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Abstract. We construct h-Fourier cosine-Laplace discrete generalized con-
volution with a weight function on time scale T} and study its proper-
ties. We obtain some inequalities for this generalized convolution such as
Young’s type inequalities, Saitoh’s type inequalities. In the application,
we apply this generalized convolution to solve some linear equations of
generalized convolution type.

1. Introduction

Let h > 0 be a fixed number and T9 = hNy, here Ny = {0} UN, where
N is the set of all positive integers. The definition of h-Laplace transform is
given by M. Bohner and G.Sh. Guseinov in [2, pp. 78]: For z : T) — C, the
h-Laplace transform of z, denoted by L£{z}, is represented as follows:

(1.1) Lz} (u —hz 1+hu"+1’ ue(C\{%l}.
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Using the h-Fourier transform in [4, pp. 914], the h-Fourier cosine transform
is defined as follows: For z : TY — C such that Y |z(nh)| < oo, the h-Fourier
n=0

cosine transform of z, denoted by F.{x}, is given by

(1.2) Fe{a}(u) = haz(0) + 2k Z x(nh) cos(unh), wueR.

n=1

Recently, the generalized convolutions related to h-Laplace transform have
been studied in [8, 12]. However, as far as we know, there have not been any
published research results about generalized convolutions related to h-Laplace
transform with weight functions.

For the Fourier convolution

(u;r:_v) () =
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Young’s theorem states that (see [1])

o0

| [ s o)@uteis| < ulblvllol

for all u € L,(R), v € Ly(R), w € Ly (R), p,q,r > 1, p~' +¢ ' +r 1 =2.

In a recent paper [11], the authors established some Young’s type inequali-
ties for a Fourier cosine and sine polyconvolution and a generalized convolution.

The Saitoh’s inequality for the Fourier convolution was introduced in [5] as
follows:

For two nonvanishing continuous functions p;(z), (7 = 1,2) in L;(R), and
for p > 1, we have

1_
|| (Fipr) ;(szz))(m ;Pz)’” 1Hp < NP1l o p 1 F2] 2y (2]

where F; € L,(R,|p;]).

The reverse Saitoh’s inequality for Fourier convolution can be found in [6].

In this article, we are interested in generalized convolution with a weight
function for the A-Fourier cosine and h-Laplace transforms. We will investi-
gate some operator properties, generalized convolution type inequalities and
its applications.

The structure of this article is as follows. In Section 2, we present some
fundamental notations and lemmas used in this article. In Section 3, we give
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formula for the h-Fourier cosine-Laplace generalized convolution with weight
function and study some of its properties such as factorization identity, relation
with the h-Fourier cosine convolution, Titchmarsh’s type Theorem. In Section
4, we investigate the existence of this generalized convolution on some function
spaces and obtain some inequalities such as Young’s type inequalities, Saitoh’s
type inequalities and reverse Saitoh’s type inequalities. In the final section,
we apply the new generalized convolution to solve some linear equations of
generalized convolution type.

2. Preliminaries

Let 1 < p < oo. We consider the following vector spaces and norms:

6(Th) ={z:T) > C | Z |z(nh)|P < 0o},

n=0
@Dy = (3 k), (ol = a(l2 ) + 273 o)),
n=0 n=1

loo(Ty) = {z:T) = C| stip0|x(nh)\ <oo}, |zl =h st>1(1))|a:(nh)|

For z : T9 — C we define Hy{z} : T — C as follows:

(2.2) (Hi{})(0) := @, (Hi{x})(nh) := x(nh), neN.

