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Abstract. Given a positive integer n, let p1(n) = max{d | n : d < y/n}
and p2(n) = min{d | n : d > y/n} stand for the middle divisors of n.
We obtain improvements and new estimates for sums involving these two
functions.

1. Introduction

Given a positive integer n, we define the numbers p;(n) and p2(n) as
p1(n) :==max{d | n:d < +/n}
p2(n) :==min{d | n: d > /n}

and call them the middle divisors of n. It is clear that p;(n)p2(n) = n and also
that if n is not a perfect square, then pi(n) < pa(n).

In 1976, Tenenbaum [5] proved that

(1.1) Zp2<n>=7f;1fg2x (”O<1o;:c>>

n<zx
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and that, given any € > 0, there exists xg = xo(¢) such that for all z > g,

3/2

<2l i
6 g 1 1/27?
logx + = logx) (loglog x)/
where
1 + loglog 2
(1.2) §—1— T 08082 086071
log 2
More recently, Ford [1] showed that
2372
1.3 .
(13) Z pin log 7)%(log log x)3/2

n<x

Here, we provide a refinement and a generalisation of (1.1) as well as a
generalisation of (1.3), and we then use these results to obtain estimates for

Y new P2(n)/p1(n)", for every fixed real r > —1, and for > . pi(n)/p2(n),
thereby improving an earlier estimate by Roesler [4] in the case of the second
sum.

2. Main theorems
Theorem 1. Let a > 0 be a real number. Then, for each positive integer k,

sz(n)azcoﬁ+01&j+"'+ck71 xa;:l +O( xz-i )
log z log” x log" z log" ™! x

n<x

where, for t =0,1,...,k—1,

- B dl (a4 1)7(=1)7¢Y)(a +1)
with ¢ standing for the Riemann zeta function.

Theorem 2. Let a > 0 be a real number and let ¢ be as in (1.2). Then,

at2

T2
2.1 .
(2.1) Z pr(n log z)%(log log x)3/2

n<zx

Theorem 3. Given any integer k > 1 and any real number r > —1, we have

x? x? x? x?
sz 7“7 0] Ter— ek JrO(k+1>
= 0gx log” z log" x log""" x
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C(r+2)

5 and for each 1 < /¢ <k -1,

() BRI 0),

with, for each v =0,1,...,¢,

where eg =

o ~ (r+2) (=)D +2)
C”*(H_QVHZ !

Remark. Interestingly, as a consequence of Theorem 3,

_y ) Gty

S & — 00,
p1(n)” 2 logzx T ee

n<93

implying that all sums T,.(z) are of the same order, independently of the chosen
number r > —1. For instance, although it may at first appear counterintuitive,

we do have that Z p2(n) Z CAG)

n<z n<z VP

Theorem 4. With § as in (1.2), we have

> 2 pl ae :
(n) " (logz)°(loglog x)3/2

n<x

3. Preliminary results

Let m(x) stand for the number of primes not exceeding = and let

dt

We will be using the prime number theorem with an error term which
is sufficient for our purposes, namely the original one found by de la Vallée
Poussin [6] in 1899.

Proposition 1. (Prime number theorem.) There exists a positive constant C

such that
m(x) — Li(z) = O (gc exp {—C\/@}) .

2/3

Lemma 1. Assume that n < x with pa(n) > x*/®. Then, pa(n) is a prime.
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2/3 1/3

Proof. Since pa(n) > z*/°, we have that p1(n) < z Set m = pa(n).
It is clear that both pi(m) and pa(m) are divisors of n. Hence, in order to
prove that ps(n) is prime, it is sufficient to prove that ps(m) = m. Now, since
pa(m) > /m = \/p2(n) > /3 > pi(n), it follows hat p1(n) < p2(m) < pa(n),
which implies, by the definition of p;(n) and p2(n) that pa(m) = pa(n) = m,
thus proving our claim. |

The following result is not new. We include it here for the sake of com-
pleteness.

