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Abstract. Here we study the multivariate quantitative approximation of
Banach space valued continuous multivariate functions on a box or RY,
N € N, by the multivariate normalized, quasi-interpolation, Kantorovich
type and quadrature type neural network operators. We investigate also
the case of approximation by iterated multilayer neural network operators
of the last four types. These approximations are achieved by establish-
ing multidimensional Jackson type inequalities involving the multivariate
modulus of continuity of the engaged function or its partial derivatives.
Our multivariate operators are defined by using a multidimensional density
function induced by a g-deformed and A-parametrized hyperbolic tangent
function, which is a sigmoid function. The approximations are pointwise
and uniform. The related feed-forward neural network are with one or
multi hidden layers.

1. Introduction

The author in [2] and [3], see Chapters 2-5, was the first to establish neural
network approximations to continuous functions with rates by very specifically
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interpolation operator, Kantorovich type operator, quadrature type operator, multivariate
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defined neural network operators of Cardaliaguet-Euvrard and ”Squashing”
types, by employing the modulus of continuity of the engaged function or its
high order derivative, and producing very tight Jackson type inequalities. He
treats there both the univariate and multivariate cases. The defining these
operators ”bell-shaped” and ”squashing” functions are assumed to be of com-
pact support. Also in [3] he gives the Nth order asymptotic expansion for the
error of weak approximation of these two operators to a special natural class
of smooth functions, see chapters 4-5 there.

Motivations for this work are the article [14] of Z. Chen and F. Cao, also
by [4]-{12], [15], [16].

Here we perform a g-deformed and A-parametrized, ¢, A > 0, hyperbolic
tangent sigmoid function based neural network approximations to continuous
functions over boxes or over the whole RV, N € N and also iterated, multi layer
approximations. All convergences here are with rates expressed via the multi-
variate modulus of continuity of the involved function or its partial derivatives
and given by very tight multidimensional Jackson type inequalities.

We come up with the "right” precisely defined multivariate normalized,
quasi-interpolation neural network operators related to boxes or RV, as well
as Kantorovich type and quadrature type related operators on RY. Our boxes
are not necessarily symmetric to the origin. In preparation to prove our re-
sults we establish important properties of the basic multivariate density func-
tion induced by the g-deformed and A-parametrized hyperbolic tangent sigmoid
function.

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this article, are mathematically expressed as

Nn(a:)=cha(<aj-x>—|—bj), reR® seN,
=0

where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - ) is the inner product of a; and z,
and o is the activation function of the network. In many fundamental network
models, the activation function is a kind of hyperbolic tangent sigmoid function.
About neural networks read [17]-[19].

2. About g-deformed and A-parametrized hyperbolic tangent func-
tion gg,

We will study in detail g, x, see (1), and prove that it is a sigmoid function
and we will give several of its properties related to the approximation by neural
network operators.
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So, let us consider the function
Az — Az
e —qe
(1) glL)\ (l’) = W, )\,q > O, S R
We have that
(0) = 1-¢
9q,.\ - 1+ q'
We notice also that
(2)
B AT _ qe/\x B %G_AI _ e B (€>\I %e—)\x
9a.A (—:L') e AT qekx  le-aa + eXx B e 4 le—z “9LIN (CU)
q q
That is
(3) 9q.x (_I) = _g%)\ (l'), Ve Rv
and
g1 x(2) = =ggx (=),
hence
(4) g1\ (z) = 9:;,,\ (—z)
It is ) .
2z _
€ —q 2la
= = — 1
9q,A (1') o2z +q 1+ ﬁ (3—r1-00)
i.e.
(5) gar (+00) =1,
Furthermore =
g/\(x)_e :E_q ;q:_l
K e2AT L g (z——00) ¢ ’
i.e.
(6) gg.\ (—o0) = —1.
We find that
4q/\€2>\:c
(7) G (2) = ——75 >0,
(€37 +q)

therefore gg » is striclty increasing.
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Next we obtain (z € R)
2w
8 ) =82 [ L) eom).
(8) g (¥) =8¢ P 1P (R)

We observe that
Ing

2)‘Z>0<:>q>62m(:>lnq Qe s S oy

N9 " we have that gq. 18 strictly concave up, with

So, in case of ¥ < H{,

In
g ( q) =0.
And in case of x > lg—f, we have that g, \ is strictly concave down.
Clearly, g4, is a shifted sigmoid function with g, » (0) = 1+q’ and gg» (—x) =
= —g,-1. (2), (a semi-odd function), see also [13].
By 1> -1, 2+ 1>z — 1, we consider the activation function
> 0,

9) My (@) = § (0 (& +1) = gy (= 1)

Vo € R; ¢,A > 0. Notice that M, » (£o00) = 0, so the z-axis is horizontal

asymptote.
We have that
1
(10) My (—x) = 1 (Ggr (2 +1) —ggr (-2 —1)) =

= L o (= (@ = 1) = ggr (~ (@ + 1)) =

4

1

1 (a@-D+g,@+) =

—g;)\(m—l)):M;A(x), Vo eR.
a’ q’

Thus
VzeR; g \>0,

(11) M (=) = My 5 (2),
a deformed symmetry.
Next, we have that

(gor(@+1) =g, \(x—1)), YVzeR

»lk\'—‘

(12) o (7) =
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Let z < l;‘—/\q—l, thenz —1<24+1< h;—f and g, ) (v +1) > g, \ (= 1)
(by g4.» being strictly concave up for x < l;—)?), that is M; , (x) > 0. Hence
M, » is striclty increasing over (—oo, l;—)? — ) .

Let now z—1 > l;—/\q, then z+1 > x—1 > lg—f, and g, ) (v +1) < g, , (v — 1),
that is M, , (z) <0.

