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Abstract. In this paper, we discuss the uniqueness problem for differential
polynomials (P™ (f))““), Q" (g))(’“)7 sharing the same value, where P, @ are
polynomials of Fermat-Waring type, f and g are meromorphic functions
on a non-Archimedean field.

1. Introduction

Let K be an algebraically closed field of characteristic zero, complete for
a non-Archimedean absolute value. We denote by A(K) the ring of entire
functions in K, by M(K) the field of meromorphic functions, i.e., the field of
fractions of A(K), and K=KU {o0}. We assume that the reader is familiar
with the notations in the non-Archimedean Nevanlinna theory (see [18 ]). Let
f be a non-constant meromorphic function on K. For every a € K, define the
function vi: K— Nby

Velz . . e
m if f(z) = a with multiplicity m,
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and set V3% = u(%). For f € M(K) and S C KU {c0}, we define

E;(S) = (J{(zv}(2) : 2 €K}

a€sS

Let F be a nonempty subset of M(K). Two functions f,g of F are said to
share S, counting multiplicity, if Ef(S) = E4(S). Let a set S C KU {oo}
and f and g be two non-constant meromorphic (entire) functions. If E¢(S) =
= E,4(S) implies f = g for any two non-constant meromorphic (entire) functions
f,g, then S is called a unique range set for meromorphic(entire) functions or,
in brief, URSM(URSE). Several interesting results on URSE and URSM
for non-Archimedean entire and meromorphic functions have been obtained
(see[6], [13], [17] and [18]). The smallest unique range set for meromorphic
functions has 10 elements and was given by Hu and Yang [17]. Recently, many
results were obtained also for differential polynomials, for example, of the form
(f™)*) (Khoai, An, and Lai [12]; An, Hoa, and Khoai [3]), and of the form
(HOP'(f), (Boussaf, Escassut and Ojeda [5]). In [12] Khoai, An, and Lai
proved the following result.

Theorem A. Let f(z) and g(z) be two non-constant meromorphic functions
on K, and let n, k be two positive integers with n > 3k+8. If (f")*) and (g™)*)
share 1 CM, then f(z) =tg(z) for a constant t such that t" = 1.

In [22] Yang posed the problem: is it true that the equality f=1(S) = g=*(S)
with S = {—1,1} for polynomials of the same degree f,g implies that either
f=gor f=—g 7 This problem was solved in [19] and [20].

In this paper, instead of functions f and g we consider differential operators
of the form (P"(f))®),(Q"(g))*), sharing the same value, where P, Q are
polynomials of Fermat-Waring type. Then we establish an uniqueness theorem
for non-Archimedean meromorphic functions and their differential polynomials.

Concerning the mentioned above problem of Yang, and related topics (see,
for example [20]), we consider the following problem. Let S,T be the zero
sets of polynomials P(z), Q(z), respectively, then how we can say about the
relations of f, g, if E¢(S) = E4(T)?.

Now let us describe main results of the paper.

Let d,m,n, k € N* and aq, b1, ¢, a2,b2 € K; ay,b1,c,as,by # 0.

We will let

(1.1) P(2) = 2"+ a1 2™ + by, Q(2) = 2% + agz®™™ + by,

be polynomials of degree d of Fermat—Waring type in K[z] without multiple
zeros. We shall prove the following theorems.
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Theorem 1. Let f,g be two non-constant meromorphic functions on K and
let P(z), Q(z) be defined in (1.1). Assume that n > 3k +5, d > 2m + 8 and
either m > 3 or (d,m) = 1 and m > 2. If (P™(f))® and (Q"(g))* share
b
1 CM, then g = hf for a constant h such that h® = b—z, ht =1, hm = a2
1 ax
Theorem 2. Let f,g be two non-constant meromorphic functions on K and
let P(z), Q(z) be defined in (1.1). Assume that d > 2m + 8 and either m > 3
or (d,m) =1 and m > 2. If P(f) and Q(g) share 0 CM, then g = hf for a
as

b
constant h such that h® = —2, hm = —.
b1 a1

As immediate consequences of Theorem 2, we have

Corollary 3. Let S,T be the zero sets of the above polynomials P(z),Q(2),

respectively, and let f,g be two non-constant meromorphic functions on K.

