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Abstract. We discuss solvability conditions of the generalized Dhombres
functional equation in the complex domain. Our focus lies on the so-called
’infinity’ case, but also the zp—case is investigated. That means that we
consider solutions of a generalized Dhombres equation with initial value
f(00) = wo, wo # 0, or f(co) = oo, or f(z0) =1 for zo # 0,00. For both
situations we give a characterization of the generalized Dhombres equations
which are solvable.

1. Introduction

For a complex variable the generalized Dhombres equation is given by

(1.1) f(z1(2)) = (f(2))

where the function ¢ is known and the function f is unknown. The equation was
introduced by J. Dhombres in [2] in the year 1975. The complex case was first
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considered by L. Reich, J. Smital, M. Stefinkové in [3] in 2005. The authors
started computing solutions f of (1.1) with f(0) = 0. This was followed by
further works in the subsequent years. Nowadays formal solutions f of (1.1)
where f(0) = 0, f(0) = wog # 0 and f(20) = 1, 20 # 0 are well described.
Recently the situations with f(oco) = wy € C\ {0} and f(o0) = oo were
considered.

In this note we are interested in the problem to find a necessary and suf-
ficient condition (in terms of the given function ¢) for the existence of non
constant local analytic or formal solutions of (1.1) assuming certain initial val-
ues.

These considerations started with a formula, namely (32) in [3] and were
continued in [5] with one theorem which deals with the universal solvability of
an equation of the form (1.1) with f(0) = wy € C\ {0}, see Theorem 1.1 below.
In this article we will mainly consider the remaining cases, namely f(z) = 1,
zo # 0 and f(o0) = wp € C\ {0} or f(c0) = co. We start with the so called
"infinity’ case.

Before we do this we want to recall the existence theorem already mentioned,
therefore we need some well-known transformations. In [4] the generalized
Dhombres functional equation (1.1) was transformed to the equivalent linear
functional equation

(1.2) (wo + 2)U(2) = U(¥(u))

by f(z) = wo + g(2) = wo + T(2)", g(0) =0, U(z) = T~'(2), ¢(2) = wo +
+@(y—wp), $(0) = 0 and ¥(z)* = B(2*). The condition that a local analytic or
formal solution f of (1.1) is non constant is then transformed to the equivalent
condition that the linear equation (1.2) has a solution U different from 0. In
(5] the following theorem was shown.

Theorem 1.1. The functional equation (1.2) (wo + z¥)U(2) = U(y(2)) with
Y(2) € 2C[2*] has a solution U which is different from zero if and only if there
exists a function go with go(z) = z + ... such that

(1.3) @(2) = go ((wo + 2)* 35 ' (2)) -

Hence (1.1) has a non constant solution f with f(0) = wq if and only if there
exists go(z) = z+ ... and k € N such that (1.3) holds.

In this article we want to derive, where it is possible, analogous charac-
terizations of the solvability of generalized Dhombres equations as we have in
Theorem 1.1. As we will see, this is possible in the ’infinity’ case, in the case
where f(zp) = 1 and zg # 0 we get a somewhat different general condition for
solvability. The difference lies in the fact that in the ’infinity’ case a genera-
tor go plays the main role, while there is no generator in the ’zy’ case. The
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main reason for that is that each possible solution of (1.1) with f(z9) =1 (for
some zg # 0) is of the form f(z) = 14 g(z) with g(z0) =0, ¢’(20) # 0, in a
neighbourhood of z = zj.

For an introduction to formal power series we refer the reader to [1], by E
we denote the roots of one. The ring of formal power series in one variable
with the ususal addition, multiplication and substitution is given by

Clz] :=={F | F(2) = Zauz", ay € C}.

v>0

We will use the following definition

2C[*] == {G | G(z) = Zaukﬂz”kﬂ}.

v>0
2. The case f(oo) = wg € C\ {0} or f(o0) = oo

We consider the generalized Dhombres functional equation

(1.1) F2f(2) = (f(2))
with f(co) = wp € C\ {0}. We need to rewrite this equation, therefore we
recall some transformations recently done in [6].