Therefore M, y is strictly decreasing over (1;—)? +1, —|—oo) .

Let us next consider, 1;—)? —1<z< 1;—/\‘1 + 1. We have that

(13) Mél)\ (x) = i (9;/,,\ (z+ 1) - 9:1/,,\ (z — 1)) =

= 2g\? | @D ﬂ _ A1) ﬂ .
(e2A(z+1) +q)3 (e2M@=1) +q)3
Bylg—f—l <zr<& 1;1—; <z+lehg<2(z+1) g <0t o
= q— eQA(x—‘rl) S O

ByxﬁI%?Jrl@z—lgg‘—f@QA(x—l)Slnqée”‘(mfl)Sq@

o g — 2ME=1) >

Clearly by (13) we get that My (z) <0, for z € {1%\(; - ,1;—)? + 1} .

More precisely M, » is concave down over [IS—)? -1, 1;1—;1 + 1}, and strictly

concave down over (1;’—)? -1, 1;—)? + 1) .
Consequently M, » has a bell-type shape over R.

Of course it holds Méi/\ (lg—f) < 0.

At v = IS—)?, we have

(14) 12 (@)= 1 (G (24 1) — g (2= 1)) =

2 (z+1) e2M(z—1)
=g\ - .
q (e2>\(w+1) +q)2 (62,\(90—1)_’_(1)2

Thus

22 (52 +1) 22(pe-1)
(15) é)\ <1nq) _ e M2 ) B e M2 _

22X
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B q)\ qe2)\ B qe—2>\ -
= 5 5| =
(ge** +q)°  (ge72* +q)

62/\ 6_2’\
= )\ — =
(e +1)° (e +1)°

_ ) (ez)‘ (e’”‘ + 1)2 —e 2 (62)‘ + 1)2> _o.

(e +1)° (e +1)°

That is, 2)\ is the only critical number of M,  over R. Hence at z = ;‘f, My x
achieves its global maximum, which is

Inq 1 Inq Ing
17 M, — == —+1 1
(17) q,/\<2)\) 4[9(1,/\(2)\-%) 9q, (2)\ )]
e)\(l;/\q"rl) _ qe—A(l;‘)\q'i‘l) eA(I;/\q_ ) — qe (
AU +1) 4 QGJ‘(IEJH) AME 1) 4 qe” A8
Vae ™t —qq i\ |
- Vae +aqier )|
L[
4 [\eM e
L
2

2 (et —e_)‘)] _ <e>‘—e>‘> _ tanh ()

er e A

y\
N

)

_ 1
4

Conclusion: The maximum value of M,  is

Ing tanh ()
(18) M,» (2A> G A>0.
We give
Theorem 2.1. We have that
(19) > Mya(z—i)=1, Vo e€R, ¥V Aqg>0.

Proof. We notice that

oo

Z (ggr (T — 1) —ggn (. —1 1)) =

1=—00
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o0 -1
qu, qu(sc—l—Z))-i-Z(gq’)\(;v—i)—gq,A(x—l—i)).
=0 i=—00
Furthermore (p € Z*)
(20) Z 9q,A —ggr (=1 —14)) =
i=0
p
= p]ggo Z; (ggr (x — 1) — ggx (x —1—14)) (telescoping sum)
= ph_{go (ggr () = ggr (@ = (p+1))) = 1+ ggaq (7).
Similarly,
—1
Z (gq,A (x - Z) — 9q, (I —-1- 7’)) -
—1
= lim Z (ggr (& — i) — ggn (=1 — 1)) =
i=—p
(21) = lim (ggx (2 +p) = gqx (2)) =1 = ggx ().

By adding the last two limits we derive

(oo}

(22) > (ggr(@—i)—gga(@—1-1i) =2, Vo eR
Consequently we get

oo

S (gar(@+1—i) —gor(z—i) =2 VzeR

i=—00

Therefore it holds

o0

(23) > (ggr(@+1—i)—ggr(z—1—1i) =4, Vo eR,

proving the claim. |
Thus

(24) > Mgx(nz—i)=1,YneN, VeeR

1=—00
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Similarly, it holds

(25) ZM1 (x—i)=1,VazeR.

i1=—00

But M1 ) (z — 1) () Myx(i—z),VzeR

Hence

(26) Z A(i—x)=1,VzeR,
1=—00
and
(27) > Mga(i+z)=1VzeR,
It follows

Theorem 2.2. It holds

(28) /M x)dr =1, X q>0.

Proof. We observe that

1

:0/ S Mys (o +j)ds :/1@;:1.

Jj=—00 0

So that M, x is a density function on R; A, q > 0.
We need the following result

Theorem 2.3. Let 0 < a < 1, and n € N with n*=® > 2; ¢, A > 0. Then

o0

(30) Z M,y (nx —k) <

k= —o0
tnx — k| > ntme

1 _ (1-a) _ (1—a)
< max {q, - 64)\6 2An — Te 2An ,
q

where T := max {q, %} e
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Proof. Let z > 1. That is 0 < z — 1 < x + 1. Applying the mean value
theorem we obtain

1 1 4gre?N&
Mgy () =-[ggr(z+1)—ggr(z—-1)]=--2- ————,
2 @) = Tl e+ 1) —gan = 1)) = 702 SE
that is
2 20E
(31) My () = 220
(e +q)
forsome 0 <z —-1<&<ax+1; A\, qg>0.
But e2*¢ < e2X + ¢, and
(32)
2gA (€26 4 q) 29\ 29\ 29\
= > 1.
o (T) < (2% 1 ¢)? (€2 + ¢) < (21 1 ) S -1 T2 1
That is 2
q
Mq))\ (.I') < m, Y x Z 1,
or, better
(33) My () < 2gAe®e ™M Vo > 1.
Thus, we observe that
oo
(34) > Mg (Inz — k) <
k= —o0
nx — k| > ntme
< 2gAe® Z ekl < 90302 / 2T ] —

