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Abstract. The inversive congruential method for generating uniform pseu-
dorandom numbers is a particulary attractive alternative to linear congru-
ential generators, which show many undesirable regularities. Exponential
sums on inversive congruential pseudorandom numbers are estimates.

1. Introduction

The character of equidistribution the sequence of pseudorandom num-
bers (abbreviate, PRN’s) is defined by the discrepancy of this sequence. Usu-
ally the bound of discrepancy for the sequence of PRN’s, that is generated by
the congruential generator, is estimated by using the Turan—Erdés—Koksma in-
equality, the core of which is the exponential sum with elements of this sequence
in exponent.

In the works of R.G. Stoneham [5] and H. Niederreiter [2]-[4] a certain
exponential sums are investigated which are intimately connected with the
linear congruential PRN’s produced by the linear congruential recursion

Ynt1 = ayn +b (mod M), n=0,1,2,..., (0<y; < M),

where a,b, M,yo € Z,a > 1, M > 1, b,yo > 0.
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H. Niederreiter [4] proved the following assertion

Theorem. Let h € Z, (h,M) =1, (a,M) = 1, and assume that a belongs to
the exponent £ modulo M. Then, for 1 < N <71

e —_— —logT+ -
= J4 7Tg 4)’

where T is the least period length of the sequence {yn}.

The well-known deficiencies of the linear congruential sequences of PRN’s,
such as the relatively coarse lattice structure of these sequences, and as con-
sequence a predictability of elements of the linear congruential generators of
PRN’s.

Let f(x) be an integral-value function and let {y,,} be a sequence produced
by the congruential recursion

Ynt1 = fyn) (mod M)

with initial value yg.

Consider the sequence {z,}, z, = yMn, n =0,1,.... This sequence calls the

sequence of PRN’s if it is an equidistribution on [0, 1), statistical independence
and has ”a large” period length.

In 1986 Eichenauer and Lehn [1] and then Niederreiter [2] have studied a
recursive sequence generated by the recursive relation

ay; ' +b (mod p), if (yn,p) =1
Yn+1 =

) =
b (mod b), ify, =0 (mod p)

with some coefficients a € Zy, b € Zy, (yo,p) = 1, y,, Iis a multiplicative inverse
for y,, modulo p.

Such generator of PRN’s calls the inversive generator modulo p. For the
case M = p™, m > 1, we also can consider similar generator if only for all
n =0,1,2,... the values y, satisfy the condition (y,,p) = 1. This condition
holds if (a,p) =1, b =0 (mod p).

In the sequel we shall always assume also without of explicit mention that
this condition accomplishes.

In the present paper we study some exponential sums over the sequence of
inversive congruential PRN’s {y,,} produced by one congruence

(D Y1 =ay,' +b(n) (mod p™),
(D) yn1 = ay, 1ynt +b(n)  (mod p™),
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where b(n) = b+ cin + p*F(n), b = p*by, vo > 0, (bo,p) = 1, c1 = cyo,
vp(e) = po > vo (for (I)), and ¢; = ¢ (for (I1)); (a,p) = (yo,p) = (y1,p) = 1,
> max (vg, to), F(n) € Z[n].

The generator of PRN’s (I) (respectively, (IT)) calls the inversive generator
with a variable shift (respectively, the inversive generator of second order with
a variable shift).

The aim of this paper to obtain non-trivial bounds for the exponential sums
of type

N-1 i
Séj)(h;N) = Z 62’”'%", j=1,2; ¢=11I
n=0
yn€(£)
N—1 .
opiynthoy, -
Ky(hy,ha; N) = e o (=1, IL
n=0
Yn (Z)

Here we note that the subscription y, € (¢) implies the satisfaction of y,
to recursion (¢) (¢ =T or II).

Notations. The letter p denotes a prime number, p > 5. For m € N, the
notation Zp; (respectively, Z3,) denotes the complete (respectively, reduced)
system of residue modulo M. We write ged(a,b) = (a,b) for the greatest
common divisor of a and b. For z € Z, (z,p) = 1, let 2~! be the multiplicative

inverse modulo p™. Through v, (A) we denote the p-adic valuation of |A| € Z~,

throughout the sequel, for brevity, we write e,(n) = e¥™% for integer n.

2. Auxiliary results

Now we consider some lemmas which will be necessary furthermore.

Lemma 1 (see, [7]). Let {y,} be the sequence produced by recursion (1) under

its conditions. Then for k > % + 1 the following representations modulo p™

AP + APy + - A !
By +BMyy+ -+ BMyp
P+ Py + -+ Py

DS + DMyy + -+ DIyt

Yok =

Y2k+1 =

hold.
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Moreover, we have

AY = aD® 4 b0 1 F(2k + 2)08")

J J -
AR = po).
B =™ j=01,.. 1
Cj(k+1) —u j(k+l) + bA§k+1) + F(2k + 3)A§k+1), j=0,1,...,r—1;
Ck+1) = pAGk+D), Dj(_kr+1) — A;_kﬂ)’ i=0,1,.

F(u) = c(u + p"Fo(u)), ¢ =cryg "

ij=0,1,...,7r—1;

=1

Corollary. For all k > 2 we have modulo p¥

kb + (1 4ot BEED b2 g4 1)0) Yo

(1+k(k+1) -1 b2) + ka=1b%yo + (2k — Dab—1ley?

