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Abstract. Basing on the four types of Cauchy differences, some general
constructions of k-variable premeans and means generated by a single vari-
able real function f defined in a real interval [ is discussed, special cases
are examined and open questions are proposed. In particular, if [ is closed
under the addition, and f is such that F' (z) := f (kx) —kf (x) is invertible,
then the first of four considered functions My : I* — R is of the form

My (z1,.nxe) =F ' (f (@1 4 o4 21) — (f (1) + o + f(21)))

Conditions under which My is a k-variable mean (referred to as quasi-
Cauchy difference mean of additive type) are examined.

1. Introduction

The four types of Cauchy functional equations characterizing the elementary
additive, exponential, logarithmic and power functions through their properties
involving the operations of addition and multiplication (see J. Aczél [1], M.
Kuczma [10]), in a natural way lead to the Cauchy differences, functions which
are differences both sides of the respective equation (see for instance [11]).

In the present paper, basing on these Cauchy differences, and the idea
coming from the construction of quasi-arithmetic mean, we propose four general
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schemes of constructions of new classes of means (for the theory of means see,
for instance, [6], [2]).

To form the first two of them take: a real interval I, which is closed under
addition, a function f : I — R, a positive integer & > 2, and write the k-variable
functions

I* > (1‘1, ...,C(Jk) — f(l‘l +.otaxg) = (f(z1) + ... —l—f(.f(:k)),

Ik E] (xla "'axk) — f(xl + .. +=Tk) - f(zl) Tt f(xk)a

which are called the Cauchy difference of additive type generated by f, and the
Cauchy difference of exponential type generated by f, respectively.

Similarly, if the interval [ is closed under multiplication, two remaining
k-variable functions:

I 5 (1, xk) — (1) = (f (1) + oo+ [ (z1))

Ik = (1'17...,37k) — f(.’L‘l e xk) — f(.’l?l) t et f(:L‘;c),

are called the Cauchy difference of logarithmic type generated by f, and the
Cauchy difference of multiplicative type generated by f, respectively.

Basing on these Cauchy differences, we present four general schemes of
creating new kind of premeans and means.

The first scheme, Theorem 1 in Section 3, gives general conditions under
which the k-variable function My : I¥ — R of the form

My (21, zr) = F7H(f (@1 4+ oo+ ap) — (F (1) + oo+ £ (21))),

where F'(z) := f(kx) — kf (z) (the restriction of the Cauchy difference of
the additive type to the main diagonal of I*), is a premean or a mean; and
My : Upey I* — I is referred to as the quasi-Cauchy difference (premean or)
mean of additive type generated by f. It is clear that the additive functions
f () = px are useless here. In this section we examine the quasi-Cauchy dif-
ference means of additive type generated, respectively, by the one-parameter
families of continuous multiplicative functions f (z) = «? (Proposition 1), ex-
ponential functions f (z) = p® (Proposition 2), and logarithmic functions log,
(Proposition 3). In particular, Proposition 1 gives the explicit forms of con-
sidered family of means for all parameters p € R\ {0}, its continuous exten-
sion to the family parameters p € [—o0, 0], as well as some of their proper-
ties. Proposition 2 gives the implicit formula for the general case, but only
in the case k = 2, does it offer a complete explicit description of the con-
sidered means. In view of Proposition 3, the family of all quasi-Cauchy dif-
ference means of additive type generated by the continuous logarithmic func-
tions reduces to a singleton family (independent of p) consisting of the mean
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B:Up, (0, 00)" = (0, 00), where

1
k‘.’L‘l et Xg F=T
B(x1,....,x) = (M) , keN k>2; zq,..,2; > 0.

In the remaining sections the proofs are omitted. In Section 4, Theorem 2,
a general scheme allowing to determine the quasi-Cauchy difference (premeans)
means of exponential type, is used, respectively, for additive functions (Propo-
sition 4); multiplicative functions (Proposition 5), and logarithmic functions
(Proposition 6).

In Section 5, Theorem 3, a general scheme of building the quasi-Cauchy
difference premeans and means of logarithmic type, is used, respectively, for
additive functions (Proposition 7), exponential functions (Proposition 8), and
multiplicative functions (Proposition 9).

Similarly, in Section 6, we apply general construction of quasi-Cauchy dif-
ference means of multiplicative type (Theorem 4), respectively, to additive
functions (Proposition 10), exponential functions (Proposition 11) and loga-
rithmic functions (Proposition 12). In some cases the mean is given by an
implicit equality. Occasionally, in the case k£ = 2, some invariant means are
considered.

In each of the sections an open problem concerning equality of the con-
sidered means is proposed. In the case of quasi-Cauchy difference mean of
additive type this problem reduces to a generalized Cauchy difference equation
considered by Bruce Ebanks [3], [4] where, basing on the results due to Antal
Jarai [8], under some regularity conditions, the solutions are established.

2. Preliminaries

Let I C R be an interval. A function M : B I¥ — I is called a premean
in I, if it is reflexive, i.e. =
M (z,..,x) ==, xzel,
which means that for every £ € N and all z,zq,...,x € I,
r1=..=xp =0 = M (x1,...,2) = x;
and it is called a mean in I, if for every k € N,

min (21, ..., zk) < M (21, ..., 25) < max (x1,...,xk), T1,..,Tk € I.