Assume that d > 2m + 8 and either m > 3 or (d,m) = 1 and m > 2. If
b

E;(S) = Ey(T), then g = hf for a constant h such that h® = b—z, pm =22
1 a

Corollary 4. Let S be the zero sets of the polynomial P(z), and et f,g be
two non-constant meromorphic functions on K. Assume that d > 2m + 8 and
(d,m) =1 and m > 2. If E¢(S) = E4(S), then f = g.

2. Lemmas

We assume that the reader is familiar with the notations in the non-Archime-
dean Nevanlinna theory (see [4], [8], [9] and [18]).

We first need the following Lemmas.

Lemma 2.1. ([18]) Let f be a non-constant meromorphic function on K and
let aq, a2, ..., aq, be distinct points of KU {oo}. Then

(4= DT () < 3 Nl =) = log+ O(1)

Lemma 2.2. ([18]) Let f be a non-constant meromorphic function on K and
let a1, a9, ..., aq, be distinct points of KU {oo}. Suppose either f — a; has no
zeros, or [ — a; has zeros, in which case all the zeros of the functions f — a;
have multiplicity at least m;,i =1,...,q. Then

Eq:(l_,;,) < 2.

=1
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Lemma 2.3. ([12]) Let f and g be non-constant meromorphic functions on K.
If E¢(1) = E4(1), then one of the following three cases holds:

1. T(r, f) < Na(r, f) + No(r, %) + Na(r, g) + Na(r, ;) —logr + O(1), and
the same inequality holds for T(r,g);

2. fg=1

3. f=g.

Lemma 2.4. ([12]) Let f be a non-constant meromorphic function on K and
n, k be positive integers, n > k and a be a pole of f. Then

L(fm® = (Z_i%, where p = v (a), px(a) # 0.
2. (fcn)k = (z—a];P’Hk’ where p = v;°(a), hi(a) # 0.

Lemma 2.5. Let f, (f)**) be non-constant meromorphic functions on K and
k be a positive integer. Then

T(r,(f)®) < (k+ D)T(r, f) + O(1).

Proof. By Lemma 2.4, and noting that m(r,

T(r, (f)*) = m(r,(H)) + N(r,(H)V) <
m(r, f) + N(r, f) + kN1(r, /) + O(1) <
T(r, f) + KT(r, f) + O(1) = (k+ D)T(r, f) + O(1).

I/\ \/\

Lemma 2.5 is proved. |

Lemma 2.6. ([12]) Let f be a non-constant meromorphic function on K and
n, k be positive integers, n > k + 1. Then

T(r.f) <T(r, 1)) +0(1),
in particular, (f*)*) is not a constant.

Lemma 2.7. ([12]) Let f be a non-constant meromorphic function on K and
n, k be positive integers, n > 2k. Then

L (1= )T (r )+ KN )+ N o) < T (7)) + 01
fnfkr
2. N(r, (fnl)(k)) < KT(r, f) + ENi(r, f) + O(1).

fnfkr
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Lemma 2.8. Let f be a non-constant meromorphic function on K and n,k be
positive integers, n > 2k, and let P(z) be a polynomial of degree d > 0. Then

L. (n=2k)dT (1, f)+kN (r, P+ (r, —————) < T(r, (P(F))") )+

+0(1) < (k+ 1)ndT'(r, f) + O(1).

2. N(r, G (f)) ) 7)) S kdT(r, f) + kNu(r, P(f)) + O(1)
(P~

=kdT'(r, f) + k:Nl( f)+01) <k(d+1)T(r, f)+O(1).