{ k=—o0 nl-a—1

(o)
_ (y=2Az)
= g / e 2 (2ax) =
nl-a—1
oo
(y=2Az) 22 _ 20 .00
=" qe e Ydy = qge —e y|nl,a71 =
nl-o—1
- n1—071 _ 1—a -~
qezx{e 2,\z’w :q62A{€ 2x(n ) _, 2,\00}:
_oanp(1—a) _oxpi-e)
_ q€2)\6 2An :q€4)\6 2An )
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Therefore it holds

(oo}

(35) 3 Myx (Inz — k|) < ge*e """y X g > 0.
k= —o0
s nx — k| > ntme

If (nz — k) > 0, then

oo

(36) Z My (nz—k) < qe4’\e_2)‘"(17a).
k= —o00
s na — k| > ntme

Similarly, it is valid (by (35))

oo

1 —a
(37) 3 My, (jnz — k|) < 564%*%“ ¥ M\ g>0.
k=—00
s na — k| > nt-e

Assume now that nz — k < 0, then

S My x (nz — k) 2 3 M, (— (nx — k))
k=—o0 k= —00
:nx — k| > nlme s na — k| > ntme
1 4x , —2an (1=
(38) < —e*e , VA, q¢>0.
q
Therefore, it holds (by (36), (38))
(39)
= 1 —a
Z My » (nz — k) < max {q, q} eAe=2nt! ), VA q>0.
k= —o0
tnx — k| > ntme
The claim is proved. |

Let [-] the ceiling of the number, and |-| the integral part of the number.

Theorem 2.4. Let x € [a,b] C R and n € N so that [na] < |nb|. For ¢ > 0,
A > 0, we consider the number Ay > zg > 0 with My (20) = My (0) and
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Ag > 1. Then
1 1 1
(40) ] <maxq 77 NERSY: ;N =:A(q).
> My (nz—k) R %A( %)
k=[na]

Proof. By Theorem 2.1 we have

> Mga(z—i)=1,VzeR, VAqg>0,

i=—00

and by (26), we have that

(41) Y Mya(i—a)=1,VaeR, ¥Aqg>0.

1=—00

Therefore we get

(42) > Mga(z—i)=1,VzeR, VAqg>0.

1=—00
Hence

[nb)
Z Mg (Inz = k) > Y Mg (Inz —k[) > My (Inz — ko),
k=—o00 k=[na]

Y ko € [[na], [nb]] NZ.
We can choose kg € [[na], Lnbj] N Z, such that |nx — ko| < 1.

Notice that [naz — ko[ could be = 1“‘1 If 0 < |nx — ko| < 1;1/\‘1, by down con-

cavity of My x over R, we can choose z € [1;/\‘1,+oo) such that My » (|nz — kol) =
o (2). If jnx — ko| > lnq we just set z := |nx — ko|. Next, we can choose
large enough A, > 1, and such that Ay > zp > 0 where M, x (20) = Mg (0).

Clearly, it is z § 20 < Ag-

Since M, » is decreaasing over [1;1/\‘1,+oo) we get that M, » (|nz — ko|) >
2 Mg (Aq) -

Consequently,
[nb]

Z Mg (Inz = k[) > Mg (Aq) ,
k=[na]
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and
1 1
(44) 0] S Myr(ny)
> Mg (jnz — k)
k=[na]
vV A q>0.
If ne — k> 0, by (44), we get
1 1
(45) 0] <M)\()\)’ vV A q>0.
> My (nz—k) R
k=[na]
We have also that
1 1
(46) < , VA qg>0
Lnt] M, (A)
S Mas(ne—k)  Mia (M
k=[na] N
Let now nx — k < 0, then
1 (11) 1 (46) 1
4 =
( 7) [nb] [nb] < M. ()\1>7
kz[: WM,L,\(MZT—I@‘) k; ]M%))\(—(nx—k)) FER N
Vv 8,q > 0.
Consequently, it holds
1 1 1
(48) < max , )
[nb] M A ()\q) M (/\1)
> Mg (nz—k) A\
k=[na] !
vV A q>0.
The claim is proved. |
We make
Remark 2.1. (i) We also notice for ¢ > 1 that
[nb] [na]—1 00
1= > Mya(mb—k)= > Mga(nb—k)+ Y Myx(nb—k)>
k=[na] k=—o00 k=|nb|+1

(49) > Mg (nb— [nb] —1) =
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= q),\(é—l)ZM
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q
0<i<1land0<1-e<1)

A=) =M, (1-2)

>

(M1 , is decreasing on [0, 4+00)).

> M, (1) > 0.
=
Therefore
[nb)
(50) lim

n—oo

1= Y Mga(nb—k)| >0, ¢>1,A>0.
k=[na]

(ii) Let now 0 < g < 1, then we work as in (i), and we have
Lnd]
(51)

1= > Mya(nb—k)> M, (1-¢)
k=[na]
(e:=nb—|nb],0<e<1).

(52)

That is % >1, and choose A:0<1—e<1 <X, where \ >
First assume that 1 — ¢ € |

In. _Ing
) WP
71;‘—/\‘1,+oo). Hence
M\ (1—¢)> M, () >0,
by Mi ) being decreasing on [— 2.4
fo<l—-e<—

—ax s +00)-
Ing
20

then we use the concavity-bell shape of M, .