If M is a premean in I, then M (z) = z for every « € I. In the sequel we
assume that k > 2.
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A function M : I* — R is called reflezive if M (z,...,x) = x for all x € I;
and it is called a k-variable premean in I, if it is reflexive and M : I¥ — I.

If M : |y, I¥ — Iis a premean (or mean) in I, then its restriction to
I*, for simplicity denoted by M : I* — I, is called a k-variable premean (or a
k-variable mean) in I.

A k-variable mean or premean in M : I* — I is called:
strict if, for all 1, ..,ay € I, and i € {1,...,k},

M (21, @iy oy Tp) = Ty => T1 = Ty = ... = Tg;

symmetric, if M (:rc,(l)7 ...,:rg(k)) = M (z1, ..., zy) for every (z1,...,x3) € I*
and every permutation o of {1, ..., k};

homogeneous, if I = (0,00) and,
M (txy,...,txg) =tM (21, ..., 2%) , t,x1,...,o > 0.
Of course, every mean is a premean, but the converse is not true. However
we have the following

Remark 1. If a function M : I* — R is reflexive and (strictly) increasing
in each variable then it is a (strict) k-variable mean in I, and it is called an
increasing mean.

In particular, every (strictly) increasing premean in I is a (strict) mean.
Note that if for every k € N, k > 2, the function My, : I* — I is a k-variable
o0
mean (premean) in I, then M : |J I¥ — I defined by M|;» := M}, is a mean

k=1
(premean) in [.

3. Quasi-Cauchy difference means of additive type

Theorem 1. Let k € N, k > 2, and an interval I C (0,00) (or I = R),
closed under addition, be fixed. Assume that a function f: I — R is such that
function F : I — R defined by

(1) F(z) == f(kx) — kf (2),
is one-to-one. Then
(i) if the range of the Cauchy difference of additive type

k k
(2) I3 (g, ) — f D x| =D f ()
j=1 j=1
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is contained in the range of F, then the function M : I* » R given by

k k
(3) Mf (x17"'7x/€) = F_l f Z'Tj _Zf(x_]) 3
j=1 j=1
is a well defined k-variable symmetric premean in I;

(ii) if f is continuous, and either F is strictly increasing and for everyr € I,
the function

(4) Ist— f(t+7r)— f(t) is (strictly) increasing,

or F is strictly decreasing for every r € I and the function in (4) is (strictly)
decreasing, then the function My given by (3) is a k-variable symmetric (strict)
and (strictly) increasing k-variable mean in I.

Proof. (i) The assumptions guarantee that My is well defined and maps I*
into I. From (1) we have, for every x € I,

M; (i) = F7((f (k) — kf (2))) = o,
so My is reflexive, which proves that it is a premean in I. The symmetry of
My is obvious.

(ii) The continuity of f implies the continuity of F'. If f satisfies (4) then,
clearly, for every real constant b, the function

I>t— f(t+7r)— f(t) —bis (strictly) increasing.

Taking ¢t := a1, r = 2?22 zj, b= 2?22 f (x;), we have

k k
FAIY ai | =D flaj)=f(t+r)—f(t)—b,
Jj=1 Jj=1

which shows that function (2) is (strictly) increasing in the first variable. The
symmetry of (2) implies that it is (strictly) increasing in each variable. Hence,
by (1), if F is increasing, then for all a1, ..., z; € I, setting « := min (21, ..., %)
and y := max (x1, ..., xg), we have

k

k
F(z) = f(kz) —kf(z) < f z; —Zf(l“j)Sf(ky)—kf(y)zF(y)~

j=

Thus, by the Darboux property of F, the range of function (2) is contained in
the range of F. Now (i) implies that E; is a k-variable premean in I. Since the
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composition of (strictly) increasing functions is (strictly) increasing, the result
follows from Remark 1.

If F is strictly decreasing and the function (2) is (strictly) decreasing, we
argue similarly, making use of the fact that composition of (strictly) decreasing
functions is (strictly) increasing. [ |

Remark 2. Every (strictly) convex function satisfies condition (4), that is
equivalent to the (strict) Wright-convexity of f.

Remark 3. If the function f is (strictly) convex (respectively, concave), then
for every r € I, the function (4) is (strictly) increasing (respectively, decreas-

ing).
Definition 1. Under the suitable conditions of Theorem 1, the function M/

is referred to as the quasi-Cauchy difference mean (premean) of additive type
generated by f.

Note that the quasi-Cauchy quasi-difference mean M, of additive type is
built with the aid of the sums f (E; 1 x]> and ZJ L f ().

Remark 4. Since for affine functions, every quasi-Cauchy difference of additive
type is constant, no affine function generates a premean of the considered type.

