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Abstract. We establish an explicit inequality for the number of divisors of
an integer n. It uses the size of n and its number of distinct prime divisors.

1. Introduction and notation

Let 7(n) and w(n) be respectively the number of divisors and the number
of distinct prime factors of n. In [2], the author and De Koninck have studied
a variety of inequalities for the 7 function. Among many helpful comments
and suggestions, the anonymous referee of the said paper asked to justify and
clarify some preliminary statements concerning the quality of our inequalities
when compared to the well-known inequality of Wigert [7]

7(n) < 2mstEm (HeM) (5 1y o0),

The present author has therefore reworked some of his results to get to a nice
statement which is also inspired by Théoreme 2 of [1] and by [3]. Let us define

¥ :=9(n) implicitly by w(n) = ﬁlog’lgogn for each n > 16. Then,

7(n) < exp| dlog 1—|—l _logn_ 1+0 logloglogn .
¥ ) loglogn loglogn

In this paper, we make this result explicit and the best possible constant, here
implicit, is found. A more precise result, not mentioned in [2], is also obtained
in Theorem 1.2.
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Let us define the function

log 7(n) ) loglogn
1.1 = —1 .
(1.1) pin) (w(n) log(1 + ﬁ) log loglogn

Theorem 1.1. For each integer n > 17,
p(n) < p(2%631%) = 2.00080128. ..

The inequality is strict unless n = 226316,

Let K be the convex hull of the set {(, M) : s € N} U{(0,0)}. We

S

thus consider the function f : [0, 1] — R defined by

f(&) =sup({(&,2): ze R}NK).

Theorem 1.2. Let & € (0,1] be fized. Let J be the ordered sequence of integers
n satisfying

Elogn logn
1.2 ‘ - ‘ .
(12) w(n) loglogn!| =~ (loglogmn)3/2
We have | losl
lim sup (28T 1oslogn o
ey e

For each integer k > 0 we define ng by ng = p1 - - - px (so that ng = 1) where
pi is the k-th prime number. We say that an integer is primary if it can be
written as

— (651 (e93

for some k > 0.
2. Preliminary lemmas
A well-known consequence of the prime number theorem is that

maxw(n) = log = _’_O((logz)

n<z ~ loglog z loglog 2)?

We need an explicit upper bound for our result.

Lemma 2.1. For each integer n > 3 we have

< g7
w(n) < Hlog logn

logn

where k = 1.3840127... The inequality is strict unless n = ng.
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Proof. See [5]. Tt is also a consequence of (2.5) below along with some com-
putations. ]

Lemma 2.2. We have

k
(2.1) > loglogp; > kloglogh (k> 44),
j=1
(2.2) logn, < 2klogk (k>2),
(2.3) loglogn, > logk (k> 3),
(2.4) logn,y < kloglogn, (k> 3).

Proof. Inequalities (2.1) and (2.2) are simple consequences of Lemma 4.8
of [2] in (4.22) and (4.20) respectively. Inequality (2.3) can easily be obtained
by induction. For (2.4), we first establish the inequality

(2.5) logng > k(logk +loglogk — 5/4) (k> 2)

with induction by using the fact that py > klogk from [6]. So, we get a lower
bound for kloglogn, with (2.5) and an upper bound for logn, with (4.20)
from Lemma 4.8 of [2]. We leave the details to the reader. |

Lemma 2.3. For each fired k € N and ¢ € Rsg, the function

w (e

is strictly increasing for x > 1.

Proof. The derivative of (2.6) with respect to x is

—c(logz —1)(1+6)log(1 + %) + (z — 1)(clogz + )
z2(1+0) ’

kx
i exp(z) .
positive for z > 1. We will show that the function

where we write § = to simplify. We want to show that the numerator is

—(logz —1)(1 —|—9)log(1 + é) +(x—1)logx

is positive for z > 1. It is the derivative of the numerator with respect to c.
We observe that it implies the desired result for each fixed ¢ > 0 and =z > 1.

This result clearly holds when a € [1,exp(1)]. For z > exp(1), since the
function z — (1 + z)log(1 + 1) is strictly decreasing for z > 0, it is enough
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to prove the result in the particular case kK = 1. We then use the inequality
log(1+ exp;&) <log e’(p(wil) to deduce that it is enough to prove that

(2.7 f(logmf1)(1+m>(x+1flogx)+(xfl)logxZO

for > exp(1). We observe that the left hand side of (2.7) can be written as

(x+1)210g3:> 22 + x4 zlog?z + log

J— 2 J—
(x+1-3logz) + (log x oxp(2) oxp(2)

and the result follows from the fact that each of the above three terms is positive
for x > exp(1). [ |
Let v(n) stand for the product of the distinct prime factors of n.