Let f be holomorphic in a neighbourhood of z = oo and let f(oc0) = wy €
€ C\ {0}. We write z = + where u is in a neighbourhood of zero and we get

) )
L))

We define the new function f by f (u) = f (%), f is holomorphic in a neigh-
bourhood of u = 0. Using f leads to

f(}%) = (f(U)) :

or equivalently

==

~
<

2=
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Since f(0) = wy it is possible to write f(u) = wo+ g(u) where g is holomorphic
in a neighbourhood of zero and g(0) = 0. We get

1m+g(wﬁim0>wWM+mw)

For u = 0 we have ¢(wg) = wp and hence we can write ¢ as p(y) = wo + @y —
—wp) with $(0) = 0. So we get the so-called transformed generalized Dhombres
functional equation

@) g&%fﬁw)—ﬂMM)

which is different from the situation where f(0) = wy € C. We refer to the
developed theory on generalized Dhombres equations and therefore we write
g(u) = T(u)* for a k € N and ord T' = 1. Hence we have

1 (ege) = ot

or if we substitute 7! (u) for u

T (T_l(“) )k — B(ub).

wo + uk

Taking the k-th root (see Lemma 2.1 below) and comparing the first coefficients
on both sides leads to
T(T*@)

wo + uk

)zwm

where 1 (u)¥ = @(u¥). Here, like in (2.1), in the brackets a fraction occurs, this
is different to the classical theory. We set U = T~ ! and so we obtain the linear
functional equation

(2.2) (wo +u*) U () = U (u)).

We need the following lemma which dates back to Lemma 2 in [4], nevertheless
we want to give a straighter proof. Therefore we need the following definition.

Definition 2.1. Let B(z) € C[z]. By (B(z))% € C[z] we understand a (for-
k

mal) series such that (B(z)%) = B(z2), if such a series (B(z))% exists.

Lemma 2.1. Let A(z) € C[z], ord A =1 and k € N. There exists exactly k

1 1
different determinations of (A(zk)) *, uniquely determined by the choice af of

their coefficient of z. Furthermore (A(zk))% € 2C[2"].
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Proof. Let C(z) € C[z] such that
(2.3) A(ZF) = C(2)".

Since ord A(z") = k, we get ord C' = 1, hence C(z) = y12(1 + C(z)) with
71 # 0, C(0) =0. Write A(z) = a12(1 + A(2)), A(0) =0, then

(23) & ar2F(1+ A(H) = /(1 + C (),

a; = ’7?7
23) < { L4+ AR = (1+ C(z))F

and hence
C(0) =0.
(2)

By the implicit function theorem we obtain that C/(z) exists and is uniquely

determined. Applying the binomial series (1 + y)% =1+, (%)y” and
substituting fl(zk) for y we get

1
We have k different possibilities of v1 = af and furthermore

C(z) = mz(1+C(2)) € 2C[=F]. [ ]

To show the uniqueness of C' it is also possible to use other mehtods than
the ones in the previous proof, therefore we have the following alternative proof.

Proof of the uniqueness of C. We start with
(2.4) 14+ A(Z) = (1 4+ C(2)k.
Differentiating this leads to

ARkt = k(1 + C(2)F1E(2)

which is equivalent to

A = (14 G2 féz()z)
By substituting (2.4) we obtain
A/(zk)zkfl — (1 ~( k)) é/(z)
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A’(zk)zk_l B C'(2)
1+A(z)  1+4C(2)

(2.5)
with C'(0) = 0. By Cauchy’s Theorem there exists a unique C(z) in a neigh-
bourhood of 0. Then

A (V2 = k(1 + C(2)F1C(2),

implies

Therefore we get
(1+A@E) - 1+C()F) =6d€eC,
where substituting z = 0 leads to § = 0. This proves that C satisfies (2.4). W

In [4] it was shown that a series F € C[2*] if and only if F o L, = F where
L,(z) = nz and 7 is a root of one of order k. We will use this in the proof of
the following lemma.

Lemma 2.2. Let F € 2C[zF] with F(z) = Y07, Buk412"**1. Then we have
F(z)* € C[2*].

Proof. We write

[ee]
P(2) = B2 <1 * ZW”) |
v=1

Let 1 be a root of one of order k, then using (n'**1)* = (n'*n)k =n% =1 we
have

k
Fpz)F = Bk, (nlk-H) lk+1 (1 n Zﬁuknuk uk) _

k
= Bl (2" (1 + Zﬁykz ) =
= F(2)*
and hence F(z)* € C[z*]. [ ]

Since the following theorem depends on a special representation of the solu-
tions of a generalized Dhombres functional equation, it is necessary to consider
the next lemma.
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Lemma 2.3. Let F(z) € C[z*], F(2) = cxz® + ..., ¢ # 0 for some k € N.
Then there exists a series G € C[2] such that G(cy2*) = F(z).