Let k € N, k > 2, be fixed, let I C R be an an interval that is closed under
addition, and let f, g : I — R. In connection with Theorem 1 it is natural to ask
for conditions which guarantee that M, = My, i.e. such for all xy, ...,z € I,

k k
Z% —Zg (zj) | =F~! Zﬂ?] —Zf(ﬂ?j) :
where
F(z)=f(kx)—kf(z), G(z)=g(kz)—kg(z), z el

In the case k = 2, setting ¢ := G o F'~!, this leads to the following

Problem 1. Determine all functions f, g and ¢ satisfying the functional equa-
tion

(Eq) ¢(fx+y)—f@)-f)=9@+y) —g()-9gy), =zyel.

Assuming that f is continuously differentiable and locally not affine Ebanks
[4] ([3]) found the general solution of this (additive type) generalized Cauchy
difference equation (see also [5], where applying the results of Jéarai [8], a more
general Pexider equation is considered).

Applying the main result of [4] we obtain the following
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Remark 5. Let I C (0,00) be an interval that closed under addition. Assume
that f: I — R is continuously differentiable and not affine on any subinterval
of I, and g is continuous. Put

Jp={fl@+y) —f(x)-fly):zyel}.

If the functions f,g and ¢ : J; — R satisfy the equation (Eq), then there are
a,b,c € R, such that

g(z)=af(x)+br+c, xel; and ¢(t)=at—c, teJ;.

In [3], where some stronger regularity on f is assumed, the two kinds of
proofs are given. Note that under some conditions, one can apply yet another
argument, based on the Cauchy Mean-Value Theorem. Indeed, assume that
fig : I — R are twice differentiable, [ (z)g” (z) # 0, for all x € I, the
function ?—Z is locally monotonic in I\C, where C' is a nowhere dense subset.
Let f, g and ¢ satisfy (Eq). The assumptions imply that J; is an interval and
¢ is twice differentiable in J;. Differentiating both sides of (Eq), first in z and
then in y, we get

O (flety) —f@)=f)f (@+y) - f (@) =¢(+y) —g¢ (z), z,ycl,

and

O (flaty)—f@)—fO)If @+y)—fW=9@+y) -9 ), z,ycl

The condition ¢” (x) # 0 (x € I) implies that ¢’ is strictly monotonic; in
particular, ¢’ is one to one. These equalities imply that f’ is one to one and
@' (t) # 0 for all t € J;. Dividing the respective sides of these two equalities
we get

flaty -F@ _gety-g@

flaty) =@ @ty -9gF" 777

whence , , , ,
g @+y -9l _g+y —g (@)
frlaty) =) ety - @)
We claim that the function %l,
could find an interval Iy C I\C such that the function % would be strictly

monotonic in Iy and, by the Cauchy Mean-Value Theorem,

z,y € 1.

is constant. Indeed, in the opposite case we

7 1"

g g
7 (Cy .y (z+y,y)) = 7 (Cyp(x+y,2), wzy€ly x#y,
where Cy ¢ : I? — I denotes the the Cauchy mean generated by ¢’ and f’,
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It follows that

Cg/,f/(l‘—‘ry,y):Og/,f/(l‘-l-y,x), z,y € Iy, 33742/7

which is a contradiction, as the Cauchy mean Cy  is symmetric and strictly
increasing with respect to each variable. Thus there is a € R, a # 0, such that

g//
7 (x) = a, x el
Hence ¢” (z) = af” (x) for all x € I and, consequently, there are real constant
b and c such that

g(z)=af () +br+c, x el

It follows that, for all z,y € I,
gty —g)—gy) =alf(@+y) - f(z) - fyl-c
whence, setting ¢ (t) := at + b for t € J¢, we get the result.
Remark 6. In [3] and [4] the equation
¢(H(z,y) =g@+y)—g@) —g), zyel,

is considered, and in [5], under an additional assumption that 0 € I, its Pexider
version.

3.1. Quasi-Cauchy difference means of additive type generated by
multiplicative functions

Using Theorem 1 (ii) for multiplicative continuous functions f we obtain
the following

Proposition 1. For every p € R\{0,1}, the function M, : | (O,oo)k —
k=2
— (0,00) defined by

214 4 ap)’ — (2P 4 4+ 2P)\ VP
My, (21, .y zk) = <( 1 klzp—i;l k))

s a quasi-Cauchy difference mean of additive type generated by the multiplica-
tive function f (x) = aP.

Moreover:
(i) the functions Mo, M1, M_, My defined by
1
k‘Il et Xk k=T
M s = —
0(w1,..., ) (x1+...+xk>
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1 (21 4 oo 4 @) Tt
Ml (:Z?1,...,.’L’k) = klogklog m‘gfl l‘ik y
r1+ ... +xg

M—OO (l’l,...,l'k) :min(xla"'azk)} MOO (I17"'7Ik) = k

are means in (0,00) and for every (xy,...,xx) € (0,00)k, the function

[0, +00] 3 p— My, (21, ...,x1) s continuous and strictly increasing;

(ii) Mo = Mg, that is My is quasi-Cauchy difference mean of the addi-
tive type generated by log, and it is the beta-type mean ([7)); Mi = Mid.10g,
that is My is a quasi-Cauchy difference mean of additive type generated by
(id - log) (z) = z log x;

(iii) the means My, and M_o, are not quasi-Cauchy difference means of
additive type;

(iv) for every p € (—oo, 0] the mean M, is strict, symmetric and homoge-
neous.