Lemma 2.4. For each integer n > 2,

(2.8) T(n) < H(M)

o w(n)logp

Proof. This is a famous inequality due to Ramanujan [4]. One can find a
proof in Corollary 4.5 of [2] as well. |

Lemma 2.5. Let k:=w(n) > 74. Then,

logn )k

(n) < (1+ Flos

Proof. This is Theorem 3.4 from [2]. In this paper we are using this result
only for k£ > 95, which requires substantially fewer computations. |

Lemma 2.6. Let § > 0 and [o, 5] C [a,b] be fized. Let also h € C([a,b])
satisfying max,ciq ) |W (x)| < My. Assume that

max hp+id) <M
1€
p+id€la,b]

for some u € |, B]. Then,

max h(x) < M + M.
xE[a,,B]

Proof. Let z € [a, 5] be fixed. There is a j € Z with |p + jd — 2| < §. The

result follows from ;

h(z) = h(p+ jo) + / R (t)dt.
p+3é
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3. Proof of Theorem 1.1

Throughout this proof, we often write x = loglogn to simplify the notation.
Also, x is sometimes considered as a real variable when arguments from calculus
have to be used. Furthermore, it is always assumed that & = w(n) is fixed.
Lemma 2.3 allows us to assume that n is primary when w(n) = k& > 3. We
used PARI/GP to verify that p(n) < 2 for each 17 < n < 10°. In particular,
this verification along with Lemma 2.3 leave us with only primary integers to
verify in the case where k = 1,2 as well.

3.1. The case k£ > 11000

In this section, we will establish that p(n) < 2 for all the integers with at
least 11000 distinct prime factors. Our main tool is Lemma 2.5. Recalling the
definition of ¥ given in Section 1, we write

14

klogk ' @

o) 1 (22 )

where the term in parenthesis is positive if and only if x > logk. If it is
negative, then the result follows directly from Lemma 2.5. In the case where it
is positive, we use the mean value theorem to get to

ox(1+ Tiogr) = tos( 5+ (R —3)) =
< g1+ 5) + 1 (Rogr ~9) =
“logk
- log(Hé)(H(19+1)1;g(1+}9)3310;/;g )

Now, since (9 +1)log(1+ %) > log(4) =: t and t = z —logz —log k, we deduce
that p(n) < 2 holds if

logz +t 2logx
t(x —logx —1t) x

(3.1)

which is the case if 1 < ¢ < § when z > 11.66. Indeed, by expanding, we

find a parabola in ¢ so that it is enough to verify (3.1) at t = 1 and at t = F.
From there, it is an easy exercise that uses calculus. The details are left to the

reader.
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In the case where ¢t > &, we use the fact that 7(n) < (iigig)k < (b%)k

(since 28 < 7(n) < (1 + kl‘l’(f;k)k) from Lemma 2.5. Thus, since we have

log(1+%)(1+2lzgx) > log(%>(1+2lzgx>:

xz—logx —logk)(1+
( g g

1
s

(x —logz —logk) +t

21
og x -
T

> x—logk,

the result follows.

% < ¥ < 1.39 (see

The remaining case is when ¢ < 1, i.e. when e

Lemma 2.1). We then have

1 z —logk logx + 1 2log x
(0 +1)log(1+ %) logk — 1.25(x —logz — 1) x

for x > 11.66. Since loglogni10p0 > 11.66, the result follows.
3.2. The case 44 < k < 10999

We use inequality (2.8) into the definition of p (1.1) to get to

log(exp(x) + lognk) — logk — + 2?21 log log p; 1) x
log(1 + %)
X log T k
mlog(%) +zlogz — 377, loglogp;
log z log(1 + %)

32 pm) < ( loes

(3.3)

Since = > loglogn, and from inequality (2.4), we deduce that the first
term in the numerator in (3.3) is negative. Thus, from inequality (2.1) and

log(1 + %) > x — logz — logk, we find that p(n) < 2 if
(3.4) xlogx + xloglogk — 2log x(logx + logk) > 0

which is the case when = > 1.8logk. To prove this fact, we first write x =
= zlog k. We then show that the derivative with respect to z of the left hand
side of (3.4) is positive and also that it is positive at z = 1.8 for each k > 44.
Then, in light of (2.3), we have = > loglogn, > logk. We can now assume
that x € [log k, 1.8log k.

