(u) for u <.

Collecting the estimates (1.5), (1.6) from Section 1 we obtain

[, o B, T,
u u u
1 1 x€

IN

< (e4+e")exp (Z gg))) +

11 [(Gh(s)1? = o g dt
= mé\o () - Aw)e @) P ) +

log Go(s)

+ o(exp (Zggf))) as T — oQ.

Therefore, if we show that

7!G3§5) [ 1666) = A (o) s =
o Go

Go(s)

=0 (10gmexp (22@)) as T — 0o

we have finished the proof of our Theorem. |

(3.13)
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4. Proof of Theorem; Second Step

For the estimate of the integral in (3.13) we split the interval (—oo, o) into
Ii(e) UIs(e) and {t : e72% < [t|}. In the first case we obtain by (2.3

% el $) — A(x)(%(s 2£
/2 o fae) - At <
(4.1) s
ot e (£ 0) [ (Glap
re |t]<e=2e
whereas
Gol) ey — aancaoy. 4t
el 1e6) —awe ey <
(4.2) [t|>e—2«
9(p) Go(s)|2 dt
< exp A / éz(s) W

p<z |t]>e—20

The integrals in (4.1) and (4.2) can be estimated by

> mrr [l

keZ

IkI<[20] lt—kl<3
3 1 / Go(s) *
kEZ k241 L Gols)!
Ik>[ ) lt=k<2
respectively. Further, we have
_ Z g(p)logp
ps
logp ¢(
—Z )—G-O()for o> 1.

Since |f(p)| < B, we use \an\ < Bb,, in the proof of the Theorem 4.10 in [9]
and conclude

N

/ 2
=1+ +it)| dt < logw.

¢

2
/’GOH +ik+it)’ dt < 3B?
log x

log x

2

Thus, by (4.1), (4.2) and (3.13) the proof of our Theorem is finished. |
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Remark 4.1. Let g > 0 be a multiplicative function, satisfying g(p) < B,

(4.3) > g )pF <o and > g(p*) = O(x(logz) ™).

p,k=>2 pk<a,k>2

If, for some a > 0,

27<<5 exp Zg for every >0,

n<ax® p<x
then we may apply the methods of the paper in the following context.

Put f = hy x fo where fy is exponentially multiplicative and F(s) =
= Hy(s)Fy(s). Assume that

(4.4) ZQ Ref( )

converges for some t = ty. For simplicity let ¢ty = 0.
Put

A, = H1 Zg Ref)
p<z

A, has the form AW (logz), where A is non-zero constant and W (§) is a non-
vanishing slowly oscillating function of €. If (4.4) diverges for all ¢ € R then we
choose A, =

Put M = 1x(f—A,g) f = h1xfo, where fj is exponentially multiplicative.
Then, as above,
LM =1xLo(f — Arg) + R}

where R} = L (f — A,g) and

R|(z) < Zg

p<zx

Further,
1% Lo(f — Awg) =1 Ag, * (f — Ayg) + Ry + RS

R/2:1*Ah1*(f_Amg)

(4.5) Ry =1xA,g*(Ap—Ay).
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If A, # 0, then
5 9(p) — Ref(p)

p

converges,
p

which implies

Ri(z) =0 (eaxexp (p<x g(;)))) +o (xexp (pg; g(;?))) .

In any case
Riy(x) =0 (mexp (Z g;@)) .

Now, in the same way as above we obtain

(4.6) / |M(2“)| du <

and

u

N

o0

U TR P 4ot
< € (logrﬂ/ Fo(s)‘ [F(s) = A:G(s)l 52)

First observe

+o (mexp (Zgg))) .

2
F 2
(4.7) /‘fz(uaﬂkﬂ't)‘ dt < log .
1
-2

If A, =0 then

(4.8)  F(s)=o(G(o)) =0 (exp (Z 9(7’))> for teI(e)ULe).

p<z p

If (4.5) holds then

(4.9) F(s)— A.G(s) =0o(G(o)) =0 (exp (Z gg)))) for teIi(e)



A new proof of a result of Wirsing 173

and

(4.10) max(|F(s)],G(s)) < e*? [ exp Z 9(r) for t e Ix(e).

p<z p

From this we conclude

Proposition. Let g be multiplicative, 0 < g(p) < B,

S g and Y] g(rF) = 0(—).

log x
p,k>2 pk<z,k>2 8

If f : N — C is multiplicative, |f| < g satisfies (4.3) then (4.6) together with
(4.7),...,(4.10) holds.
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