Proof. Put I = (0,00). The power function f(x) = 2P for x € I, with
p € R\ {0, 1}, satisfies the conditions (ii) of Theorem 1 (see Remark 3). Indeed,
for every p € R\ {0, 1} the function f is either strictly convex or strictly concave
and the respective function

F(z) = f(kz) —kf (x) = (K — k) 2"

is strictly monotonic. By Theorem 1(ii) we conclude that, for every p €
€ R\ {0, 1}, the function M,, := My is a mean, and for every (z,...,x}) € I?,

k k
(kp*k) (MP (:171;"'71'16))10 - F(MP ('rlv"'vxk)): ij 7Zf(xj)
j=1 j=1

= (@14 ..+a) — (@) +..+2h),

whence

214 ot ap) — (2P 4 42\ VP
M,y (1, .y ap) = (( ! k;pﬁ; 1 k)) .

Since, making use of the de I’Hospital rule, for every (z1,...,2) € I¥,

IOg (ml+,..+xk)p7(mlf+...+mZ)
lim 1 = i kP —k =
Jimy og My (21, ..., Tk) Jim »
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(z1+...+xK)P log(m1+...+zk)—(rf log z1+...+2% log rk)](kp—k)
(k7 —h)®

[
= lim
p—0 (w1+...+zk)p—(wf+4..+a:£)
kP—k

B Pk
(11+...+xk)p7(z’f+...+mi)
kr—k
log(zi1+...4+xk)—(logz1+---+log zi)(1—k)—(1—k) log k 2
- ()

(:cl+...+9ck)p—(zf+...+acﬁ) )

(1—k)2 kxy - ... g

}%Z 1+ ... + 2%

we conclude that

. k‘l‘1 TR i 3 k=1
Mo (21, ap) = T M, (21, ap) = [ TR )0
o (z1, .0, k) lim, p (T1, . zp) (w1+...+xk>

On the other hand, from (3), taking f = log, we have, for all positive

L1yeeey Lhey
k

k
log (kMog) — klog Mios = log Z x; — Zlog xj,
j=1

Jj=1

whence, after easy calculations, for all positive x1, ..., Tk,

1k> :Mo (ml,...,xk).

Similar calculations show that for every (zy,...,xx) € I®

1 (214 .o 4 xy) " Tt
= log
klogk

M1 (.’El,...,ifk) = ;IIJI—%MP (:Elvn'vxk) l'fl xzk

on the other hand, making use of (3) with f (z) = zlogz, briefly, f = id - log,

we have

1 (21 + .o )" Tt
" klogk 8 it -t

Miq.iog1 (21, ..., 1) = Miidiog1 (T1, o, k) -

We omit simple calculations showing that, for all positive x1, ..., z,

. x4+ ... + 2
My (21, oy k) = pl;rgloMp (1, .., 2k) = —

To get the formula for M _,, assume, for the simplicity of notations, that
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k =2, and put ;1 =z, 5 = y and p = —q where ¢ > 0. Thus

_ -1/q
(z+y) -2 -y _
271 -2

My (z,y) = Mq(x,y)—<
22"

1/q"
1 1 1
(417 Ty~ (x+y)“)

Without any loss of generality we may assume that z = min (z,y) . Hence we
get

/q
(2-2)" (2-50)"
(l)l/q SM—(] («I,y) S (L)l/q I

whence

Jm M (z,y) = lim M_ (z,y) = 2 = min(z,y).
We omit similar calculations in the case when k > 3. Thus, for every
(z1,...,z) € I*, the function [—oc0, 0] > p — M,, (21, ..., 7)) is continuous.
Since the pointwise limits of means are means, the functions My, M1, M_,
M are means. Calculating the partial derivatives of M,, one can easily verify
that for every (z1,...,zx) € I*, the function [—oc0,00] 3 p —> M,, (1, ..., k)
is strictly increasing in each of the open intervals (—oo,0), (0,1), and (1, ).
The continuity of this function implies that it is strictly increasing in [—oo, c0].
This completes the proofs of (i) and (ii).

Of course, the mean M_,, being not strict, is not of the considered type.
Assume, for the contrary, that M, the arithmetic mean is of the form (3) in
(0,00) in the case k = 2, i.e. that Mo (z,y) = “5 and that Mo, = M; for a
function f : (0,00) — R. From (3) and (1) we get

() -2 (S5 = s - f@ - 1), ny>o

whence

x,y >0,

f<x;y>:f@0;f@{

that implies that f(x) = ax + b for all > 0. Since for this function the
Cauchy difference is the constant zero, formula (3) does not define a mean.
This completes the proof of (iii).

Result (iv) is obvious. [ |
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Remark 7. In the case k = 2, Proposition 1 gives

((w+y)g;£z2p+yp)>l/p if peR\{0,1}
My (2,y) = % if p=20
21§g2 log (””:i’;:ﬂ if p=1.
In particular, Mg is the harmonic mean H (z,y) = 5% mean, My is the

geometric mean G (z,y) =,/xy, but this is not the case if k¥ > 2. Moreover we
have, for all z,y > 0,

3zy (z +y)
2 (22 +xy +y?)’

where A (z,y) = ZH2,

In the case p = 2 Proposition 1 gives

M_y (z,y) = Ms (z,y) = A3 (2,y) G2 (x,y),

2 H TiTj
i,j=1,....k, i#£j

k(k—1)

Conjecture 1. Let k € N, k > 2 be fivred. Assume that [ : (0,00) — R satisfies
the conditions of Theorem 1, guarantying that M; given by (3) is a k-variable
mean in (0,00). If My is homogeneous then M; = M,, for some p € R.