From (2.1), it is easily proven that if z € £,(T%), 1 < p < oo then Hi{z} €
€ £,(TY) and

1
[

(2.3) iyﬂl{x}(nhn”:[ o }p.
n=0

Definition 2.1. [9] The h-Fourier cosine convolution on time scale of two
functions z,y € ¢1(TY) is defined as

(24) (@ x y)(kh) = h{ 3 x(nh) [y(|kh — nh|) + y(kh + nh)} + :c(O)y(kh)},

¢ n=1

for k € Np.
Lemma 2.1. [9] Let z,y € (1(TY) then x rye 01(T9),

1 1 1
o % oI < Il lyl”
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and we have the factorization identity
T
(2:5) Folo ¢ y}w) = Fofa}@)Fo{y}(w), ue [0,7].

Lemma 2.2. (Wiener-Lévy type Theorem for Fourier cosine series) Let x €
01(TY) and ®(z) be an analytic function whose domain contains the range of
Fe{x}(u) and satisfies ®(0) = 0. Then O(F {xz}(u)) equals to h-Fourier cosine
transform of a function in ¢1(T9).

3. Generalized convolution with a weight function for h-Fourier co-
sine and h-Laplace transforms

In this article, let © € N be a fixed natural number. We define a weight

f] 5 R* by

function ~ : [0, N

(3.1) yw) = (1 +hu) ™, ue {o, %}

Definition 3.1. The generalized convolution with the weight function (3.1) of
two functions z,y : T — C with respect to the h-Fourier cosine and h-Laplace
transforms on time scale ’]I‘% is defined as

]’L (o]
(3:2) (wxy) (kh) =o—(0) D y(mh)0(k, 0,m + p)+
m=0
h o0 o0
+ — x(nh)y(mh)d(k,n,m + u),
- ;mz::o (nh)y(mh)0( )
for k € Ny, in here
(3.3) O(k,n,m) =I(n+k,m)+I(|n—kl,m), k,n,m € Ny,
f cos(nu)
(34) I(n, m) = / Wdu, n,m S N(),

0

assuming that the right hand side of (3.2) converges for all k € Ny.

We denote xy := Hi{z}, where Hy{z} is defined from z by (2.2). The
formula (3.2) can be written in the form
h o0 (oo}
(3.5) (wy) (k) = — 2‘6 Zoxl(nh)y(mh)ﬁ(k,n, m+p), k€N
n=um=
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Theorem 3.1. If z,y € ¢1(TY), then zxy € £1(TY) and

(3.6) el < [1+ =]l ol

The inequality (3.6) becomes an equality zf and only if v = 0 ory = 0. Moreover,
the following factorization identity holds:

7r
(3.7) Folwryh(w) = 1) Fo{a} @)Ly} w), we |0, 7).
Proof. We define zy := Hi{z}, where Hy{z} is given by (2.2). From the
result in [8, pp. 26], we have I(n,m) > 0 for m,n € Ny. Hence, 0(k,n,m+pu) =

=I(n+km+p)+I(|n—kl,m+p) >0 for k,n,m € Ng. We use formula
(3.5) to obtain

(oo} h (oo} o0 oo

(38) D |(exy) (k)| < D |aa(nh)] Y ly(mh)| Y Ok, n,m + p).
k=0 n=0 m=0 k=0

For m,n € Ny, from (3.3), Lemma 3.1 and Lemma 3.4 in [8], we have

Zﬂ(k,mm—i—u) :I(n,m—i—u)—i—I(O,m—l—u)—|—2ZI(j,m+u) <
k=0 Jj=1

2 1
< +27r§2[7r+—]
0 u

Plugging (3.9) into (3.8) yields

(3.10) > | (wry) (kh)| < %[TH— i} Z |z1(nh)| Z ly(mh)|

k=0 n=0

Eil Nyl
2h[1 ]
toml o Ty 5

Consequently xxy € £1(TY9). Multiplying (3.10) by h gives (3.6). The equality
holds if and only if z =0 or y = 0.
For k € Ny, from (3.5), it follows that