Proof. We have
F(z2) = Zcukzl’k =

v>1
=2 (1 + Z c,,kc,;”(ckzk)”_l) =
v>2

= G(cx2).

Together with the previous lemmata we can prove our main theorem. This
theorem describes the solvability of a generalized Dhombres functional equa-
tion. The proof is done in a similar way as it was done in [5]. Note that in this
characterization we use the so-called generator go.

Theorem 2.1. Let wy € C\ {0}. Then the transformed generalized Dhombres
functional equation

@) g <w+“g(u)) — Bg(u))

has a non constant solution g if and only if there exists a function go,
Jo(u) =u+... and a k € N such that

(2.6 o0 =i (21 )

holds.
Hence (1.1) has a non constant solution f with f(oo) = wo & {0,00} if and
only if there exists Go(z) = z+ ... and k € N such that (2.6) holds.

Proof.  Assume that there exists a go, go(u) = u + ... such that ¢(y) =
~—1
= Jo ( Go_(v) ) holds. Then gy is invertible and (2.6) becomes equivalent to

(wo+y)*
#(Jo(u) = Jo ((wO +go (u))k) :

We apply the holomorphic transformation y = cxu, see [1], and hence we get

s kyy _ = cu =3 S — k
Plgo(eu™)) = Jo ((wo +§0(0ku’f))k> — (Ck ((wo +§0(Ck“k))> ) .
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We define g(u) := go(cxu’) and therefore we obtain

(2.1) ¢@w”9<umﬁ}w»)'

In [6] we have shown that this equation has non constant solutions g.

Let us assume that the equation g (ﬁg(u)) = @(g(u)) has non constant

solutions g with ord g = k. Then it was shown before, that this equation can
be transformed to the linear functional equation

(2.2) (wo +u*)"'U (u) = U ((w)).

So we have to show that if (2.2) is solvable, then there exists a function gy such
that (2.1) holds. From [6] and by Lemma 2.1 the function ¢ (u) = wiou +...€

€ uC[u*]. We write U(u) = uyuU*(u), U*(u) = 1 + ... and hence we obtain
the equivalent equation

L * *uiu (W)U (Y (u
mﬂluU (U)f 1w0 d) ( )U (w( ))

or
1

et =0 w)

where 1*(u) =1+ ... € C[u*] NT;. Hence
1
(14 wg "uk)y* (u)

which allows us to use the formal logarithm, we set

=14

u) :=Ln ! u®
“)'L<u+%%mwwﬁgcﬂﬂ
X*(u) :=LnU*(u), ord X*>0.

We obtain

Au) + X7 (u) = X*(¢(u)).
Since A(u) € C[u*] we decompose X* in the following way, we write X*(u) =
= X7 (u) + X3 (u) where

Xiw) = Y &u,  Xjw= D Lt

v>1 v>1

v=0 (mod k) v#Z0 (mod k)
Then we have

A(z) = X7 (¢ (u) = X7 (u) + X5 (¥ (u)) — X5 (u)
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where X7 (¥(u)) — X5(u) € Clu*F] and X3(v(u)) — X5(u) ¢ C[uF], if this
expression is not zero. This leads to the system

Alw) = X; (6(w) — Xi(w),
27) { 0 = X3 (0(u)) - X3 (u).

The system (2.7) has a solution X7 € C[u*] (see [6]). Therefore U(u)
= ujuexp(X7(u)) € uC[u*] and after reversing our calculations also 7'(u)

€ uC[u*]. By Lemma 2.2 the function g(u) = T(u)* € CJu*] with g(u)

= ﬁuk +- -+ and hence by Lemma 2.3 there exists a function go, go(y) = y+. ..
1

I m I

such that g(cxu’) = §o(u) which proves this theorem.

The situation where f(oo0) = oo reduces to the situation f(0) = 0, see [6],
and hence it is covered by [3].

3. The case f(z0) =1, 20 #0

As it is said in the introduction, in this situation we do not obtain such
a general condition for solvability like in the previous one. We will use this
section to show why this is even so. In fact the difference as it was said before
lies in the missing of a generator §g.