Proof. 1. Set A = ((P(f))")*),C = P(f). Then T(r,C) = T(r, P(f)) =

=dT(r,f) +OQ), T(r, P*(f)) = ndT(r, f) + O(1). Therefore, C,C™ are not

constants. By Lemma 2.6 we see that A = (C™)(*) is not a constant. On the

other hand, by Lemma 2.7 and Lemma 2.5 we get

) < T(r, A)+O(1) < (k1T (r, C™)+O(1),

Ccn—k

(n—2k)T(r,C)+EkN (r,C)+N (r,

i.e.

(n = 2k)dT(r, ) + kN (r, P(f)) + N(r,

<T(r, (P(f)M™) +0(1) < (k+ 1)ndT(r, f) + O(1).

2. By Lemma 2.7 we have

N(r, ——) < kT(r,C) + kN1 (r,C) + O(1).

Ccn—k

On the other hand,
T(r,C)=dT(r,f) +O(),Ni(r,C) = Ni(r, f) < N(r, f) <T(r, f) + O(1).
Therefore,
N(r, W) < kdT'(r, f) + kN1(r, P(f)) + O(1) =
P+
=kdT(r, f) + kN1(r, f) + O(1) < k(d+ 1)T'(r, f) + O(1).

Lemma 2.8 is proved. [
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Lemma 2.9. Letd > 2m+3 and eitherm > 3 or (d,m) =1 andm > 2, ¢ # 0,
and let P(z),Q(z) be defined by (1). Assume that the equation P(f) = cQ(g)

has a non-constant meromorphic solution (f,g). Then g = hf for a constant
1 b

h such that h¢ = = = 22 pm — 92
C b1 a1

Proof. Since P(f) = Q(g) we get

FEtarfi=m 4+ by = c(gh + aag®™™ + by), dT(r, f) + O(1) = dT(r, g),

(2.1) T(r, f) + O(1) = T(r, g).
Equation (2.1) can be rewritten as
fi+ fo=cby — by, where fi = (™ + a1), fo = —cg? (g™ + as).

If ¢by — by # 0, then by Lemma 2.1, we have

T(Tafl) < Nl(rafl) +N1(7”>%) JFNl(T,m *IOgTJrO(l),
AT (1, £) < N )+ Nalr, 5) + Mo ) + N )

+N1(Ta

—logr + O(1),
) ~logr+0(1)
dT(r, f) < (2m+3)T(r, f) —logr + O(1), (d —2m = 3)T(r, f) <
< —logr+0O(1),
which contradicts to d > 2m + 3. Hence cby — by = 0. Thus, (2.1) becomes
(2.2) fE+aifi=m = cg? + caggd™™.
g
f
fm(chd _ 1) _ —(Caghd_m _ al)’ fm(hd _ a) _ _a2(hd—m _ 5)7

,anda:%;«éo;ﬁ:a—l;ﬁ& Then we obtain

caz

For simplicity, set h =

hd—m _ B

(23) fm = —asg 7 — o

Assume that h is not a constant. Consider the following possible cases:

Case 1. m > 2, (m,d) =1.If hY —a and h%~™ — 3 have no common zeros,
then all zeros of h¢ — « have multipcities > m. Then

1 1 1
Nl(ﬁm) < —N(r, m)-

m
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By Lemma 2.1 we obtain

1
T(thd) < Nl(rvhd) +N1(Tv ﬁ) +N1(7’,

dT(r, h) < 2T(r,h) + %N(r, ﬁ) “logr 4+ O(1) <
< (24 %)T(r, h) —logr 4+ O(1),

1
m) — 10g7’ + O(].),

(d—2-— %)T(r, h) < —logr + O(1),

which leads to d(m — 1) < 2m, a contradiction to the condition d > 2m + 3.
If h¥ — o and %™ — 3 have common zeros, then there exists zy such that
h¥(z0) = a, h¥™(z9) = . From (2.3) we get

h h

m d d—m
af —1)=—-Bas((—— —1).
Since (m,d) = 1, the equations 2 — 1 = 0 and 2¢~™ — 1 = 0 have different
roots, except for z = 1. Let r;,i = 1,...,2d — m — 2, be all the roots of them.
Then all zeros of % — r; have multipcities > m. Therefore, by Lemma 2.2

we obtain
1
(1-=)(2d—m—2) <2, 2d(m—1)<m®+3m-2,
m

which contradicts d > 2m + 3, m > 2. Thus, h is a constant.