(o) () = 2 52 5w (om )y mm)o(, .+ 10) =

n=0m=0

(3.11) = % >N ai(nh)y(mh) [I(n +k,m+p) + I(jn — k|, m + p)

n=0m=0

E Z Z 21 (nh)y(mh) /cos(n + k)u + cos(n — k)udu _

(1 + w)mtnutl

n=0m=0
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i

h? SN & cos(n + k)uh + cos(n — k)uh
LSS )y / e -

n=0m=0 0

l
o0 o0

2 2
h Z Z w1 (nh)y(mh /cos(nuh) cos(kuh) dut—

(1 + huymtatl

n=0m=0

1 f S cos unh)
- ;/ Z (1+ hu) 1+ haymtati® z1(nh)y(mh) cos(kuh)du.
0 n=0

By using formulas (1.2) and (1.1), the product of v(u), h-Fourier cosine of x
and h-Laplace transform of y can be written as follows:

y(mh)
(1 + hu)mtrtl

Y(u) Fe{a} (u) L{y}(u) = 2n° le (nh) cos(unh) Z

n=0 0

cos(unh)
(3.12) = 2h? Z Z T et z1(nh)y(mh).

nOmO

Substituting (3.12) into (3.11) yields

(3.13) (zxy) (kh) = / w)Fe{z}(u) L{y}(u) cos(kuh)du, Yk € Ny.

0

3=

Moreover, we use inverse h-Fourier cosine transform to obtain

1
(3.14) (z+y) (kh) = 7/}' {:1: * y} ) cos(kuh)du, Vk € No.

T

0
Combining (3.13) and (3.14), we derive the factorization identity (3.7).
The theorem is proved. ]
For m € Ny we define a function J,,, : T) — C by

(3.15) Im(nh) :=1(n,m), n € Ny,

where I(n,m) is defined in (3.4).
From Lemma 3.4 in [8] we have J,,, € £1(T9).
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Lemma 3.1. Let x,y be any two functions in €1(T9) then the following identity
holds

1 o0
(3.16) (wy) (k) = — > y(mh)[x E Jmﬂt](kh) Vk € No.
m=0

Proof. We denote x; := Hy{z}, where Hi{z} is defined from z by (2.2).
Using (3.15), the definition of generalized convolution and convolution in (3.2)
and (2.4), we can transform the left hand side of (3.16) as follows:

>

3

(m*y)(kh):—zz h)0(k,n,m + ), k € Ng =

>
g1

szymh Zwl (nh)[I(k+n,m+ p) + I(|k —n|,m+p)| =
m=0

3

=
8

==Y y(mh) Z 21 (nh) [T (kb + k) + T ([kh — nh|)] =
m=0 n=0
[ E Tt (kR)

ymh)———— =

3

I
3| >
[M]¢

3
I
o

I
S
[M]8

ymh)[o % Jons,] (D). .

3
Il
=}

Theorem 3.2. (Titchmarsh’s type Theorem.) Letz, y € (1(TY). Ifxxy =
=0 thenx =0 ory=0.

Proof. Since zxy = 0 we obtain

(3.17) (1 + hu)PFo{zsy}(u) = 0, for all u e [o, %}
Combining (3.17) with (3.7) yields

(3.18) Fe{x}(w)L{y}(u) =0, for all u e [0, %]

Recalling that £{y}(u) is an analytic function in the complex region |1+hu| > 1
(see [12]). We consider the following two cases:

e Case 1: L{y}(u) =0on (O7 %) Since L{y}(u) is analytic in the complex

region |1+ hu| > 1, we have L{y}(u) = 0 for |1+ hu| > 1. From Theorem
4.8 in [2] we deduce that y = 0.
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e Case 2: L{y}(u) Z 0 on (0, %) From x € £1(TY), the series

hxz(0) 4 2h i x(nh) cos(unh)

n=1

converges uniformly on R. Therefore, F.{z}(u) is continuous on R.

Let ug be an arbitrary point in (0, %), we will prove that F.{x}(ug) = 0.