In this case we also need some transformations, these are the following ones.
Let f be a holomorphic solution of the generalized Dhombres functional equa-
tion (1.1) with f(z9) =1, z0 # 0 then we obtain the equation

(3.1) 9(209(¢) + ¢+ ¢g(¢)) = ¢(9(¢))

where f(z) = wy + §(2), g(z0) = 0 and g(z) = g(z0 + Q) = g(Q),
g(Q) = exC¥ + -, k > 1, ¢, # 0 and ( is defined as ( = z — zp. Further-
more we use p(w) = p(wy) + @(w) with w = w — wy and P(wy) = 0 and
o(y) = dmy™ + -+ with d,,, # 0, for the details we refer the reader to [5]
Section 4.1. If we use T(2)* = g(z) and U = T~! equation (3.1) becomes

(3-2) 206" + (1+ MU Q) = U($(¢))

with ¢(0)* = @(¢*) and @(¢) = d,,,(™ + - - - as we will see later.
We have the following theorem.

Theorem 3.1. Let zo € C, 29 # 0, ¢(y) € Cly] with $(0) = 0. Let g € C[(],
g#0 and ord g =k > 1 be a solution of

(3.1) 9(209(¢) + ¢+ ¢9(Q)) = (9(C))-
Then ord g =k = 1.
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Proof. We assume that k& > 2. Let g(¢) = cx¢* +. .., ¢ # 0, then g(209(¢) +
+C¢+¢g(¢)) = exC¥+. .. and hence ord g(209(¢)+¢+Cg(¢)) = k. Equation (3.1)
implies ¢ # 0 and ord ¢ > 1, we have k = ord ¢ - k which leads to ord p = 1
and therefore we write ¢(y) = diy + doy? + ..., di # 0. If we compare the
coefficients of ¢* in (3.1) we obtain ¢ = djcp which gives us d; = 1, because
cx # 0. So we obtain @(y) =y + day® + .. ..

We have ¢(y) # y, because if we assume that @(y) =y, (3.1) is given by

9(209(¢) + ¢ +¢g(¢)) = 9(¢)-
We write g(¢) = T(¢)* with ord T = 1, this gives us
T(20T(Q)* + ¢+ ¢T(O)M)* =T(O)".
After comparing the coefficients of (¥ we obtain
T(20T(C)* + ¢ +CT()*) = T(Q).
We apply T~! on both sides, hence
¢+ 2T +¢T(¢) =¢

(20 +Q)T()* =0

which is a contradiction because zg + ¢ # 0 and T(¢)* # 0. Hence 4(y) =
=y+dy +...,7>2,d. #0.
Next we consider (3.1) with the transformation g(¢) = T'(¢)¥, we have

T(20T(¢)* + ¢+ CT()")* = (T ()").
Substituting T'(¢) for ¢ leads to
T(20¢* + TH(C) + P T = (T (O)Y).

Then, by Lemma 2.1 there exists a uniquely determined ¢ € C[[z] with ¢(¢*) =
=(Q)*, ¥(y) =y +.... Writing U := T~! we obtain

20"+ (L+ U Q) =U ()

20(1+¢F) + (L+MU(C) = 20 + UW(C))-

This is the same as

(1+¢") (20 + U(Q)) = 20 + U(¥(C)),
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which is equivalent to

L+ M)A +2UQ) = 1+ 25 U ®(Q))-
We write V(¢) := 1+ 25 'U(C), then we have V(¢) =1+ ... and

(3-3) (L+¢FVQ) = V(@(C))-

Let V4 and V5 be two solutions of (3.3), with V;({) =1+..., j = 1,2. We

define W (¢{) = % Equation (3.3) implies

(3.4) W) =W((C), W) =1+....

We have ¥(¢) = ¢+ ..., ¥(¢) # ¢, and hence let (¢;)tcc be the analytic
embedding of ¢. Then (3.4) implies W(¢) = W (y:(¢)) for all t € C, see [5].
We differentiate this equation with respect to ¢, hence we obtain

oW 0 ()
O—Ty(iﬂt(o)' ETI

We set t = 0 and so we have %—‘Z = 0. Therefore W = 1 and hence V; = V5.
We conclude that (3.3) has at most one solution V' with V(0) = 1.

By Lemma 2.1 we know that ¢(¢) € CC[¢*], () = C+.... Let e = e*F", we
substitute e for ¢ in (3.3), hence, with ¥(e¢) = ey(¢) we get

(L+ V() = V(ew(¢)).