Lemma 2. Given any fized real number a > 0,

x

. o :L.a—i-l
BN SE) =S =2p - [ o ()
T 2

Proof. Using partial summation with A(z) =3 . a(n) =n(z) and ¢(t) =
=12, we have B

(3.2) S(x) =an(z) — /at“ilﬂ(t) dt.
2
Using Proposition 1, it follows from (3.2) and integration by parts that
S(z) = ar(x)—a / 11 (Lit) + O(te V%Y ) dr =

2
T T

= a%n(x) - a/t‘HLi(t) dt + O /t“e*cﬂogtdt

2 2

x

x ta 1 a+1
—/——dt +0< ‘"C >:
9 a logt eCVlogx
2

= a2%(z) —a ;Li(t)

a

a av : f 3 anrl
27 (x) — 2°Li(x) +/logtdt+0 (W) .
2

Using Proposition 1 one more time, we have that

(3.3)

27 (z) — x°Li(z) = 2°(n(x) — Li(z)) = O (e&%) ;

which substituted in (3.3) completes the proof of (3.1). |
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Lemma 3. Let a > 0 be an arbitrary real number. Then,

ao X |E - [ o ()

Vz<p<z N

Proof. We follow an approach used by Naslund [3] to estimate a similar sum.
Let B be a positive integer. Then,

-

z/B<p<z n<B-1 z/(n+l)<p<z/n
= S a(S(a/n) - Sa/(n+1)) =
n<B-1
— S(2) +5(/2) + -+ S(/(B—1)) — (B - 1)S(x/B) =
= Y (S(x/n)—~5S(x/B)).

n<B-1

Using Lemma 2 in this last estimate, we obtain, provided that B > z'/4,

: te (o/m)!
> p“{J = Y /—dt+0 S ) -
z/B<p<z p n<5o1 7y logt it oC/log(x/n)
A gotl X
= —|dt+ 0O
/logt [tJ + (eC;\/@ - na+1>
z/B =

Choosing B = |/z] allows us to write this last equation as

w9 X |- i | a0,

Va<p<w Nz

thereby completing the proof of (3.4). |

Lemma 4. Let a > 0 be an arbitrary real number. Then,

oo Tel3]- [l ero ()

¥
ta
Proof. Since the two quantities Z L J nd / dt are each of
2

P<V@ log?
smaller order than the error term appearing in (3.5), we may indeed conclude
from (3.5) that (3.6) holds. [ |
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Lemma 5. For all s > 1 and for each integer k > 1,

(W) = (<13,

n=1 n
Proof. Differentiating k times with respect to s both sides of equation
oo
1
C(s) = Z - yields the result. |
n=1

Lemma 6. Let a > 0 be an arbitrary real number. Then, for each integer
k>1,

Y ta Lx/tJ ma+1 anrl xa+1 ZL.aJrl
2 = Sl B 1o} 7
/ logt 0 log x T log® T log® z " logh+?

2

where

(a+1)7 JC(J)a+1
co=cela) = Z+1 Z ( )

Proof. We use the same technique that Naslund [2] used to estimate a similar
integral. With the change of variable ¢t = x/u, we obtain

z/2

t“ z/t U
ve(z) = le/t] J dt = 2! #du =
logt uat2? log (g)

2 1 "
x/2

patl [u] logu "

= 1— du.

logx ) wet? log x

1

logu
log x

< 1. We can therefore write that for each

Since 1 < u < x/2, we have

integer k > 1,

logu -1 logu logu et logu 4§ logu
1-— =1+ +- + 1-
log x log x log x log x log x

From this, it follows that

z/2

xa+1 k—1 1 / L J
vo(x) = log’ u du +
(z) log x ; logéx / uat? &

z/2
potl | & logu "
log" ™t u (1 - du.
+ logk_;’_lx / ua+2 og u logl‘ u
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x/2