Assume that F.{x}(ug) # 0. By continuity property of F.{x}(u), there
exists a neighbourhood of ug such that for » in that neighbourhood we
have F.{x}(u) # 0. From (3.18) we can conclude that £L{y}(u) = 0 on
that neighbourhood of ug. Additionally, £{y}(u) is an analytic function
in the complex region |1+ hu| > 1. Hence, £{y}(u) =0 on (0, %), which
is a contradiction.

Therefore Fo{x}(ug) = 0 for ug € (0, %) Using the inverse h-Fourier
cosine transform we get x = 0.

The proof is completed. [ |
4. Some inequalities for the generalized convolution (3.2)
4.1. The generalized convolution on some function spaces

Lemma 4.1. Suppose that 1 < p < oo, & € £,(T9), y € (1(T9). Then,
the discrete generalized convolution xxy is well defined and belongs to KOO(T?L),
Furthermore, we have the following inequality:
(4.1) lz%ylloo < Cpllz ISV lyl1,
113 1115
where Cp = {—} [1 + —] .
ur u

1 1
Proof. Letq:Ll.Wehavel<q<ooand7+f:1.
p

q
We define x1 := Hi{x}, where Hi{z} is given by formula (2.2). For k € N,
formula (3.5) implies that

(4.2)

() k)] < 25757 fan(n)lym|oGk, m,m + ) =

n=0m=0

Q=

= LSS )] (G, m,m -+ ) (fym6k, m,m 4 )

n=0m=0
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From (4.2) and applying Holder’s inequality, we get

h 1 1
(4.3) |(@sy) (kh)| < Z A} BY,
where
A =30 Jaa (nh)Ply(mh) 0(K, n,m + ),
n=0m=0
By, = Z Z ly(mh)|0(k,n,m + ).
n=0 m=0
: 2 2
For k,n,m € Ny, since 0 < 0(k,n, m+p) < < — (see [8, pp. 22, pp. 26]),
meA
we have
(4.4) Ay < 2 f: |1 (nh)|P i ly(mh)| = 2(”93”;1))p||y||1
. a K n=0 ' m=0 M 2h ]’L '

Combining (3.9) and 8(k,n,m + p) = I(n+k,m+ p) + I(jn — k|,m + ) =
=0(n,k,m+ p), it follows that

(4.5) ie(kz,n,m—i—u) = i@(n,k,m—i—u) < 2[7r+ a, m, k € Ng.
n=0 n=0

From (4.5), we obtain

(4.6) Bk§2{w+i} i y(mh)z?[w—&—;]”yh'l.
m=0

Substituting (4.4) and (4.6) into (4.3) yields

) Em)] < +[]7 [1+ ] Jall Ol < .
~ hlum T P

Therefore zxy € (o (TY) and the norm inequality (4.1) holds. |
Theorem 4.1. Suppose that 1 < p < oo, x € £,(T9), y € ¢1(T%). Then the

generalized convolution xxy belongs to £,(TY). Moreover,

1
4.7 < [1 —} (1) .
(4.7) |z*yll, < |1+ o ]l lyllx

The equality holds if and only if xt =0 or y = 0.
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Proof. 1If x = 0 or y = 0, the inequality (4.7) evidently holds and the
inequality becomes an equality.
Now let « # 0 and y # 0, we will prove that

losally < [1+ =] lall Oyl

1 1
Letq:Ll. Then1l<g<oocand —+—-=1.
p

q
According to Lemma 4.1, zxy is well defined and belongs to £ (T%). We denote
x1:= Hi{z}, where Hi{z} is given by (2.2). From (4.3), (4.6), (3.9) and (2.3)
we get

(4.8)

S =3 lwsy) (k)P <
k=0

SZP{Q N }5{”@”1] le (nh) |pZ|ymh|Zeknm+u

h? 2145 Iyl ] ¥ o )P
<ﬁ{2ﬂ'+;} [ 3 |$1 (nh)| Z|ymh

n—=

%% 97142 1+3 (1)
2 far 2] l] {||:c| ]
P 0]