So, there exists z. € (—1;1—/\'1,4—00) such that M%,,\ (1—-¢)= M%)\ (zc). We
also consider zy € (_1%\(1,

holds — 124

2\

—l—oo) such that M1 ) (20) = Mz , (0). Clearly it
< 2z < zp and we choose \ : zy < A. Therefore, it holds

Ing

My (1—e)>Mi,(0)> M, (A) >0,
by M. , being decreasing on [— 35, +00).

Again it holds

[nb)
(53) lim

n—roo

1— Z M,x(nb—k) | >0, 0<qg<1,A>0.
k=[na]
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(iii) Similarly, (¢ > 0)

[nb] [nal—1

1- Z My (na—k) = Z My (na—k)+ Z My (na—k) >
k=[na] k=—o00 k=|nb]+1

> Mg x (na— [na] +1) =

(54) (call n:=[na] —na, 0<n<1)

=Mga(1—n), etc.

Acting as in (i), (ii) we derive that

[nd]
(55) Jim {1 > Mya(na—k) | >0.
k=[na]
Conclusion: (i) We have that
[nd]
(56) ngr—i{loo krz W My (nx —k) # 1, for at least some z € [a,b],
where )\, g > 0.

(i) Let [a,b] C R. For large n we always have [na] < [nb]|. Alsoa < £ <,
iff [na] <k < |nb|. In general it holds

Lnb)
(57) Z My (nz—k) <1.
k=[na]

We make

Remark 2.2. We introduce
N

(58)  Zga (21, an) 1= Zga (2) o= [[ Mo (2:), 2 = (21,...,25) €RY,
i=1

A,q>0, NeN.

It has the properties:
(i) Zga(z) >0, V2 eRN,
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(i)
(59)

Z Zga(x—k) = Z Z Z Zgx(x1 — k1, ..o,

k=—00 ki=—00 ka=—00 kn=—o0

where k := (ki,....,k,) € ZN, ¥ 2 € RV, hence
(i)

(60) i Zga(nx —k) =1,

k=—o00

VzecRY;neN, and

(iv)
(61) / Zgx(x)dx =1,

that is Z, is a multivariate density function.

Z‘N—kN):l,

Here denote ||z := max {|21], ..., |zn]|}, z € RV, also set 0o := (o0, ..., 0),

—00 := (—00, ..., —00) upon the multivariate context, and
[nal := ([na1],..., [nan]),

Lnbj = (Lnle PRXEY) LnbNJ)a

where a := (ay,...,an), b:= (b1,...,bn) .
We obviously see that

(62)

[nb] [nb]
(63) N Zgaltnz—k)= > (HM, n:vz—k)>
k=[na] k=[na]
[nb1] [nbn | N [nb; ]

- Z Z (HMqA nx)>H Z M, (nz; — k)

ki=[na1] kn=[nan] =1 \k;=[na;|

For 0 < 8* <1 and n € N, a fixed z € RY, we have that

Lnb]

(64) > Zya(nz—k) =

k=[na]
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Lnb] [nb]
= Z Zgx(nx—k)+ Z Zgx(nx —k).
k = [na] k= [na)
{Hk—ﬂm—nb {Hﬁ—ﬂm>n%

In the last two sums the counting is over disjoint vector sets of k’s, because the
condition H% — mHoo > n% implies that there exists at least one ’% — xT| >

> n%, where r € {1,...,N}.
(v) By Theorem 2.3 and as in [10], pp. 379-380, we derive that

[nb]
(65) Z Zyx (nz —k) < Te™ 2"

{ k = [na]
12 =2l > 7=

withn e N:n!=F" > 2 z ¢ Hf\il [a;, b;] .
(vi) By Theorem 2.4 we get that

(66) 0< ! < (A",

nb
Z,LC Hna] A (nz—k)

Ve (Hl 1 [a“bz]), neN.
It is also clear that

(vii)

(HS*), 0<B*<1,

— (1-6%)

(67) Z Zgx (nz —k) < Te 2" ,

{ k= —o0
1% ==l > 75

0<p*<1l,neN:n'# >2 zecRN.

Furthermore it holds

Lnb)
(68) nlgg@}g;]z“ (nz — k) # 1,

for at least some = € (Hfil [a;, bz]) .
Here (X, ||H7) is a Banach space.

Let f e C (Hivzl [ai, by 7X) , = (x1,...,xN) € vazl [ai, b;], n € N such
that [na;] < |nb;],i=1,...,N.
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We introduce and define the following multivariate linear normalized neural
network operator (x := (x1,...,xn5) € (Hf\il [a;, bl]))

thcanna‘\ ( ) Z (TL{E - k)
(69) An (f, 21, an) = Ap (f,x) = - =
T,y TN x ZIE meﬂ e —B)

bl ba nb
ZII;T [nai] ZIEZ:[Jnaﬂ Zl\;; N|'JnaN-\ (knl LA TN) (Hz 1 Mq A (’Il.’ﬂl - k1)>
N nb; ’
Hi:l ( IEZ |'Jna[\ a:A (’I’Ll‘z o k’))

For large enough n € N we always obtain [na;] < [nb;|, i = 1,...,N. Also
a; < 8 < by, iff [na;] <k < [nbi),i=1,..,N.

When g € C (Hl 1 lai, bi ]) we define the companion operator

- St 9 (5) Zox (nw — k)

(70) A, (g,x) =
g 3 }j”ﬁm A (nz — k)

Clearly gﬂ is a positive linear operator. We have that

N
Avn (1,3;‘) =1, Vze <H [ai,bi]> .

i=1

Notice that A, (f) € C (Hz lai, bi] ,X) and A, (9) € C (HZ ) [az,bz]) .
Furthermore it holds
Zl\éib(]na] Hf (%)H Z(L)\ (nz - k) _ AV (HfH .’L‘)
Sk Za (nx = ) v

() A (f2)ll, <

Ve [, [aibi].
Clearly ||/, € C (T}, [as bi)

So, we have that
(72) 1A (£,2)], < An (111, 2)

Vo eIl o bl Ve NV feC (T, o b, X).