Case 2. m > 3. Note that equation 2% — o = 0 has d simple zeros, equation

z%=™m — 3 = 0 has d — m simple zeros. Then 2% —a =0, z4~™ — 3 = 0 have at
most d —m common simple zeros. Therefore, the equation z? — o = 0 has at
least m distinct roots, which are not roots of 24~ — 8 = 0. Let 71,79, ..., 7 be
all these roots. Then all zeros of h — rj;,j = 1,...,m, have multiplicities > m.
By Lemma 2.2 we have m(1 — =) < 2. Therefore, m < 3. From m > 3, we

obtain a contradiction. Thus h is a constant. [ |
3. Proof of main resutls

3.1. Proof of Theorem 1. We have
P(f)=(f—e1) - (f—ea), s €K, e; #0,
N =( ) e (f —ed)”,
Q(g) = (9 —k1)-..(9 — ka), ki €K, ki #0,
)" = )
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Set
A= ((P(f)MP, B=(Q)™™, C=P(f),
A B
Then

C=(f-e) - (f—ea), D=(g9—ki)--(9—ka),
A= (Cn)(k) _ Fcnfk’ B = (Dn)(k) QDn k

Applying Lemma 2.3 to (C™)*) (D™)*) we have one of the following pos-
sibilities:

Case 1.

1 1
T(T7 A) < NQ(T7 A) + NQ(T7 7) + NQ(TvB) + N2(T’ E) - IOgT’ + O(l)a

A

1 1
T(r,B) < Ny(r, A) + Na(r, Z) + Ny(r, B) + Ny(r, E) —logr+ O(1).

We see that, if a is a pole of A, then C(a) = co with vP(a) > n+k > 2.
Therefore,

Ni(r,C) = Ni(r, (f —e1)-.(f —eq)) = Na(r, f) <T(r, f) + O(1),

Zm —) < AT 1)+ O(),

2(7‘, A) = 2]\71(7‘7 C) < 2T(7“ f) + 0(1)7

No(r, ) < Nolr, zp) + N(r, ) = 21 (r, ) + N(r, ) <
< 2T(r, )+ N(r, 1) < 2T (r, ) + kNa(r, O}
FRAT(r, f) + O(1) = d(k + 2)T(r, f) + kN1 (r,C) + O(1).
Similarly,

NQ(T’ B) S 2T(Ta g) + 0(1)7

1 1
Combining the above inequalities, we get

T(r, A) < (242d+kd)T(r, )+(2-42d)T(r, g)+kNy (r, C)-+ N (r, %)—log r4O(1),
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T(r,B) < (2+42d+kd)T (r, g)+(2+42d)T (v, f)+EN:1(r, D)+N (r, %)flog r+0(1).
T(r,A) +T(r,B) < (4+4d + kd)(T(r, f) + T(r,9)) + kN1(r,C)+

1 1
+N( )+kN1(r,D)+N(T,F)—2logr+0(l).