From (4.8), we obtain xxy € ¢,(T9) and

141
sy, = hS? < h—[2w+ /QJ; ;[“2”1] o ['332”}’?1)} =
[ 2) 1] [|m||p |-
= [t el ol
The theorem is proved. |

Let ¢ > 1 and ¢ : T) — RT is a given weight function. We define the
following weighted space and norm:

£,(T9, 0) = {a: T — (C| Z |z(nh)|90(nh) < oo},

n=0

Jellycrg. o = B[ 3 letah) et
n=0

I
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Assume that « is a fixed positive number. We consider the weight function
p: T — RT as follows:

(4.9) p(nh)=(1+n)* neNp.

1 1
Lemma 4.2. Letp > 1,q > 1 such that —+— > 1 and p be the weight function
q

p
defined in (4.9). Then for x € £,(T9) and y € £,(TY, p) the discrete generalized
convolution x*y is well defined in Lo (TY9) and we have the following estimate

(4.10) lzxyllee < C@)llSP Nyle,

(T ,p)>

where the constant C(q) > 0 is given by

Colg Z

— (m+p) m—|—1)

[CO(Q)] [W + llJ !

(4.11) Clg) = %

Proof. Let 5= Ll >0, r= Ll Using (3.3) and Lemma 3.1 in [8], for
q— q

k,n,m € Ny we have

O(k,n,m~+p) =I(n+km+p)+I(n—k,m+p) <

m+p
Hence
= 9(k,n,m + ) = 2
4.12 < = 2Ch(q).
(412) ZO (m+1)P Zom+u)(m+1) o(@)
From (4.12), (4.5), using Hoélder’s inequality we can prove (4.10). |

Lemma 4.3. Let z,y : T) — R be two functions in (1(T%) such that Vk € Ny
we have z(kh) > 0, y(kh) > 0. Then xxy € £1(TY) and the following estimate
holds

oo
4 2um(l+m)m

The equality in (4.13) is attained if and only if x =0 or y = 0.

1
(4.13) syl > 121yl

Proof. If =0 or y =0 then we can see that (4.13) becomes an equality.
Suppose that x,y are non-zero, non-negative functions, we will prove that

I 1
=121yl

syl > |- — ————
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Set z1:= Hi{z} € £,(TY), where H; is given by formula (2.2).

For m,n € Ny we have

> T 1 T 1
4.14 0(k,n, > = — P
. kzzo(’"m”) 2 (mt+mA+mmte =2 pl+me

Since z,y are non-negative functions, from (3.5) and (4.14) we have

|lzxyll, = hZ‘ xxy)( k‘h le (nh) Z y(mh) Ze(k,n,m—i—u) >
k=0 n=0 m=0 k=0
h2 >
_ W2 1 ||:17H1 lyll: 71 1 1)
_;{§_Mu+ﬂw}2h h _[Z_mmu+ww“““”W”

The proof is completed. |

4.2. Young’s type and Saitoh’s type inequalities

Theorem 4.2. (A Young’s type theorem.) Let p, q, r > 1 satisfy the condition
1 1 1
T )
p q T

and p be the weight function defined in (4.9). Then for x € £,(TY), y €
€ ,(T9,p), z € £,(TY) the generalized convolution xxy is well defined in
U (T9) and the following inequality holds

= C(q
@15) | ez < SOyl g el
k=0

where the constant C(q) > 0 is given by (4.11).
The inequality in (4.15) becomes an equality if and only if x =0 ory =0
or z=0.