MQ (1'17 7xk) =

3.2. Quasi-Cauchy difference means of additive type generated by
exponential functions

Using Theorem 1 with f (x) = p® where p > 0, p # 1, we obtain
Proposition 2. For every p > 1 the function M, : |J (0, 00) = (0,00) , with
k=2

the restriction to (O,oo)k defined as the continuous solutions of the implicit
equality

prPMe — kpPMy = pPt e (pT ™) m g > 0,

is a quasi-Cauchy difference mean of additive type generated by the exponential
xT

function f (z) = p®.
Moreover, if k = 2, then for all z,y > 0,

log, (1+ N 1)) if  p>1

M, (x’y):
' logp(l— (1—pw)(1—py)) if 0<p<l,
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Tty

M (z,y) == 1171_>ml M, (xz,y) = Vzy, Mo (z,y) = pli_)n(;l<> M, (z,y) = 5

My (z,y) := lim M, (z,y) = min (z,y),
p—0
and the function
[0,00] 3 p+— M, (x,y) is continuous.

Proof. Take arbitrary p > 0, p # 1, and f (z) = p® for € (0,00). Since
p = e4 for some g € R, g # 0, applying Theorem 1, we have F' (z) = exp (kqz)—
—kexp (qx). Since F' (x) = kqexp (qx) [exp ((k — 1) gx) — 1] is positive for all
z € (0,00) and ¢ € R\ {0}, so F is strictly increasing in (0,00) for each
q € R\ {0}. Similarly, for each j =1, ..., k, and every ¢ € R\ {0}, the function

(0,00) > zj — expp (z1 + ... + x1) — (exppx1 + ... + exXppry)

is increasing in (0,00). Therefore, in view of Theorem 1 (ii) and Remark 1,
for every p > 0, the function M, := M/ is a well defined strict and symmetric
mean in (0, 00).

For k = 2, setting x1 = x, xo =y, x,y > 0 in the implicit equality, we get
My(a)|? _ 9pMp(ew) — pot
{P xy} = 2p7Y) = p"TY — (p" +pY).
Hence, after easy calculations,

My (,9) =log, (14 Vi =D (7 — 1)) if p>1,

and
M, (z,y) = log,, (1f (1fp””)(17py)) if 0<p<l.

Assume that p > 1. Since p® = exp (x log p), setting ¢ = log p we have

p* =exp (qx).
Note that
-1 -1
i RO L el =1
q—0 q q—0 q
and

log (1 +/(exp (qz) — 1) (exp (qy) — 1))

q
Hence, applying the de 'Hospital rule, we get for all x,y > 0,

Mq (‘T7y) -

Jm My (z,y) = lim M, (2,y) =
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= é (1og (1 +/(exp(gz) — 1) (exp(gy) — 1))) -

lim x (exp(qz)) (exp(gy) — 1) +y (exp(gy)) (exp(qz) — 1) _
0 2/ lexplgr) — 1) (explay) — 1) 1+ /lexplgr) — 1) (explay) — 1)

. z (exp(qr)) - g - Z2=L 4y (exp(qa)) - g - ZRUE=
= 1m =

0 g g ferlet e (34 fexp(gr) — 1) (explay) — 1))

TYy+y-r
2Ty Iy

Similarly, making use of the formula for M, if 0 < p < 1, we can show, that

lim M, (z,y) = zy, z,y>0,
p—1—

so M is well defined.

We omit similar calculations for the remaining results. ]
Remark 8. A counterpart of Proposition 2 holds true for the interval (—o0,0) .

Problem 2. Under the assumptions of Proposition 2, determine My and M
for arbitrary k > 3.

3.3. Quasi-Cauchy difference mean of additive type generated by
logarithmic functions

Theorem 1 with f = log,,, where p > 0, p # 1, gives

Proposition 3. For every p > 0, p # 1, the quasi-Cauchy difference function
(oo}
of additive type My : | (0,00)k — (0,00) generated by logarithmic function

[ =log,, is a mean, and My = B, where

1
B(z1,..,2x) = (H) , keN, k>2 xq,..,2, >0

so it does not depend on p.