7’76

By Lemma 2.8 we obtain

(n— 20)dT(r, f) + EN(r, C) + N(r, %) < T(r, A) + 0(1),

(n —2k)dT(r,g) + kN(r,D) + N(r, %) <T(r,B)+ O(1).
Thus,

(n — W)A(T(r, £) + T(r, )) + kN(r, C) + N(r, 1) + kN(r, D) + N(r, 5) <

Ql =

<T(r,A)+T(r,B)+ 0(1),

(n— 2)d(T(r, f) + T(r, g)) + EN(r, C) + N(r, %) + EN(r, D) + N(r, =) <

Ql =

<(@A+4d+kd)(T(r,f)+T(r,g)) + kN1(r,C) + N(r, %)—i—

+kN1(r,D) + N(r, %) —2logr + O(1).
Therefore,
(n=2k)d(T(r,f)+T(r,9) < (4+4d+kd)(T(r, f)+T(r,g)) —2logr+ O(1),

((n—2k)d—4—4d—kd)(T(r, f) +T(r,g)) < —2logr + O(1).

Since n > 3k +5 > 2k + %ﬁkd, we obtain a contradiction.

Case 2. (P(f)™)™ ((Q(g))™)® = 1. Then we have
C=P(f)=(f—e)(f —ea),(C")® = C"*F.D = Q(g).
Therefore
(f—e)" ™" (f —ea)" " F(DM)W = (C")P(DM)P =1,

Because n > 3k + 5 we see that, if zy is a zero of f — e; with 1 < ¢ < d, then
2o is a zero of C, and therefore, z is a zero of (C™)*), and then z, is a pole
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of (D™)*) and v D")(k)( 0) = (n — k)v§ (20). Thus, 20 is a pole of g, and by
Lemma 2.4 we get

Vipmy (20) = ndvy™(20) + k = nd + k.

So v§i(z0) = dyg:_(ZOHk > ’;flfkk,i = 1,2,...,d. Applying Lemma 2.2, we
obtain:
d n—=~k
1——)<2.
Z( nd + k)

Il
_

— o«

From this we have n(d? — 3d
d>12.

Case 3. ((P(f))")® = ((Q(g))")®. Then (P(f))" — s = (Q(g))", where s is
a polynomial of degree < k. We prove s = 0. If it is not the case, then

(PUY" | lg—F)" (g ka)"

(9= k)" (g—ka)" , | _ (f=e)"(f—ea)

Set H = %n, G = DTn. Since f, g are not constants, and so are C, D,C™ D™ H, G.
Applying Lemma 2.1 to H with values oo, 0,1, we get

< 2k(1—d), and so we obtain a contradiction to

)

1
r,—) 4+ Ni(r

T(r H) < Ni(r H) + Nalr 7

)~ logr £ O(1).
On the other hand,

T(r,C") =nT(r,C)+001) < T(r,H)+T(r,s) <T(r,H)+ (k—1)logr+0(1),
nT(r,C)—(k—1)logr < T(r, H)+O(1), ndT(r, f)—(k—1)logr < T(r, H)+O(1).

Ni(r, H) < Ni(r, ")+, ) < Nalr, ) +(k=1) og r < T(r, f)+(k—1)logr,

Nifr, ) < N, ) = Nalr, ) < T(,0) + O(1) = dT(r, /) +0(1),
Ni(r, ) = Nalr, ) < Ni(r, 352) = Na(r, 35) < T, D)+0(1) = dT(r, )

+0(1),ndT(r, f)—(k—1)logr < T(r, f)+(k—1)logr+d(T(r, /)+T(r,g9))+O(1).
From this, and noting that logr < T'(r, f), we get

(nd =2(k = 1))T(r, f) <T(r, f) + d(T(r, f) + T(r, 9)) + O(1).
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Applying Lemma 2.1 to G with values oo, 0, —1, and noting that logr < T'(r, g)
we obtain

T(r,G) < Ni(r, @) + N (r, é) + Ny (r, %ﬂ
ndT (r,g)—(k—1)logr < T(r,g)+(k—1)logr+d(T(r, f)+T(r,g))—logr+O(1),
(nd —2(k—=1)T(r,g) <T(r,g)+d(T(r,f)+T(r,g)) — logr + O(1).