It remains to verify that p(n) < 2 for each = € [loglogny, 1.8log k] and each
fixed value of k£ with a limited number of computations. To do so, we will work
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with the function

(3.5) hy(x) =

(log(exp(ac) + logng) — logk — % Z?:l log log p; B 1) x
a1+ =F) s

which is the right hand side of (3.2), and use Lemma 2.6.
Let us first establish that

400 log?k 130 logk

(3.6) max |h)(z)| <

z€[log log nk,1.8 log k] 81 loglogk ' 27 loglogk’
We have
(3.7) o
1 1 w x exp(x) W5 — 25
h/ 1 _ 9 xv
w(7) = <logx log2x)( ¢ ) +logas(€(exp(ac)+lognk) 2 1—&-% )’

where we wrote ¢ := log(1 + §) and W := log(exp(z) + logny) — logk —
-1 Z?Zl loglog p; to simplify. Clearly,

38) | < —|¥ 1‘ - (%Jr%) (x> exp(1)).

|_10g:n l log

From there, we use the fact that ¢ < 1.39, i.e. £ > 507 and we establish that
W < 0.8log k uniformly for x € [log log ng, 1.8log k]. Tt allows us to conclude

that (3.6) holds since —1 < W — 1 < Y given that log2 < logT(") < W so that
’% - 1’ SW. Now, from (2.1) and (2.2),

W < log(k'® + 2klogk) —logk — loglogk =
0.8

log k

= log( +2) <0.8logk

and the desired inequality follows.

We verify that the right hand side of (3.6) is an increasing function of k
on the interval [44,10999]. Thus it is less than M; = 215. For this reason,
we set 6 = 0.002 and we thus have §M; = 0.43. Using Maple, we evaluate
hi(z) at each increment of 0.002 in the interval = € [logk,1.8log k] for each
k € [44,10999]. This verification finishes the proof that p(n) < 2 for each such
value of k.

3.3. Thecasel <k <43

In this section, we complete the proof of Theorem 1.1. We will see that
only the case k = 2 has some values of n for which p(n) > 2. The general idea
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is the same as in the previous section. We now set up what is needed to use
Lemma 2.6 on the function hg(x).

Obviously we have x > loglog n; and our main objective is to find an upper
bound for an x that would realize p(n) > 2. To do so, we start from (3.2) and
write

) < (log(exp(m) + lognk) — logk — + 25:1 log log p; 1) x
n _
r - log(1+ 3) log
(log(Q exp(z)) — logk — ¢ Z?:l log log p; B 1) z
- r — logx — log k log x

rlog2x — ¢ Zle log log p;
(z —logz — log k) log =

We then show that (3.9) is strictly less than 2 for z > 9.36 for each k € [1,43].
Now that we have the desired upper bound for x, we are ready for the final
verification. From a previous verification, we know that = > loglog 109. We
need an upper bound for |h},(z)| with z € [loglog max(10%,ny),9.36] and for
that we use (3.8). We still have ¢ > 27 and we get an upper bound for W

50
directly from the fact that = < 9.36. We find that

max | |h,(z)] < 165 =: M;.

z€[log log max(10°,ny),9.36

For this reason, we choose § = 0.00004 so that 6 M7 = 0.0066. We verify with a
computer at each increment of 0.00004 in [loglog max(10%, ny), 9.36] for k = 1
and k € [3,43] and call the maximum M. We find that M + 6M; < 2. Finally,
for k = 2, we verify that max,e4,9.36) h2(z) < 2 using the same method. For
x < 4, it is enough to check the numbers of the shape 2% - 3% with a < 77 and
b < 49 that are larger than 10°. We find that the maximum is only reached at
n = 226. 316 The proof is complete.

4. Proof of Theorem 1.2

Let us fix £ € (0, 1] and choose an € satisfying % > € > 0. We can assume
that £ € (1/(s+1),1/s] for some positive integer s.

We start with the lower bound. We choose a large z and we construct an
integer m = m$T'm3 such that

mi = H p; and mg = H Dj-

. 1. . 1
]S(lisﬁ) logoﬁ);z Jgglogof:o;z

ptma
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We verify that m = zexp(O(%)), so that inequality (1.2) holds
and

log 7(m) loglog m

(4.1) > fE)(1+0(1)) (m — o).

logm

We now turn to the upper bound. It is enough to prove the result for
primary integers. We consider the ordered set H. of primary integers n for
which

1
wn) < 7(5—'_6) osT
loglogn
We define the constant
i log 7(n)loglogn
= limsup ————>——,
n—o00 IOg n
neH.
Let log (1) log]
. og7(n)loglogn 5
= NRyyy |22 — | <
He {nGH >x0 logn ILL_E}
where xo(= zo(€)) is chosen large enough so that log‘r(@% >+ €2 does
not hold in H,. From Theorem 1.1, the integers u for which w(u) < %

satisfy logﬁ# < f(1/(s+ 1)) + €%. Thus, in view of (4.1), H* contains
1/(s+1)logu

only integers u such that w(u) > ~572

Each primary integer u can be written uniquely as u 1= u**-u* -1+ ... (1)

where _ ‘
uwl) = Hp] (Gj=1,...,84+1)

plu

Pl
and where u** is the divisor of u formed of the (at most) |ew(u)]| first prime
numbers. Let us assume, for a contradiction, that for some n € H} large enough
we have w(n*) > |ew(n)]. We will then find a primary integer n’ satisfying

iy _ (E+¢€)logn’
w(n) < loglogn/

1
n<n < nexp(elog(cl/e)%(l + 0(1))),
for some constant ¢y, and for which 7(n’) > (14 gky) lew(] . 7(n). In this case,
we will have

logn , 5 logn’ )
— =2 1< < - =
loglogn) 7T(n)7exp((/¢+e ) ’