1 -1
Since the integral / L] logkﬂu 1- oet du  converges, we have
ust? log

1
that

z/2

ratl k-1 1 \_“J P ratl
a = 1 d O —— —
Va(2) log x Z log’ / yat2z 08 WA + (logkJrl x)
=0 1

patl k—1 1 o0 LUJ , o LuJ )
T logz & loglx /u“”r2 log"u du — / uat2 log"u du | +
=0 ¢ 1 x/2
a+1
(3.7) 0 (ﬂ)
log"" " x
On the other hand, since
i lu] oo1 ¢ log?
v ¢ ogu, og' z
/ua+2log u du < / ua+1d“—0< o >,
/2 z/2

it follows from (3.7) that

xa+& k—1 ¢ < xa+1 )
Vo(z) = +0 | —/—— ),
(=) logz Zz:% loge T 1ongrl T

o0

where ¢y = / LﬁQ logz u du.
U

1
It remains to obtain explicit expressions for the constants c,. We have

e’} s+1
U = 1ogeu
ceZ/uLaj2 log* u du:Zs/ e du.

1 s=1 s

Performing integration by parts k times yields

st 4 ¢ o—i e—i
/ log U Z 0 log""s log (s+1)
uat? (¢ —)(a+ 1)t gatl (s+1)atl |’

=0

S

so that, using Lemma 5, we get
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ze: log™"s  log' (s +1)
S — =
— (=)l (a+1)F | sott (s + 1)etl
£ i log™"s  log' (s +1)
= - S —_ =
— (=) (a+ 1)+ \ satl (s + 1)atl

B ! iloghis B
(=) (a+ 1)t — sotl N

I
i[]e

~

~ I

~
(e}

~ |l

0 (=) (@ + 1)

par (£ —1i)! (a4 1)+t
o _ al ¢ (a+1)(=1)¢D(a+1
Setting j = /—i, we conclude that ¢, = (@ r 1) ;go ( P j)! Sl ),
thus completing the proof of Lemma 6. [ |

Let H(x,y,z) stand for the number of positive integers n < z having a
divisor in the interval (y, z].

Theorem A. (Ford [1], Théoreme 1(v)) Let x,y, z be real numbers all strictly
positive. If x > 100000, 100 <y <z — 1, y < /z and 2y < z < y?, then

9\ —3/2
H(z,y,2) = zu’ (log ) ,
U
where u is defined implicitly by z = y'T* and where § is the constant defined
n (1.2).
Theorem B. (Ford [1], Théoreme 2) For yo < y < /x, 2 > y+ 1 and
< A <z, we have

log10 z

A
H(%yaz)_H(x—A,ZhZ) = ;H(w,y,z)

4. Proof of Theorem 1

Using Lemma 1, we easily obtain that
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Z pa(n)* =

n<z

_ Z pa(n)° +O(za+a): Z Z 1+O(2a+s):

n<x 22/3<p<z n<z

/72(71)>:L2/‘5 pa(n)=p
- Y r T o) = 3 |t ro(e) -
z2/3<p<z mp<x 22/3<p<z p
a+$
- Yrli|- X 5] co(e ) -
p<lx p<x2/3

(41) = T -%+0(a"5),

say. From Lemma 2, we obtain that

2/3
a—1 2a+3

xr t xr 3
4.2 Yo = “l—| < a-t dt .
(42) 2= Y P {pJ_pr <<x/1ogt < Tosz

p<a2/3 p<a?/3 2

x

Hence, it follows from (4.1) and (4.2) that

(4.9 > = o | 2]+ 0 ()

n<x p<z

Finally, combining the results of Lemmas 4 and 6 in (4.3), the proof of Theo-
rem 1 is complete.

5. Proof of Theorem 2

Observe that the relation (2.1) we need to prove is equivalent to

a+2 at2
T2

(log x)° (loglogx )3/2 < Zpl logx) loglog x)3/2"

n<zx

(5.1)

We will first show the first inequality in relation (5.1). We start by observing

that if ©/2 < n < x, then n has a divisor d; satisfying @ < dy < /z if and
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only if py(n) > g It follows from this that

S = > pl(n)“><é§>a >, 1=

n<x z/2<n<x z/2<n<z
p1(n)>/7/2 p1(n)>z/2
a
NG
> |5 g >
2
z/2<n<wm
3 dy|n
d1e(VE/2,V7]

Y

() (n .95 5.7)

Using Theorem B followed by Theorem A (with A = x/2), we find that
2

T

<210g2
1’.