So

) —logr + O(1),

(nd = 2(k = D))(T(r, f) + T(r,9)) <T(r, f) +T(r,g) +2d(T(r, f) + T(r, 9)) =
—2logr + O(1),
(nd —2d =2k + 1))(T(r, f) + T(r,g)) + 2logr < O(1).

We obtain a contradiction to n > 3k +5 > % . So s = 0. Then
(P(f)™ = (Q(g))™. Therefore, P(f) = ¢Q(g),c™ = 1. From this and by
Lemma 2.9, we obtain the conclusion of Theorem 1. |

3.2 Proof of Theorem 2. Set
C=P(f)=f"+arf""+b, D=Q(9) =g"+ag" "™ +bs,
g™ (g™ + ag)

d—m ( fm
_M7 N=_2 7 *T%2
b1 b2
Since P(f) and Q(g) share 0 CM, we get Ep (1) = En(1). Applying Lemma
2.3 to M, N, we have one of the following possibilities:

M =

Case 1.

1 1
T(r, M) < Na(r, M) + No(r, M) + Nao(r, N) + Na(r, N) —logr+ O(1),

1 1
T(r,N) < No(r, M) + No(r, M) + No(r, N) + No(r, N) —logr +O(1).

Moreover,
T(r,M)=dT(r,f)+O(1) Ny(r, M) = Ni(r, ) < T(r, f) + O(1),
Na(r, M) = 2Ny (r, f) < 2T(r, f) + O(1),

1 1
NQ(Tv M) < 2N1(Ta 7) + NQ(Tv

7 ) <2T(r, f) + mT(r, f) + O(1).

™+ a
Similarly

Na(r, N) £ 2T(r,9) + O(1), Nalr, ) < 2T(r, ) + mT(r, ) + O(1).
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Therefore,
T(r,M)=dT(r, {)+0) < 4(T(r, /)+T(r,g))+m(T(r, {)+T(r,g))—log r+0(1).
Similarly
T(r,N)=dT(r,g)+0(1) <4(T(r, ))+T(r,9))+m(T(r, {)+T(r,g))—logr+O(1).
Combining the above inequalities we get
d(T(r, f)+T(r,9)) <8(T(r, /)+T(r,9))+2m(T(r, f)+T(r, g)) —2logr+O(1),
(d—2m —8)(T(r,f)+T(r,g)) + 2logr < O(1).
We obtain a contradiction to d > 2m + 8.

Case 2. M.N =1, i.e. f47™(f™ +a1)g? ™(g™ + as) = Z—;.

Note that equation 2™ + a; = 0 has m simple zeros. Let r1, 79, ..., 7, be all
these roots.Therefore

(3.1) P =) (f = r)g ™ (" ag) = Z—;

From (3.1) it follows that all zeros of f — r;,j = 1,...,m, have multiplicities

> d, and all zeros of f have multiplicities > ﬁ. By Lemma 2.2 we have
d— 1

1- 7m—|—m(1— E) < 2. Then m < 2. Since m > 2, we obtain a contradiction.

d

Case 3. M =N, i.e. fdim(lfleral) — 976" taz) ey

ba

b
(3.2) fitafTm b = é(gd-l—cmgd_m + bo).

Applying Lemma 2.9 to (3.2), we obtain we obtain the conclusion of Theo-
rem 2. [

3.3 Proof of Corollary 3. Since P(z), Q(z) have no multiple zeros, we see
that Ef(S) = E4(T) if and only if P(f) and Q(g) share 0 CM. From this and
Theorem 2, we obtain the conclusion of Corollary 3. |

3.4 Proof of Corollary 4. By E;(S) = E4(S) and Corollary 3, we obtain
b

g = hf for a constant h, such that h? = b—z, hm = a2 with by = bs, a1 = as.
1 aq

Therefore, h% = 1 and h™ = 1. Because (d,m) =1wehaveh=1. So f =¢. R
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