Proof. It is easy to verify that f = log,, satisfies the conditions of Theorem 1
in the interval (0, 00). Since F (t) = log,, (kt) — klog,, formula (3) implies that

log,, (kMiog, ) —klog, (Mg, ) = logy, (21 + ... + x)—[logy, (1) + ... + logy, (x1)],

whence, after simple calculations we get the result. |
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Remark 9. The mean B has recently appeared in [7] where it is shown that
B is the only mean that is of the beta-type, which means that it is of the form

ff(gf)';(y;) , just like the Euler Beta is of the form Fr(gf);f%’y))

4. Quasi-Cauchy difference means of exponential type

Similarly to Theorem 1 we obtain

Theorem 2. Let k € N, k > 2, and an interval I C (0,00) (or I =R), closed
under addition, be fized. Assume that f : I — (0,00) is such that function
F: I — R defined by

(5) F(x) = f (kz) = [f (2)]",

is one-to-one. Then

(i) if the range of the Cauchy difference of exponential type
k k
(6) I" 3 (21, .y 2p) — f ij — H f ()
j=1 j=1

is contained in the range of F, then the function M : I — (0,00) defined by

k k
(7) Ef (xla "'axk) = Fil f ij - H f (.’E]) )
j=1 j=1

is a well defined k-variable symmetric premean in I;

(ii) if f is continuous and either F is strictly increasing and

k k
8) Istr—f|t+ ij - H flxj) | f(t) is (strictly) increasing,
j=2

j=2
or F is strictly decreasing and the function in (8) is (strictly) decreasing, then
the function Ey given by (7) is a k-variable symmetric (strict) mean in I.

Definition 2. Under the suitable conditions of Theorem 2, the function Ey can
be referred to as the quasi-Cauchy difference mean (premean) of the exponential
type generated by f.

Remark 10. Since for every exponential function, the Cauchy difference of
exponential type is constant, no exponential function generates a premean of
that type.
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Let £k € N, £ > 2, an interval I C R, closed under addition, and let
f,9 + I — R. In connection with Theorem 2, one can ask for conditions
guaranteeing the equality M, = My, i.e. such that, for all =1, ...,z € I,

k k

k
G gDz | - Jlo@) | =F [ F{D | -] f )],

j=1 j=1 j=1 j=1
where

F(z)=f(ka) - [f@)]", G@)=gka)-[g@)", wxel
In the case k = 2, setting ¢ := G o F~1, this leads to the following open

Problem 3. Determine all functions f, g and ¢ satisfying the functional equa-
tion

e(flet+y)—f@) fy)=9@x+y) —g@)gly), =zyel

This equation is a special case of the generalized Cauchy difference equation
of the exponential type

pH(z,y)=g(@+y) —g(@)g(y),

where g, H and ¢ are the unknown functions.

4.1. Quasi-Cauchy difference means of exponential type generated
by additive functions

Using Theorem 2 with the linear functions f (x) = px we obtain

Proposition 4. Let k € N, kK > 2 be fized. For p > 0 put I = (%,oo) or

I= (O, %) For every p > 0 there is a unique continuous function &, : I* — R
satisfying the implicit equality

pké&p — (pgp)k =p(x1+ ...+ xp) — ey -,

and it is the quasi-Cauchy difference mean of exponential type generated by the
function f (x) = px.

Moreover, in the case k =2,

if [ = (I%,oo) then
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and
lim E, (z,y) =zy, x,y¢€(0,00);

p—r0oQ

if [ = (%,oo) then

AT e o).

x,y € (0,00).

and

T By (wy) = ——

4.2. Quasi-Cauchy difference means of exponential type generated
by multiplicative functions

Using Theorem 2 for power functions f (z) = 2P we obtain

Proposition 5. Let k € N, k > 2 be fived. For every p > 0 there is a unique

1 k —1
continuous function E, : (k(:—lw,oo) — (k(k?—lw,oo) satisfying the equality

(kEp)" — (E;I;)p = (@4 ..+ ap)’ = (v1 - ap)”,

and E, is the quasi-Cauchy difference mean of exponential type generated by
the multiplicative function f (x) = aP.

Moreover, if k = 2 then

1/p B
B, (,y) = (2 + @)’ — @+ + 4p1) o mye (25 00)
in particular

El(xay):1+\/(x71)(y71)7 I,yG(l,OO);

and
2zy

x+y’

EO ('ray) = })%Ep (J?,y) = xay>07

Eo (z,y) :== lim E, (z,y) = /7y, x,y > 2 = sup {2%1 ip > O} ,
p—00
and for all x,y > 2, the function

[0,00] 5 p— E, (z,y) is continuous.
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4.3. Quasi-Cauchy difference means of exponential type generated
by logarithmic functions

For the logarithmic functions f = log, we have less satisfactory

Proposition 6. For every p > 1 and k € N, k > 2, there is an interval I =
= (c(p),00) C (0,00) and a unique continuous function E, : I* — I satisfying
the implicit equality

log, (kE,) — [log, (Ep)]k =log, (v1 + ... + &) — (log, (1)) - ... - (log, (zx));

it is a quasi-Cauchy difference mean of exponential type generated by function
[ =log,.
Moreover, if k = 2 then,

1
log, By (z,y) = 3 (1 + \/1 +4 [(logp x) (logp y) —log, (v +y) +log, 2]) ,
x,y €1
and

r+y
2 b

Ex (z,y) ::plggoEp(%y): z,y €l

5. Quasi-Cauchy difference means of logarithmic type

Theorem 3. Let k € N, k > 2, and an interval I C (0,00) closed under
multiplication, be fized. Assume that f : I — R is such that F': I — R defined

by
9) F(x):=f(a") —kf(2),

is one-to-one. Then

(i) if the range Cauchy difference of the logarithmic type
k k
(10) "3 (g, ) — f | 2 | = D0 f(25)
j=1 j=1
is contained in the range of F, then the function Ly : I* — (0,00) defined by

k k
(11) Ly (@1, oar) = F 7 f [T ) =D F@) ],
j=1 j=1
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is a well defined k-variable symmetric premean in I;

(ii) if f is continuous and either F is strictly increasing and

k

k
Ist—flt| [z | ] - fO+DF)
(12) j=2 Jj=2
is (strictly) increasing,

or F is strictly decreasing and the function in (12) is (strictly) decreasing, then
the function Ly given by (11) is a k-variable strict symmetric mean in I.