LetceXandgEC(Hl 1[al,bl]) then cgEC(Hz 1[a2,b1],X>.
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Furthermore it holds

(73) A, (cg, ) = cAy, ( x,VxEHa“Z

Since A, (1) = 1, we get that
(74) Ap(c)=¢, YVceX.

We call Zn the companion operator of A,,.

For convenience we call

[nb]
(75) A (fa)= > f( ) x(nz —k) =
k=[na]
[nb1] [nb2] [nbn ] kl N N
ki=[nai] ka=[nas] kn=[nan] i=1
Ve (Hz]\il [a“bz]) .
That is
A (f,x
(76) A (2= )

> kzina] Zax (@ — k)

Voe (Hf\il [ai,bi]), n e N.

Hence

A5, (F.2) = £ @) (Si ) Zao (n = 1)
(1) Auf) [ (@) = .
Zl\;anna‘\ (TLZL' - k)

Consequently we derive

(78)
(66) N Lnb)
[An (fr2) = F @), < (A@)™ A5 (fie) = F2) D Zea(nz—k)|
k=[na]

~

Ve (sz\;l [a“bl]) .
We will estimate the right hand side of (78).

For the last and others we need
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Definition 2.1. ([11], p. 274) Let M be a convex and compact subset of
(RN, ||-||p)7 p € [1,00], and (X, ”Hv) be a Banach space. Let f € C' (M, X).
We define the first modulus of continuity of f as

(79 wi(f,9):= sup If (@)= FWl,, 0<6<diam(M).
x,y €M :
oz —yll, <0

If 6 > diam (M), then
(80) w1 (fa 5) = w1 (fa diam (M)) .

Notice wq (f,d) is increasing in § > 0. For f € Cp (M, X) (continuous and
bounded functions) wy (f,0) is defined similarly.

Lemma 2.1. ([11], p. 274) We have wy (f,8) =0 as 6 10, iff f € C (M, X),

where M is a convex compact subset of (R, [, ), p € [1,00].

Clearly we have also: f € Cy (RY,X) (uniformly continuous functions),
iff wy (f,0) = 0 as § | 0, where w; is defined similarly to (79). The space
Cp (RY, X) denotes the continuous and bounded functions on R¥.

N
Let now f € C™ <H [a;, bi]>, m, N € N. Here f, denotes a partial deriva-
i=1

tive of f, a := (a1,...,an), a; € Zy,i=1,..,N, and || := g: a; = I, where
1=0,1,....,m. We write also f, := g & and we say it is of order l.
We denote
(81) Wiim (o h) = max wi (fa, h).
Call also
(52) ol 2= mase {lfoll}

where |[|-||  is the supremum norm.
When f € Cp (RN,X) we define,

(83) B, (f,x):= B, (f,x1,....,xN) := Z f (7]{;) Zgx(nx —k) =

k=—o0

o0 oo

S i f(kl k2 ’jf:’> (ﬁM A(nm—]ﬁ-)),

i=1

kl_—oc kQ:—OO —
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neN,VzeRY, N eN, the multivariate quasi-interpolation neural network

operator.
Also for f € Cp (RN . ) we define the multivariate Kantorovich type neural
network operator

k+1
Cn(fvx) ::Cn(fvxla"'7xN) = Z ’I’LN/f(t)dt Zq,A(nx_k):
k=—oc0 &
ki+1 kol ky+1
S e X [ [ [ [ et dndes
klzfookzzfoo szfoo kil Q m

N—

i=1

N
(84) : <H M, » (nz; — ki)

neN, VzeRN.

Again for f € Cp (RN,X), N € N, we define the multivariate neural
network operator of quadrature type D, (f,z), n € N, as follows.

Let 0= (64,...,0n) € NN r=(ry,..,ry)€ Zf, Wy = Wry ry,..ry > 0, such
that Z w, = Zl Zz Z Wry gy = 15 k € ZN and

r1=07r2=0 rny=0

0
k r
(85) 6nk (f) S 6n,k1,k2,...,k1\f (f) Ca gowrf (TL + n&) =
0, 0y
k k k
- Z Z Z le,TQ TNf( ! % 72 7;""’N+7A9]V)7
—015—0 =0 nvy n novy n novn
where 7 := (%, g—z, ey %) .
We set
(86) Dy (f,2) := Dy (f,1, - 2n) := Y Ok (f) Zgn (nz — k) =
k=—o00
o) o oo N
Z Z Z On by kayeskn () (H My x (nz; — kz)) )
k1=—00 ko=—0o0 kn=—oc =1

Y2z e RV,
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In this article we study the approximation properties of A,,, B,,, Cy,, D,, neu-
ral network operators and as well of their iterates, that is acting with multilayer
neural networks. Thus the quantitative pointwise and uniform convergence of
these operators to the unit operator I.

3. Multivariate general Neural Network Approximations

Here we present several vectorial neural network approximations to Banach
space valued functions given with rates.

We give

Theorem 3.1. Let f € C (Hl 1 lag, by ,X) ,0<pB* <1,z e (Hfil [ai,bi]) ,
N,n €N with n*=?" > 2. Then

1)
A, (f,2) — f (x)H7 <

61 @@ o (£ ) e s || =,

and
2)
(88) 140 () = 711, <2 ).
We notice that lim A, (f) = 1 " f, pointwise and uniformly.
n—oo

Above w is with respect to p = oo.

