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Abstract. We prove that if G is an additively written Abelian topological
group with the translation invariant metric p and

10293 T p(¥(n +nl)750(n)) S0 (2= 0),

n<z
where 1, o : N — G are completely additive functions, then p(n) = ¥(n)
(Vn € N), and the extension ¢ : R, — G is a continuous homomorphism,
where R, is the multiplicative group of positive real numbers.
We also prove that if

1 V2n)), o(n) + A
logxzp(w([ 1) p(n) +A)

n

=0 (z— 00),

n<z

then ¢(n) = ¥(n) (vVn € N), and the extension ¢ = ¢ : R, — G is a
continuous homomorphism, with ¥(v/2) = A.

1. Notation

We shall use the following standard notation: N = natural numbers,
Q. = multiplicative group of positive rationals, Q = additive group of ra-
tionals, R = field of real numbers, R, multiplicative group of positive real
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numbers, C = field of complex numbers, T = one dimensional circle group
(torus). Let us consider them in the usual topology.

Let G be an Abelian group. A mapping ¢ : N — G is completely additive,
if
¢(nm) = ¢(n) + ¢(m) (Vn,m € N).
Let A% be the set of completely additive functions.

If G is considered as a multiplicative (commutative) group, then the map-
ping V : N — G satisfying the relation

V(nm) =V (n)V(m) (¥n,meN)

is called a completely multiplicative function. MY, denotes the set of these
functions.

We can extend the domain of ¢ and V' to Q, by the relations

m

o) =¢m) =) and V(Z) =V(m)(V(n) ™

n

uniquely.

Furthermore, the relations

p(rs) = ¢(r) +¢(s) (vr;s € Qa)

and
V(rs)=V(r)V(s) (Vr,se€Q,)

hold.
2. Preliminary results

Let M. be the set of those completely multiplicative functions for which
fN—=T.

Lemma 1. (8], [9]) If f € Ms, Af(n) = f(n+1)—f(n) - 0 (n — o0), then
f(n) =n'"", (1 € R) for every n € N.

Lemma 2. ([6], [7]) If f € M% and either

éZ|Af(n)|—>0 as T — 0o

n<x
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or

L Z‘Af(n)l—ﬂ) as T — 00,
log x n

n<z

then f(n) =n'7, (1 € R) for every n € N.

From the result of [4], we have

Lemma 3. If f,g € M7 and either

%Z\g(n—l—l)—f(n)|—>0 as T — 00

n<x

or

1 lg(n+1) — f(n)]
log Z

n

—0 as x — oo,

n<zx

then f(n) = g(n) =n'7, (r €R) for everyn € N.

Lemma 4. ([5]) If f,g € M5 and either

1 Von)) — Af(n
Zlg([ ]) — Af(n)]

log z n
g n<z

—0 as z—

then f(n) = g(n) = n'7, (r € R) for every n € N, furthermore A = g(\V2) =
=27,

Let now G be an Abelian topological group, ¢ : Q, — G be a homomor-
phism. We shall say that ¢ is continuous at the point 1, if r, € Q,, r, — 1
implies that

o(r,) — 0.

Let R, be the multiplicative group of positive real numbers.

Lemma 5. ([1], [2]) Let G be an additively written closed Abelian topological
group, ¢ : Q — G be a homomorphism that is continuous at the point 1.
Then its domain can be extended to R, by the relation

o(a):= lim o(r,).

Ty —a
v €Qx

uniquely. The so obtained ¢ : R, — G is a continuous homomorphism, conse-
quently
plaB) = p(a) +¢(B) Vo,B € R
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Lemma 6. ([3]) Let G be an additively written Abelian topological group with
the translation invariant metric p. Let ¢ € Ag such that

1 ple(n +1),¢(n))
logxz =0 (z— ).

n
n<z

Then the extension ¢ : R, — G is a continuous homomorphism.
3. The theorems

Theorem 1. Let G be an additively written Abelian topological group with the
translation invariant metric p. Let ¢, ¢ € Ag such that

=0 (z— o).

(3.1) 10;95 T p(¥(n+1),0(n))

n
n<x

Then p(n) = ¥(n) (n € N), and the extension ¢ : R, — G is a continuous
homomorphism.

Theorem 2. Let G be as in Theorem 1. Assume that ¢, € AL and

=0 (z— o00).

1 \/in, n)+ A
logxzp(w([ ]):p(n) +A)

n
n<x

Then p(n) = ¥(n) (n € N), and the extension ¢ : R, — G is a continuous
homomorphism. Furthermore A = 1(v/2).

Proof of Theorem 1. It is easy consequence of Lemma 3 and Lemma 6.
Let x : G — T be any continuous character. Let

U(n) = x(¢(n)) and  V(n) =x(e(n)).
Since x is a continuous character, we have
U(n+1) = V(n)| < Cp(¥(n+1),¢(n)),

and so, by (3.1)

1 |U(n+1) —V(n)|)
logxz " =0 (z— o),

n<lz
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which with Lemma 3 implies that U(n) = V(n), and so x(¢(n)) = x(¢(n))
holds for every continuous character. Thus ¢(n) = ¢(n) (Vn € N). Lemma 6
implies the theorem. |

Proof of Theorem 2. Let x,%, ¢, U be as above. Then

U([V2n]) = x(A)V (n)| < Cp(s([V2n]), p(n) + A),

and so

1 U([v2n]) = v(A)V(n
Z|([ ) = x(A)V(n)|

log n
g n<lx

— 0.

From Lemma 4 we obtain that

Uln) =V(n) =n" and x(4) = U(V2) = (V).

Repeating the argument used in [3] our theorem follows. [ |
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