Y2k =

ab g BEED Gk g2 4 (k4 1)abb%yo + (2K + 1)a’“cy3)

Yok+1 =
kakb + (ak 4 BED k=152 1 gk 4 k(K + 1)0) Yo

Lemma 2 (see, [6]). Let y, be produced by inversive generator of type (II).
Then the following representations

ak + 12 7/«(12—1) Yo + (ak_lbk + ak_lcq)l(k)) You1

Ysk—1 = ’
(@ ak—1p2 4 ak—1c¢)2(k)> + (k — 1)ak=1byo + aF—1yoy,
kakb + a¥yo + (@ a2 + ak_lc@s(k)) Yoy1

Y3k = = ’
ak + w abF=10%yo + (ka*—1b + akF—1e®q (k) yoyr
(@ a*v? + akcdq(k + 1)) + kabyo — a*yoyn

Y3k+1 = )
ka*b + akyg + (@ ak—1p2 4+ ak_lC‘I’:s(k)) Yoy1

hold, where

O (k) =Fo+ F5+ -+ Faj_1,
Oy(k) = Fy+ Fr + - + Faj_o,
Fj:j+p”1F1(j), Fl(n)GZ[nL /1121.
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Lemma 3 (see, [6], Lemma 2). Let hy, ho, k, £ be positive integers and let
vp(h1+ha) = a, vp(hik+het) = 8, 6 = min («, 8). Then for every j = 2,3, ...
we have

vp(hik? ™t 4 hot? 1) > 6.
Moreover, for every polynomial G(u) = Aju + Asu? + p'G1(u) € Z[u] we have
hiG(k) + haG(f) = Ay (hik + hol) + Ag(hik® + hot?) + p™**Ga(k, 0),
where s > min (vp(h1 + ha), vp(hik + hot)), hi, ha, k.l € Z, Go(u,v) € Z[u,v].

Lemma 4 (see, [6], Lemma 3). Let p > 2 be a prime number, m > 2 be a
positive integer, mgo = [%}, f(x), g(x), h(z) be polynomials over Z

f(x) = Ajz + Aga® + -+
o(2) = By -+ Bor? 4o,
h(z) = Cpz + Copqa™ 4, £ 21,

and moreover,

k:)\2<>\3§...7 0:/,L1<,LL2<,LL3§"',
vp(Ce) =0, v,(Cy) >0, j >£¢+1.

Then the following bounds occur

2% if wp(Ay) >k,
0 if vp(A) <k

Y emlh(z)

ZEZ;m

1 if =1,
- f

0 if £>1,
where I(p™~"™°) is a number of solutions of the congruence

y- S =gy (mod p" M), Y € Ly
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3. Main results

For the sequence type (I) by Lemma 1 we have

Lemma 5. Let {y,} be the sequence produced by recursion (I) under its con-
ditions. Then for k > 2 there are valid the following representations modulo p”

Yo = yo (1 — a’lyS) +k(b(1- 0719(2)) + (2a)"'0%y0 + cyo) +
+ k2 (—a71y0 (1 — ailyg) b + ailcyg) = FEo + Bk + Eok?;

Yort1 = (ayg ' +b+cyo) +k (b (1 —ayy?) +b° + 2cy0) +

1
+ k2 < (1 — ayO_Q) b — 5(4 —a HbPyyt — ac) = Fy + Fik + Fok?;

From here the following assertion follows immediately:

Corollary. The period length T of the sequence {y,} is equal to 2p™ "0 if a is
a quadratic non-residue modulo p. And hence, the maximal period length takes
out for v,(b) = vy = 1.

For the sequence type (II) by Lemma 2 we have

Lemma 6. Let {y,} be the sequence produced by recursion (II) under its con-
ditions. Then for k > 2 the following representations modulo p”

Ysk—1 = ayy yy + (k—1)b ((—ayo_zyfl +1)— %byfl (ayo *yr ' — 1)) +
+ (k- 1)262%%_1 (=1+a "yoyi)
yak = (yo +a bygyr + b2 yayi + a0 yoyr) +
+k <b +a " 'D?yoyr — %a‘leyg—
—a"'bydyr — 207yt — ;albzyo@u) -

_ 1 _ 1
+ k2 (—a "DPyoyr — 3¢ L2y2 + b2 ysyi + 50 1b2y0y1> ,

1 _ _ _
Yskr1 = (y1 —a”'b%y;) + kb (21) (yo ' —a'yi) +1—yg 12/1) +
1 _ _
+ k2b2§ (—yo ' +a b))

hold.
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Corollary. If at least one of the congruences
a=yjyr (mod p°), a=yoy; (mod p")

is violated then the sequence (I1I) has a period length T equal to 3p™~"°. If a
is a cubic non-residue modulo p and y = yo (mod p”) we have the same period
length. And hence, the mazimal period length takes out for v,(b) = vy = 1.

Now, from representations {y,} obtained above for the sequences (I) and
(IT) we infer (by Lemma 4)

Theorem 1. Let {y,} be the sequence of PRN’s produced by recursion ({),
¢ =1, II, where a is a quadratic non-residue modulo p. Then

N-1
h m+,

SNy = 3 ™ «p™ ez, (ip)=1, (hp) =1
n=0
yne(e)
hold.

Theorem 2. Let hy, hy be arbitrary integers with s = vp(ged(ha, he,p™)),
s < m—vy. Then for the sequence {y,} produced by recursion (£), £ =1, 11
and with a mazximal period length T = 3p™ % we have

N-1 _1
2 hlyn+52yn m+20+5

Ky(h1,ho; N) = Z € P <p

n=0
Yn €(£)

To prove the estimates for above sums it is enough to split the summation
over n for two parts n =0 (mod 2) and n = 1 (mod 2) for £ = I and, respec-
tively, for three parts n = —1 (mod 3), n =0 (mod 3) and n =1 (mod 3) for
¢ =1I, and then apply Lemma 4.

Finally note that the more complicated sums over the sequences of PRN’s
of type (I) and (II) may be investigated.
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