Proof. Using the inequalities (4.5), (4.12), (3.9) and performing some anal-
ogous arguments to the proofs of other Young’s type theorems for other gen-
eralized convolutions in the literature, we get (4.15). The inequality in (4.15)
becomes an equality if and only if z =0 or y =0 or z = 0. |



The h-Fourier cosine-Laplace with weight 333

From Theorem 4.2, we have the following corollary:

Corollary 4.1. (A Young’s type inequality). Let a > 0 and p,q,r > 1 satisfy
1 1

the condition —+ — = 1+ — and p be the weight function defined in (4.9). Let
p q r

x € 0,(TY), y € £,(TY, p) then xxy € £,(T9) and

(4.16) lzxylle < C@I2l519lley(z9.0):

where the constant C(q) > 0 is given by (4.11).
The inequality (4.16) becomes an equality if and only if x =0 or y = 0.
Theorem 4.3. (A Saitoh’s type inequality.) Let p > 1 and p; € £1(T9), (j

= 1,2) be two functions such that p;j(nh) > 0, Vn € Ng. Then for any F; €
€ 0,(T%, p;), (5 =1,2) we have

Fip1, Faps € £1(T}), ((Flﬂl)*(Fzm))(01*02)%71 € 6,(T})

and the following ¢,(T9)-weighted inequality for the h-Fourier cosine-Laplace
generalized convolution holds

1_
(4.17) | (Fip1)#(Fap2)) (prxp2)? al < CllFle, (9 o) 1 F2le, (79 p2) s

where
1-p 2\7
c=n7(2+ )",
s
The equality holds if and only if F1 =0 or F» = 0.

Proof.  Using the inequality (3.9) and Hélder’s inequality, by performing
some analogous arguments to the proofs of other Saitoh’s type inequalities for
other generalized convolutions in the literature, we get (4.17). The equality
holds if and only if F} =0 or Fy, = 0. |

The Specht’s ratio was defined by [7, 3, 10]

1

ti=1

(4.18) S(t) = m

for t > 0, t # 1, where the log function is the natural logarithm function and
S(1) =1.

Theorem 4.4. (A reverse Saitoh’s type inequality.) Letp > 1 and p; € ¢1(T9),
(j = 1,2) be two functions such that p;(nh) > 0, Vn € Ny. Let F and F> be
positive functions on T satisfying

1

1 1 1
0< M? < Fi(nh) < M}, 0< M < Fy(nh) < M}, VneN,.
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Then Fjp; € €1(T}), Fj € £,(T), pj), (1 =1,2),

((F1p1)+(F2pa)) (prp2) >~ € £,(T9).

Moreover, the following inequality holds

1_
(4.19) | (Fip1)x(Fap2)) (prxp2)? 1Hp > Cl[Fille, (9 o) 1 F2lle, (19 p2)

where a . , Vs . .
o= (s~ grrr) [SGgan)] #7

S is given by (4.18).

Proof. Using (4.14) and reverse inequality for Holder’s inequality, by do-
ing some similar arguments to the proofs of other reverse Saitoh’s type in-
equalities for other generalized convolutions in the literature, we can prove
(4.19).

5. Applications

5.1. Two linear equations

Consider the following two linear equations

(5.1) 2(0)M (kh,0) + ix(jh)M(kzh,jh) = w(kh), k€ Ny,
(5.2) x(kh) + x(0)M (kh,0) + ix M(kh, jh) = w(kh),
here, for k € Ny, j € N
M(kh,0) = h2 (0) i v(mh)I(k,m + p)+
m=0

2 o0 o0

—i——zz (nh)v(mh)0(k,n,m + u),

n=1m=0
. 2h% &
M(kh, jh) =7y<gh> > wlmh)I(k,m + )+
m=0

ZZ (Inh — jh[) + y(nh + jh)|v(mh)8(k, n,m + p),

n=1m=0
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where y,v,w are given functions in ¢1(T%), u is fixed in N, z is an unknown
function in ¢ (T9).

Denote
(5.3) A= {]—"C{x}(u),u e [o, %} v e el(qrg)}.

In this subsection, we will use the weight function « given by (3.1) and apply
the generalized convolution in (3.2) to handle our problems.