Proof. We observe that

[nb]
(89) Az) = A5 (fox) = f (@) Y Zga(nz—k) =
k=[na]
[nb] L [nb|
k=[na] k=[na]
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Thus
|nd] A
o m@l < X [r(5)-r@)]| ziaee-n-
k=[na] o
|nb] .
- > Hf(n)—f(x) Zgx (nx —k)+
{ = Tnal "
15 = @lle < 7
Lnb] ,
k (60)
S l7(2)-1@| zirta-n's
{ = fmﬂ !
1% = 2lle > 7=
o \.nbj G5
(60) 1 (65)
o (fnﬂ) oI, 3 Zon (nz— k) '
{ k= [na]
15 = @lle > 7=
(65) 1 .
<o (1 ) 22 g1
So that
_ 1 .
(91) [A @), <w <f7 nﬂ) T H“f”vHoo
Now using (78) we finish the proof. |

When X = R, next we discuss the high order of approximation.
N
Theorem 3.2. Let f € C™ <H [ai,bi]), 0<pB*<1,n,mNeN,n'=8 >3,
i=1

N
A>0,¢g>0,z€ (H [ai,bi]) Then

i=1

(92)  |An (fo) = f@) =) fa (H — )" ) <
i=1 \ |al=j Hozz i=1

mlnmp” m)

Nm b— a m fa max .
<(A (q))N{wmax(fmnﬁ*) . I — alls I ollsom N o 2an(1-5 )}'
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(93) A (f.2) = f (@)] < (A (@)

+

m N
SIPE [(m))w

i=1

N™ max 1 ||b - G“H ”f(l”max _oan(1-8%)
+Ww1,m (fav W) + < ml 2Te .

(94) |An () - 1| <@

+

. Ilfalll | | 2 T v ) —2an(5)
Z Z N nﬁ*j—f— I_I(bZ a;)" | Te

i=t \lal=i | [Ja! i=1
=1

N™ 16— all% [ fallsom N™ —oan(1-57)
“FW m (fa, *) ( o 2Te .

iv) Assume fo (x9) =0, for all a:|a|=1,...,m; g € <H [a;, Z]) Then

(95) |4, (f.20) = f (o) <

mlnmpb* m!

Nm b o a N max L g*
<(A (Q))N {wmax (fou nﬁ*) + | H I follec, m 2T672>‘”( ’ )}

notice in the last the extremely high rate of convergence at n=0 (m+1)
Proof. As similar to [10], pp. 389-391, is omitted. |
We continue with

Theorem 3.3. Let f € Cp (RN,X), 0<B <1l,zeRN, ¢g>0 XA>0,
N,n € N with n*=#" > 2, wy is for p=co. Then
1)

(96) [1Bn (fi2) — f(2)]l, S w1 <f, ng*) L oTe—2Mn( 7P H”fH"/HOO —: X (n),
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2)
(97) 1B (1) = 711, <22 ().

Given that f € (CU (]RN,X) NCpg (RN,X)), we obtain ILm B, (f) = f, uni-
formly.

Proof. We have that

(98)
(fa (60) Z f( ) (nz—k) — Z Zq)\ ne—k) =
k=—o0 k=—o00
- k
— Z <f (n>—f(gc)> Zgx(nx—k).
k=—o0
Hence
(99) | By (f @, < Z Hf < ) Zgx(nx—k) =
k=—o00 vy
S k
_ > I (2)-r@| zura-n+
{ k= —o0 v
15 ==l < o5
G k (60)
+ > Hf<n>f(x) Zgx (nz—k) <
{ k=—00 v
15 ==l > o5
(60) e (67)
< w (f, = )”Hf”vHoo Z Zyr(nz—k) <
= —00
I vaoo >
(67) 1 1-8*
< w <f, nﬂ) 42T )HIIfIIWHOO,
proving the claim. [ |

We give
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Theorem 3.4. Let f € C’B(RN,X), 0<p*<1l,zeRY, ¢g>0 \A>0,
N,n € N with n*=#" > 2, wy is for p=oco. Then

1)
(100)

ICu (£,2) = £ @), < wn (f, ~t n}ﬁ) 272 [ = A ),
2)
(101) i () =11 ||_ <2 m).

Given that f € (CU (RN,X) NCp (RN,X)) , we obtain li_)m Cn (f) = f, uni-
formly.

Proof. We notice that

(102) / F(t)dt = / / / F(ti,ta, o ty) dtrdts..dty =
:// / (tl-‘rtg-‘rk tN-‘rk)dtl dtNZ/f(t-f—:z)dt.
00 0
Thus it holds (by (84))
(103) Cn(f,x)= / (t—i— ) Zgx(nx—k).
k_—oo 0
We observe that
[Cn (f,2) = f (@)l =
= i nN/nf<t+k)dt Zgx(nx—k if A (nx —k)|| =
n a,
k=—o0 0 k=—oc0
.
= Z nN/f<t+)dt —f(@) | Zga(nx—Fk)|| =
k=—oc0 0
.
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) dt | Zg s (nx — k) +
o0

1
. :
k
<y o P AT e
0

+2[l1£1L,]| > Zo(Inz— k) | <
k= —o0
1% =2l > =
1 1 —oap(1=8%)
(105) < wp (f,n‘i’W) + 2Te 2\ H”fH'yHm?
proving the claim. [ |

We also present
Theorem 3.5. Let [ € CB(RN,X), 0<p*<1l,zeRYN ¢g>0 A>0,
N,n € N with n*=#" > 2, wy is for p=oco. Then

1)
(106)

1 1 1-p*
|DMﬂm—f@M7sM(ﬁn+nw)+zm2M< M| =2,
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2)
(107) 120 (1) = 711, < 2.
Given that f € (CU (RN,X) NCg (]RN,X)) , we obtain nlLH;ODn H="7,
uniformly.
Proof. Similar to the proof of Theorem 3.4, as such is omitted. |

Definition 3.1. Let f € Cg (RV,X), N €N, ¢ > 0, A > 0, where (X, H~||7)

is a Banach space. We define the general neural network operator

(108) Fo(fx)= > b (f) Zgr(nz—k) =
k=—oc0
By (f,x), if bk (f) = f(g
k
Dy (f ), i luk (f) = Oni (f) -
Clearly I,k (f) is an X-valued bounded linear functional such that [|l,.. (f)[, <
< nsi|
Hence F), (f) is a bounded linear operator with H |E, (f) Hv <
We need

Theorem 3.6. Let f € Cp (RN,X), N > 1, \,qg > 0. Then F,(f) €
e Cp (RN,X).