4.2
( ) eXp ((M + 626) log log n’
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where ¢y is a constant depending only on &, from which we find a contradiction
for e small enough when n is large enough. This means that in fact w(n*) <
< ew(n) and we have established that, for n large enough, n := n”-n(s+1) ... n(1)
where n’" is made of at most the first 2ew(n) prime numbers.

We are thus ready to define this integer n’. We verify that the transforma-
tion of n which consists in replacing the largest prime factor ¢; of n* by the
smallest prime factor go of nl/) (for the smallest j € {1,...,s} available), i.e.

nw— q;—ln, increases the value of 7 by a factor > 1+ é, increases the integer by

a factor < 1/e and transforms n into a new primary integer. Since £ > $7

it is possible to iterate this transformation |ew(n)| times for ¢ small enough
and n large enough. By doing so, starting with n, we end with an integer n’
satisfying the 3 announced properties.

Now, from Theorem 1.1 we have

logn )

7(n") < exp (036 log(1/e) Toglog

for some constant c¢3. We deduce that 7(n”’) is small when compared to 7(n).
We can thus consider the integer m :=n/n” = nM...nG+D and optimize the
value of 7(m) under the condition

1
o) — (€ 0@ o

loglogn

for some ¢ < €.

By writing k1 + -+ + ksy1 = w(m) =1 k, ie. kj :=w(n), we find

log(T(m)) = k1log(2) + - - - + kst1 log(s + 2)

so that 7(m) is maximal when most of the k; with j small are zero. For this
reason, we will assume that ki,...,ks—1 = 0 and that only ks and ks may
be nonzero. We write ks = ak, so that ks11 = (1 — a) - k. From there, we can
assume that m = n®) . n(*Y and now the problem is reduced to maximizing

(4.3) log(T(m)) = (alog(s+ 1) + (1 — a)log(s +2)) - k
for m < n which can be written as

logn > SZlogp—I—(s—i—l) Z logp =

pln® plnG+D)
= (saklog(ak)+ (s +1)(1 — a)klog((1 — a)k)) (1 + o(1)) =
(sa+ (s+1)(1 —a)) - (klogk) - (1+0(1)) =
= (sa+(s+1)(1—0a)) (¢C+O0(e)- (logn) - (1+o(1))



A hybrid inequality 253

as n — oo. We deduce that o > s+1—1/(+ O(e) and by using this inequality
in (4.3) we get

log(t(m)) < ((¢(s+1)—1)-log(s+1) + (1 — s¢) - log(s +2) + O(e)) - log)ign =
— (1O +0) Bt
so that
log(r(n)) < (f(¢)+O(elog(1/e))) - 10;01% S
< (1(©)+ Olelog(1/))) - B0

This is the desired upper bound. The proof is complete.
5. Concluding remarks

We have seen that p(n) < 2 given w(n) # 2. One can wonder if it is a
good inequality. We can see directly from (3.3) that limsup et p(n) < 1.
w(n)=

Let us show that we have in fact equality. Indeed, let (z);>1 be a strictly
increasing sequence of sufficiently large integers. There are (31, ..., Oi satisfying
max; |3 < 1/2 such that

k
log z;n
1) = i
(klong 5;) = 1]“” = 7(mi)

E?r

which defines the integer m; := p{* --- pi*. We verify that

k
log 7(m;) = klog(exp(x;) 4+ logny) — klogk — Zlog logp; + O(
Jj=1

klog nk>
exp(z;)/’

where x; := loglogm;. Thus, by using this value of log7(m;) in (1.1) (as we
did to obtain (3.2)) we deduce as above that lim sup o p(n) > 1.

Let us now prove that

(5.1) limsup p(n) = 1.
n—oo
We already have the lower bound for each single value of k£ > 1. For the upper
bound we use the main argument of Section 3.1. Precisely, for each fixed € > 0
we have
logz +t - log =
t(x—logz—1t) = =z
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for t < (1 — €)z when z is large enough. In the case where t > (1 — €)z, we
use inequality (3.3) to find limsup,,_, ., p(n) < 1=, from which (5.1) follows
immediately.
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