Theorem 5.1. Let y,v € (1(TY) and F.{y}(u)L{v}(u) # 0 on [0, %} Then,

the necessary and sufficient condition for the existence of the unique solution

of equation (5.1) in (1 (TY) is (;;:Z;():)ic{{ﬁ}&s;) € A, where A, is defined in

(5.3). The solution of equation (5.1) can be written in the form

us
h

_ 1 A+ hu)Fe{w}(u)
G4 () = WO/ FlyHw) L0} ()

cos(unh)du, n € Ny.

Furthermore, we have the following inequality for all p > 1:

55 oy © > _prlwly
) 2 2 ¥l = G umlo

Proof. From (2.4) and (3.2), equation (5.1) can be rewritten in the form

(5.6) [(x : y)*v} (kh) = w(kh), ke No.

e The necessary condition. Applying the h-Fourier cosine transform to
equation (5.6) and using factorization identities (2.5) and (3.7), for u €

€ [0,%} we have

Felwpu) =) Felr x yh(u)L{v}(u) =v(w)Felr}(u) Fely}(u) L{v}(u)-
Hence,

(1 + hu)" Fefw}(u)

Felo ) = e T )

Thus (1+ hu)*Fe{w}(u)
" Fe{yH(u)L{v}(u)
We use (3.6) and (4.7) to obtain

(5.7) H (a:

From (5.6) and (5.7) we get (5.5).

€ A, and the solution is given by (5.4).

1
(1)
g o)l < 1l g vl ol
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(1 + hu) Fe{w}(u)
Fefy}(u)L{v}(u)

e The sufficient condition. Assume that € A.. There

exists z € £1(TY) such that

(1 + hu)* Fofw}(u) c [07 E]

Felo ) = e Tt )

Consequently,
Felw}(u) = (W) Felz}(u) Fely}(w) L{vH(u) = y(u)Felz * yi(u)L{v}(u)
T
= Fe{(z K y)*xv}(u), u€ [O, E]'
Taking the inverse h-Fourier cosine transform of the above we get (5.6).

The proof is completed. |

Remark 5.1. In Theorem 5.1, if we make additional assumption that v €
1 1 1

€ £,(T9,p), where p,q,r > 1 satisfy — + — = 1 + — and p be the weight
p q r

function defined in (4.9), then by using Young’s type inequality (4.16) and the
same arguments we obtain

[[w]l

lz * yllSY > 7
Fo P C(@)[vlle,(ro,p)
where the constant C(q) > 0 is given by (4.11).

Theorem 5.2. The necessary and sufficient condition for the equation (5.2)
to have a unique solution in (1 (TY), for all right hand side w € {1(TY) is

(5.8) 1+ (14 hu) P Fyy ) L{o}(w) £0, ue [o, %]

Moreover, the solution of (5.2) can be presented in closed form as follows:

(5.9) xz(nh) = w(nh) — (w X ) (nh), n € Ny,
where 1 is defined by

Fe{}(u) =

(1 + hu) " Fely}(u) L{v}(u) we { W]
1+ (1 + hu) =+ Fe{y}(w) L{v}(u)’

Proof. Necessity. Equation (5.2) can be written as

(5.10) w(kh) + [(x E y)*v} (kh) = w(kh), k € No.

c
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Applying the h-Fourier cosine transform to both sides of (5.10) and using fac-
torization identities (2.5) and (3.7), we have

Felw}(u) = Fela(u) +y(u)Felz x yh(u)L{v}(u)

(5.11) = Folahw) 1+ 9 Ffy@ Lo} w)], ue o, 7]

It shows that (5.8) is the necessary condition for the equation (5.2) to have a
unique solution in ¢4 (TY), for all right hand side w € ¢1(T9).