Let us note the following
Remark 11. The function f satisfies condition (12) if for all x,y, z € I,
r<z= f(zy)— f(ay) < z—=.

Definition 3. Under the suitable conditions of Theorem 2, the function Ly
can be referred to as a quasi-Cauchy difference mean (premean) of logarithmic
type generated by f.

Remark 12. Since for the logarithmic functions, the Cauchy differences of
logarithmic type are constant zero, no logarithmic function generates a premean
of that type.

Let k € N, k > 2, an interval I C (0, 00), closed under multiplication, and
let f,g: I — R. In connection with Theorem 3, one can ask for conditions
guaranteeing the equality M, = My, i.e. such that, for all =, ...,z € I,

k k k k
Gy H%‘ —Zg(%‘) =F|f ij —Zf(xj) ,
where
F(x):f(xk)—k:f(:c), G(x):g(:vk)—kg(x), rzel.

In the case k = 2, setting ¢ := G o F'~1, this leads to the following

Problem 4. Determine all functions f, g and p satisfying the functional equa-
tion

o(f(xy) —f@)—fy) =gy —g(x)—9y), xyel.

This equation is a special case of the generalized Cauchy difference equation
of logarithmic type

o (H (z,y) =g (xy) —g(x) —g(y),

where g, H and ¢ are the unknown functions.
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5.1. Quasi-Cauchy difference means of logarithmic type generated
by additive functions

Taking f () = pz in Theorem 3 we obtain

Proposition 7. Let k € N, k > 2 be fized, and I = (0,1) or I = (1,00). Then
there is a unique continuous function £ : I* — I such that

k k
Ek—k:[,:Ha:j—ij, T1,., T € 1;
j=1 j=1

and it is (independent on p) the quasi-Cauchy difference mean of logarithmic
type generated by the function f (x) = px.

Moreover, in the case k = 2 :
if I =(0,1), then

E(m,y)zl— (1_x)(1_y)’ x,y€(071);
if I=(1,00), then

L(xy)=14++/(z—-1)(y—-1), =x,y€e(l,00).

5.2. Quasi-Cauchy difference means of logarithmic type generated
by exponential functions

Applying Theorem 3 to the exponential functions we obtain the following
Proposition 8. For every p > 1, there is a strict symmetric mean L, :

o0
U (1, oo)k — (1,00) satisfying the implicit equality
k=2

p(Lp)k _ kaI? — pxlﬂck _ (p331 + ... +p$k>7

that is the quasi-Cauchy difference mean of logarithmic type generated by the
€T

function f (x) = p*.

Remark 13. We do not know the effective formula of the mean L, even if
k=2, orif Ly :=1limy_,; Ly.

5.3. Quasi-Cauchy difference means of logarithmic type generated
by multiplicative functions

Applying Theorem 3 to the multiplicative function f (x) = 2P we obtain
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Proposition 9. For every p > 0 there is a strict symmetric mean L, :

oo
: U (1,00)" = (1,00) such that

k=2

(L) =k (Ly) = (w1 o)’ — (@ 4 o+ 2D, @oy ey > 1,
and it is the quasi-Cauchy difference mean of logarithmic type generated by the
power function f(x) = zP.
If k = 2 then, for all x,y > 1,

Ly = (14 V@ - -1) .
Lo(@,y) =l Ly (2,9) = VoY, Loo(x,y) = lim Ly (z,y) = max(z,y).

Remark 14. For every p < 0 the function F' is strictly increasing and the
function in condition (12) is strictly decreasing (as the partial derivative of the
respective function is negative). It follows that the function L is a premean
in (1,00), and in the case k = 2,

L) = (1-va-ma-m) "

In particular, in case k = 2, Ly is not "complementary" to £_, with respect
to the geometric mean G = Ly (see [12]).

Remark 15. In case k = 2, setting for every p > 0,

o
LP (:Eyy)7

we obtain a one-parameter family of means {£, : p € R} that is complete in
the sense of "complementariness", namely, for every p > 0 the mean L is

invariant with respect to mean-type mapping (L, £L_,) : (1,00)2 — (1,00)27
that is

L_p(z,y) = T,y > 1,

ﬁo o (Ep, E_p) = [:0.