Proof. Clearly F, (f) is a bounded function.

Next we prove the continuity of F,, (f). Notice for N = 1, Z, x = My »
by (9).

We will use the generalized Weierstrass M test: If a sequence of positive
constants My, My, M3, ..., can be found such that in some interval

() llun ()], < My, n=1,2,3,..
(b) 3> M,, converges,

then > u, (z) is uniformly and absolutely convergent in the interval.
Also we will use:

If {u, ()}, n =1,2,3,... are continuous in [a,b] and if 3 u, () converges
uniformly to the sum S (z) in [a,b], then S (x) is continuous in [a,b]. Le. a
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uniformly convergent series of continuous functions is a continuous function.
First we prove claim for N = 1.

We will prove that Y72 Lk (f) My x (nz — k) is continuous in x € R.

nl
There always exists A € N such that nz € [-A, A]. Call A\* := A\ + [12/\" —‘,
In

A=A+ | 5]

nl
Since nx < A\, then —nz > —Aand k—nz >k — X\ > [12—/\‘1—‘, when k > \*.
Therefore

Z Mgy (nx—k)= Z M1\ (k—nx) <
k=X* k=X*

<Y Mpapn(k=XN= > Mo (K)<L

k=X\* , ln%
v=|w]

So for k > \* we get

(109) It (£, Mo (n = B) < [[ILF1L || M0 G = ),

and

(110) 061, 3= Myea =2 < s,
k=X\*

Hence by the generalized Weierstrass M test we obtain that

D Lk (F) My (nz — k)

k=\*

is uniformly and absolutely convergent on [—A A}

n’nl’

Since Ik (f) My x (nz — k) is continuous in z, then

D Lk (f) My (nz — k)

k=\*

is continuous on [—2,2].

Because nx > —\, then —nz < A\, and k —nz < k+ )\ < ng—fJ, when
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k < \.. Therefore

A A
Z Mg (ne—k)= Z M, \(k—nx) <

k=—o00 k=—oc0

5]
<§:M_1Ak+)\ > Mgy (K

k=—o0 k/'=—00

So for k < \, we get

WD)k (Dl Moo (= £) < |[I7] ]| My e+ ),

and

(112) (E ST Myl < s
k=—o0

Hence by Weierstrass M test we obtain that Zk_ioo nk (f) Mg-1 \ (nx — k) is
uniformly and absolutely convergent on [f%, %} . Since Ly (f) Mga (ne — k) is
continuous in z, then 22*:700 Lok, (f) My,» (nz — k) is continuous on [—2,2].

n’n

So we proved that
A
Z Lok (f) Mya (nx — k) and > L (f) My (nz — k)
k=A* k=—o0

. . A —1 . .
are continuous on R. Since Y1\ lnk (f) Mg x (nz — k) is a finite sum of
continuous functions on R, it is also a continuous function on R.

Writing

(113) Z Lok (f (nx — Z Lok (f A (e —k)+

k=—c k=—c0
A —1
+ Z Lo (f) My A (nx — Z Lk (f (nz — k)
k=A+1 k=M\*

we have it as a continuous function on R. Therefore F,, (f), when N =1, is a
continuous function on R.

When N = 2 we have

n (fz1,22) = Z Z L ( A (nzy — k1) Mg\ (nas — ko) =

klz—oo kg:—oo
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i M,A(n.’lll_kl ( Z lnk: q)\(nq;Q_k2)>:

k1=—OO kz——OO
(there always exist A1, Ao E N such that nx; € [— )\1,)\1] and nzy € [—Aa, A2,
also call A} = A\ + { —‘ A = —A1 + [ J A5 = Ao + F;)\E—‘, and
Agi 1= =Xy + LlniJ)
0 A2
Z Mg (nxy — k1) [ Z Lok (f) Mg (nae — ko) +
klzfoo k}z—*OO
Ap—1
+ 0y Mg (n@2 — ko) + Zlnk Mg (nas — ko) | =
k)z /\2*+1 2
A2
(114) Z Z lnk (’I’Ll‘l kl) A (nzo — ko) +
ki=—00 ka=—00
Ap—1
+ Z Z (nxl kl) A (’I”Ll‘g — kg)
klzfoo kg )\2*+1
o0 o0
+ Z Z Lok (f) My (nx1 — k1) My x (nxe — ko) =: (%) .
klz—oo k2:>\§
(For convenience call
Fq (k)l, kz,l’l,l'g) = lnk (f) Mq,)\ (TLCCl — kl) Mq’)\ (nl'g — k‘g) . )
Thus
Alx A2x AT—1 A2
() = Z Z Fy (ki ko, 1, 20) + Z Z g (k1, k2, 21, 22) +
ki=—00 ko=—0o0 k1=A1++1 ka=—00
[ee] )\2* )\1* /\;
+ Z Z I, (kl,kg,xl,l‘g Z Z k1,k2,$1,l‘2)+
161:>\’1K ko=—0c0 k1=—00 ko=MAo,+1
Ao -1 -1

+ Z Z q (k1 ko, w1, 22) + Z Z (k1 ko, 21, 22) +

k1=X1x+1 kao=Xo+1 k1=A] ka=Xo.+1



g-Deformed and A-parametrized hyperbolic tangent function 127

Als AT—1
115 Z Z F k17k2,$1,1’2)+ Z Z F kl,kg,fEl,Jig)
ki=—o00 ko= k1=Xs«+1 ko=

+ Y0 Y Fylkn ko an,a2).

k1= ka=\3
Notice that the finite sum of continuous functions Fy (k1, ke, z1, z2):

i1 -1 . . .
D ki mard1 Dby 41 Fa (K1, ko, 21, 29) is a continuous function.