)

X

log x
x

5
) - (loglogz)~%/? <

X

(log )% (log log x)3/2"
Combining these last two estimates, it follows that
a+2

2
Z piln log z)? (log log z)3/2’

n<zx

thus establishing the first inequality in (5.1).

In order to prove the second inequality in (5.1), first observe that if n < x,

then it is obvious that g < pi(n) < 2;/_51 for some integer £ > 1, and
therefore that

o v \* VI T
(5.2) PTG <2k—1 H\ @ o get )

n<z k>1
Then, using Theorem A, we find that

2 (35) 13 5%) < Z065) G e <

E>1 E>1

a+2
T2

(5.3)

(log x)% (log log x)3/2"

Combining estimates (5.2) and (5.3), the second inequality in (5.1) is proved.
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6. Proof of Theorem 3

n n r+1
First observe that for each positive integer n, we have p2(n) = p2(n) .

p1(n)" n”
On the other hand, it follows from Theorem 1 that for each positive integer k,

9 k—
6.1 A(z) = et 2
(6.1 (@)= 3 palo logx;j —+
where
PR 0 2 (-1 +2)
Hax)=0 (logk'H x) and ¢ = P jgo i
Hence, using (6.1) and partial summation, we obtain
n r+1 r+1
e A R
n<x n<x 2<n<x
Aw) -1
x) — r
= 1+ o +/t’”+1 (A(t) — 1) dt =
2
A(z) [ r
- ? + O(].) + / t?”+1 A(t)dt =
2
2 k-1 2
Cy xr
- ol
log ; loge T 1ogk+1 T
k—1 x -z
t I(t)
(62) —+7r — Cy / @dt + 7"/ tr+1 dt
=0 9 2
It is easily seen that
0 [t 22
(6.3) r/ it < / logtH1 tdt < og" 1 2
2 2

Moreover, integrating by parts, we have

x

t Co_1 X2 ( x? )
Ch— dt = +0(——
! 2/ log® ¢ 2 loghz loghtt 2
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and for 0 </ < k — 2,
z k—2 i
t ¢ x? ) x? (m + 1) x?
Cg/idtzfi—‘rf — 5 — |+ O —F .
) logt*ttt 2 logtte 2 “— log 2y ”I;IZ 2 loghtt 2
Summing on ¢ from 0 to k — 1, we then obtain that
k—1 : 9 k-1

(6.4) ’I“ZC/ i dt = — Z de +0 L
: @2 1y _logx’ 7 log"t1z )’

—o log"x

Wheredoz%,andforlgﬁgkfl,

(6.5) ézlrc,, 11 V<m+1)

This is why, combining estimates (6.2), (6.3), (6.4), (6.5), we may conclude
that

pa(n 2 er 22
3 of %
Z n)r logx Z el <10g1~c+1 x)

n<m log x

2
witheozwandforlgégkfl,
—1 —1
r42 rc, m—+1
o= ()2 I

v=0 m=v

7. Proof of Theorem 4

First observe that for each positive integer n, we have ! ) = . Set

= Zpl(n)z and «a:= Z p1(n)?

n<x n<e¢
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Then, using Theorem 1 along with partial summation, we obtain that

Zﬁlgn) _ Zpl(;:)Z:O(l)—i— Z p1(:)2:

n)
n<x n<x e¢<n<x

- 0(1)+M+/ém(t>—a>dt=

ee

= @+O(1)+/%dtx

x

X

x dt
(log )% (log log x)3/2 * / (logt)d(loglogt)3/2"

ee

Since
T

dt x
/ (logt)9(log log t)3/2 < (log )% (log log x)3/2’

ee

the proof of Theorem 4 is complete.
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