Sufficiency. Assume that (5.8) holds. We use (5.11), (5.8) and (3.7) to obtain
(5.12)

Felw}(u)

_ Felwl(u) _ Fe{wh(u) e {0 E]
L+ y(u)Felyb(w) L{v}(u) 1+ Fe{yxv}(u)’ TR

Since y*v € £1(TY), due to Wiener-Lévy type Theorem, there exists a function
P € £1(TY) satisfying

__Felyrod(w) (4 hu) ey} (uw) £{v}(u) 7T
Pl = T )~ T (s b £ R

Using factorization identity (2.5), equation (5.12) can be written as
Fe{w}(u) = Fe{w}(u) — Fe{wi(u)Fe{}(u)
(5.13) = Fefwhu) = Fofw ¢ v}(w), we |0.7].

(
(
Taking the inverse h-Fourier cosine transform of (5.13) we get (5.9). |
Remark 5.2. In Theorem 5.2, we consider the case when the function y sat-
isfies y(0) = %, y(nh) = 0, ¥n € N. We have F.{y}(u) = 1, u € R. Hence,
T xy=a, Va € £1(T9).

Let p > 1 be a given number. From (5.10), we obtain the following estimate
for the solution z of equation (5.2):

(5.14) [wllp < llllp + [l * vl
Combining (3.6) and (4.7) with (5.14) yields
1
< 1 7} (1) <
[wllp < [l]lp + { + o [l ol <
1
< 21+ —] .
<lzllp +2|1+ o Il [0l

Therefore,

1 —1
Il > {1+2[14 ol } ol
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5.2. A class of linear equations related to operator K

Assume that p > 1, a9 =1, ax € C, k=1,2,...,m are given numbers, o is
a given function in ¢;(TY) such that o(nh) > 0, ¥n € Ny. We define operator
K :01(T9) — ¢,(TY) by

(K@) : = 2 [ +4Z nh}

n2

. —172(—1) . .
(M@WM:‘*[pﬁx®+A&WM]J€N
where
, 72 1 , 452+ n? ,
A} = (T4 5 )em + Y (e B ), e
3 2 . (72 =n?)
neN\{;}
We consider the following linear equation related to the operator K
(5.15) (Z(fl)kakKk)z = yp.
k=0
Here, y € £,(TY, o) is a given function and z is an unknown function in ¢;(T9).

Lemma 5.1. Suppose n € (1(TY) is a given function such that n(nh) > 0,
Vn € Ny. Assume that there exists Q € €,(T,n) with the following property:

(1 + hu)*
Z apu2k
k=0

(5.16) LIOn}(u) = . Yue [o, f].

h

Then the equation (5.15) has a unique solution in ¢1(T). Moreover, the so-
lution can be written in the form x = (yo)*(Qn) and we have the following
inequality

1 1-p 2\7
(5.17) |z(oxms |, < 1’5 @+;ﬁ 19lle, (79 ) 1Qle, (70 -
The equality holds if and only if y = 0.

Proof. The following formula is valid:

(5.18) FAK (@) u) = —u2F{a}(u), ue [o, %}
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Applying the h-Fourier cosine to equation (5.15) and using formula (5.18), we
have

(5.19) (D awu®*) Fofahw) = Fofye} (), ue [0,7].
k=0
Combining (5.16) and (5.19), it follows that

(5:200  Folahw) = L+ h) " Fofye} ) L{Quhw), we [0.7].

From factorization identity (3.7) and (5.20) we deduce that x = (yo)*(@n).
We then use Theorem 4.3 to obtain (5.17). |

Remark 5.3. In Lemma 5.1, if the functions y and @ satisfy

1 1 1 1
0< M <y(nh) <My, 0< My <Q(nh) <M;, VneN,

then from Theorem 4.4, we obtain the following inequality

4 2ur(l+m

1_1 . o
| (osm)» |, (1 1 ){ (MlMg)} -
O, o 9 (1 1 \n vy 0 .
1Qlle, (10 ) ) My M, £,(T9,0)
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