The rest of the summands of F), (f, 21, x2) are treated all the same way and
similarly to the case of N = 1. The method is demonstrated as follows.

We will prove that -~ —a sz"_ oo Ik (f) My x (nxy — k1) Mg x (nxe — ko)
is continuous in (21, z2) € R2

The continuous function

[k (O, Mgx (nz1 — k1) Mg x (nas — ko) <

<[ Mo G = 20) M (s +00),
and .
s Z S My (bt = M) My s (i + Aa) =
k1=A] ka=—o00
:HHfHVHOO Z My (k1 — A1) < AZ Mq_17x(k2+A2)> <
k1=A7 ka=—00
(116)

< |, fj Mya ()| | 32 Mo () < |nsi |

So by the Weierstrass M test we get that

Zkl _ar Zsz—oo nk (f) Mg\ (nxy — ki) My x (nza — ko) is uniformly and ab-
solutely convergent. Therefore it is continuous on R?.

Next we prove continuity on R? of

Ao
Zkl /\1*+1 D boe oo bnk (f) Mg\ (nx1 — k1) My, (nz2 — k2).
Notice here that

(117) 1k ()l Mg, (nwy — k1) Mg x (nzg — k2) <



128 G. A. Anastassiou

< HHfH H (nay — k1) Mg 5 (ko 4 A2) <
In
anfHWHOO <2;>Mq1,A(/€2+>\2)
tanh
R g, | Mo (k4 20,
and
tanh ol Qo
(118) s, IR < > Mq—l,umm):
=A1.+1 ka=—00

1
q

i (L
tanh HHfH H (2/\1+’7h215—‘ \f;)%Jl) Z My (k) | <

[
kf=—00

< WO (o |50 - |52 1) o

So the double series under consideration is uniformly convergent and continu-
ous. Clearly F, (f,z1,x2) is proved to be continuous on R2.

Similarly reasoning one can prove easily now, but with more tedious work,
that F), (f,x1,...,on) is continuous on RY, for any N > 1. We choose to omit

this similar extra work. |
Remark 3.1. By (69) it is obvious that HHA" f)HVH < H||f|| H < 0o, and
(o]
N N
A, (f)eC (H [ai, b;] ,X>, given that f € C <H [a;, b;], X
i=1 i=1

Call L,, any of the operators A,,, By, Cy, D,.
Clearly then

@9) (2 L = 1 o (0L < 1 o < s,

etc.

Therefore we get
(120) lzs ol < i) veen

the contraction property.
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Also we see that

az20) (125 O] < =8 L] << 1z o < i) -

oo
Here L% are bounded linear operators.

Notation 3.1. Here ¢ >0, A >0, N € N, 0 < 8* < 1. Denote by

_ Ay, if L, = A,
(122) CcN = { 1, if L, = B,,C,,, Dy,
1 .
o YL lf Ln = An’ Bn,
(123) ¢ (n) = { L4 L ifL,=Cy Dy,
N .
(124) = c (l:ll [a’ivbi} 7X> 5 if L, = An;
Cp (RN, X), if L, = By, Cy, D,
and
N .
(125) v .o ) Illai b, if Ly = Ay,

=1
RNa if L, = Bn7Cn7Dn-

We give the following combined result.

Theorem 3.7. Let f € Q,0<8* <1, z2€Y;q¢>0,A>0,n, N €N with
n'=F" > 2. Then

(i)
(126)

—oan(1-8%)
1L (£.2) = £ @), < ex w1 (frp ) + 272 7L || | =7 (),

where wy is for p = oo,

and

(ii)
(127) J12n () = fIL|_ < 7(0) >0, asn— .
For f uniformly continuous and in  we obtain
pointwise and uniformly.

Proof. By Theorems 3.1, 3.3, 3.4, 3.5. |
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Next we talk about iterated multilayer neural network approximation (see
also [9]).

We give
Theorem 3.8. All here as in Theorem 3.7 and r € N, 7 (n) as in (126). Then
(128) lizns =11, <rr).

So that the speed of convergence to the unit operator of L is not worse than
of Ly,.

Proof. As similar to [12], pp. 172-173, is omitted. |

We also present the more general

Theorem 3.9. Let f € Q; ¢ >0, A >0, N, mi,ma,...m € N:m3 <my <
e <my, 0 < B < 1 m}fﬂ* >2i=1,.,r,x €Y, and let (Ly,,..., Ly, ) as
(Amys ooy A, ) o (Byy ooy Bim,) or (Crnyy ooy Cin) 07 (Do ooy D), p = 00,
Then

(129) ||Lm7- (Lmr—l (-+-Limy (Lin, f))) () — f (x)H7 <

< HHLmT (L, (o.Liny (L, f))) — vaHoo <
<3 s - 11, <

<cn i [wl (fsp(mi)) + o) H”fH“YHoo] =
=1

<rey {wl (/. (mn)) + 27220 HHf”VHoJ '

Clearly, we notice that the speed of convergence to the unit operator of the
multiply iterated operator is not worse than the speed of L, .

Proof. As similar to [12], pp. 173-175, is omitted. |
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