Therefore V(e() is also a solution of (3.3) with V(e-0) = 1. Hence V(¢) =
= V(eC), and so we have V(¢) € C[¢*]. We write V(¢) = V(¢*) with V(y) €
€ CJy]. We substitute this representation into (3.3), we get

(L+¢MV(CH) = V(O

which is equivalent to
1+ V() = V(@)

Therefore we have

L+ y)V(y) = V(@)
in C[y] with V(0) = 1. We define Ln V =: X and hence we get
Ln(1+y) = X(2(y)) — X(y)

with ord X > 1. We have Ln(1+y) =y + --- and therefore ord (Ln(1 +y) =
=y+---)=1. Letord X =1 > 1, then ord (X(¢(y))— X (y)) > 1 > 1 because
&(y) =y + ... which is a contradiction. Hence k = 1. |
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We want to prove the following theorem in a different way than it was done
in [5], because then we can see the dependence of the solutions on the initial
value zg.

Theorem 3.2. Let $(¢) € C[¢], #(¢) =di(+ ..., d1 #0. If dy is no root of
one, then (3.2) has a unique solution.

Proof. We consider the functional equation (3.2) for k = 1, computing both
sides of (3.2), together with U(¢) = u1{ +u2( + ... leads us to

(20 + u1)¢ + (u1 4+ u2)¢® + (w2 +u)® + ..+ (Up—1 + un)(" + -+ =
= uydiC + (urds + upd?)C? + .. 4 [Po(un, .oy tn1) + und?] C" 4 - -

Hence we obtain

Uy = (dl — 1)_120
ug = Pa(dy, da, 20)

Up = Pn(dla"'adnaZO)

So the coefficients only depend on the coefficients of ¢ and on the value z,. B

If d; is a root of unity, we have to distinguish between the case where ¢ is
linearizable and where it is not. We will not do this in this article. After the
transformations which leads to equation (3.3) we see, that we can immediately
apply the formal logarithm to equation (3.3) and we see, that there is no
parameter like uq (compare with the proof of Theorem 2.1) which cancels before
— only zg was removed. Exactly this is the difference between this case and
the case before. We have no generator gy such that we can represent all our
solutions by go. Nevertheless in the sense of our solvability condiditons we can
state the following two theorems. Note that k is always equal to 1.

Theorem 3.3. Let zp € C\ {0} and let ¢(¢) € C[¢], ¢(¢) = diC+..., d1 #0.
Then the transformed generalized Dhombres functional equation

(3.1) 9(209(¢) + ¢+ ¢9(C)) = (9(C))
is solvable if and only if there exists an invertible g € C[(] such that
(3.5) @(¢) = g(z0¢ + 971 (Q) + <o Q)

In more detail we can show that
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1. if g(¢) = c1{+ - -+ such that c1z0+ 1 € E and (3.5) holds, then (3.1) has a
unique solution,

2. ifg(¢) =1+ -+ such that c1z0+ 1 € E, $() = (c12z0 + 1)+ -+ is not
linearizable and (3.5) holds, then (3.1) has a unique solution,

3. 4f g({) = e + -+ such that c120+1 € E, ¢(¢) = (c120 + 1)+ -+ is
linearizable and (3.5) holds, then (3.1) has a solution.

We omit the proof of 2. and 3. because of the length of it.

Theorem 3.4. Let zyp € C\ {0} and let ¢(¢) € C[(], ¢(¢) = dmC™ + -+,
dm # 0, m > 2. Then the transformed generalized Dhombres functional equa-
tion

(3.1) 9(209(¢) + ¢ +¢g(¢)) = &(9(¢))
is solvable if and only if there exists an invertible g € C[(] such that
(3.6) G(0) = 9(20¢ + 971(¢) + g7 H(Q))-

Proof. We want to give an idea of the proof. Let the transformed generalized
Dhombres equation be solvable. Then we transform it to

(3:2) zo¢ + (1 +QU(C) = U(£(Q)),
where we see that u; = —zp and for 2 < v < m we have u,, = (—1)"z. For
¢™ we obtain u,;, + Uy,—1 = —zod;,. We proceed by induction. Reversing our

calculations show that ord g = 1.

On the other hand let ¢ be given by (3.6). Then we use the invertibility of
g such that we obtain the transformed generalized Dhombres equation. This
equation is solvable. |
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