This fact guarantees, that the sequence ( (£,,£_,)" : n € N) of iterates of the
mapping (L,,L_,) converges (uniformly on compact subsets) to the mean-
type mapping (Lo, Lo) (see [8]). The mean L£_,, for p > 0 is not a logarithmic
type Cauchy quasi-difference mean of a multiplicative generator. This is a
disadvantageous property of this extension of the family {£, : p > 0}.
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6. Quasi-Cauchy difference means of multiplicative type

Since the continuous multiplicative functions are power functions, we use
letter P to denote the respective means.

Theorem 4. Let k € N, k > 2, and an interval I C (0,00) closed under
multiplication, be fized. Assume that a function f : I — R is such that function
F: I — R defined by

(13) F(z) = f (") = [f ()]",
is one-to-one. Then

(i) if the range of the Cauchy difference of exponential type
k k
(14) Ik > ($1,...,$k)'—>f ij _Hf(a:])
j=1 j=1

is contained in the range of I, then the function Py : I* — (0,00) defined by

k k
(15) Pf (xl,...,a:k) = Fil f Hl‘j —Hf(xj) s
j=1 j=1

is a well defined k-variable symmetric premean in I;

(ii) if f is continuous and either F is strictly increasing and

k

k
(16) Ist— f tij — f (%) H f(z;) is (strictly) increasing,
j=2 j=2

or F is strictly decreasing and the function in (16) is (strictly) decreasing, then
the function Py given by (15) is a k-variable symmetric (strict) mean in I.

Let k € N, k > 2, an interval I C (0, 00), closed under multiplication, and let
fyg: I — (0,00). Similarly as in the previous section, we can ask for conditions
guaranteeing the equality M, = My, i.e. such that, for all =1, ...,z € I,

k k k k
G oIz | - TLoG) | =F £ 1Lz | - T]f@) |
j=1 j=1 j=1 j=1
where

F(e)=f(a") = [f@)]", G@)=g@*)-[g@)", azel
In the case k = 2, setting ¢ := G o F~!, this leads to the following
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Problem 5. Determine all functions f, g and p satisfying the functional equa-
tion

o(f(xy) —f@) f(y) =g(xy) —g(x)g(y), =yl

This equation is a special case of the generalized Cauchy difference equation
of multiplicative type

o (H (z,y) =g (zy) —g(x) g (y),

where g, H and ¢ are the unknown functions.

6.1. Quasi-Cauchy difference means of multiplicative type
generated by additive functions

Applying Theorem 4 to the continuous additive functions we obtain

oo
Proposition 10. The geometric mean G : |J (0,oo)k — (0,00),
k=2

G (21, .yx) = Yoy - T, X1,k € (0,00),

is a quasi-Cauchy difference mean of multiplicative type generated by linear
functions; more precisely: if p >0, p# 1, and f(x) = px for x € (0,00), then

P;=g.

Remark 16. If f(x) = x then F is zero constant function, so it is not invertible.
Thus, in the above proposition, the assumption p # 1 is essential.

6.2. Quasi-Cauchy difference means of multiplicative type
generated by exponential functions

Applying Theorem 4 to the continuous exponential functions we obtain

Proposition 11. Let p > 1 and let f(x) = p® for x € (1,00). Then there is a
[eS) k
unique multiplicative type Cauchy quasi-difference mean Py : | (kﬁ, oo) —

k=2
— (1,00) generated by f; moreover Py satisfies the following implicit equality

k
p(Pf(rl,nka)) 7pkpf($1a~~~,1k) _ px1'~~'Ik7pI1+~u+mk’ T1, ., T € (kﬁ,oo) )
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6.3. Quasi-Cauchy difference means of multiplicative type
generated by logarithmic functions

Now we apply Theorem 4 to continuous logarithmic functions.

Proposition 12. Let p > 1; let I = (p,00) or I = (1,p), and let f =

= log,. There is a unique multiplicative type Cauchy quasi-difference mean
o0

Py J I* — I generated by f in the interval I and P, := P; satisfies the

followi;zg implicit equality

k
klog, Pp (21, ...,xx) — [log, Pp (21, ..., xx)| =

=log, (z1 ... xx) — (logp wl) e (logp (ajk)) .

Moreover, in the case k = 2,
if I = (p,00), then

Py (a,y) = p V(o8 e (0, 0-1),

and
P1(z,y) = lel_}H% Pp(z,y) =exp+/(logzx) (logz), z,y>1;
if I=(1,p),
P, (,y) = p17\/(1710gp )(1-log, y)
and
Poc (@9) = Tim Py () =22, w1,
Remark 17. This proposition and the relation log, = — log% allow to formu-

late the suitable result for p € (0,1).

7. Final remark

The question when the direct Cauchy difference of additive-, exponential-,
logarithmic- or multiplicative-type of a generator g is a premean, leads, respec-
tively, to the iterative functional equation:

z; g(22) —[g (@) =
z; g (a?) —[g (@) =2,

g(2z) — 29 (z)
g (%) — 29 (2)
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solving of which requires some special methods (see M. Kuczma [9]). Contrary
to this, result (i) in each of our four theorems shows that the relevant k-variable
function is a pre-mean. Taking into account Remark 1, the author would
welcome the examples of the respectively constructed premeans which are not
increasing in each of the variable.

Acknowledgement. The author is highly indebted to the Reviewer for his
very important remarks and suggestions.
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