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Abstract. It was a long time open problem the almost everywhere con-
vergence of the Cesaro (C,1)-means of integrable functions o, f — f for
fe Ll(I), where [ is the group of 2-adic integers. In his paper the author
verified [2] this a.e. relation with the help of an inequality for the integral of
the maximal function of the Fejér kernels. Later, the author also discussed
[3] the almost everywhere convergence of the Cesaro (C, «)-means for every
a > 0. In general, in the investigation of the Fejér means with respect to
convergence or divergence issue, a formula for the kernel function plays an
important role. In the Walsh-Paley case see [1] or alternatively [7]. The
Walsh-Kaczmarz version is due to Skvortsov [10], [9]. For the time being,
there is no known formula for this 2-adic integers case. This paper fills this

gap.

1. Introduction

We follow the standard notions of dyadic analysis introduced by mathe-
maticians F. Schipp, P. Simon, W. R. Wade (see e.g. [7]) and others. Denote
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by N:={0,1,...},P := N\ {0}, the set of natural numbers, the set of positive
integers and I := [0,1) the unit interval. Denote by A(B) = |B| the Lebesgue
measure of the set B(B C I). Denote by LP(I) the usual Lebesgue spaces and
|Il.|l, the corresponding norms (1 < p < 00). Set

p p+1
1 := — :
{|2.25%) pnen}.

the set of dyadic intervals and for given # € I and n € N let I,(z) denote
the interval I,(z) € Z of length 27" which contains z. Also use the notion

I, := I,(0) (n € N). Let
e}

xTr = Z $n2_(n+1)
n=0

be the dyadic expansion of x € I, where x,, = Oor 1 and if x is a dyadic rational
number (z € {5 : p,n € N}) we choose the expansion which terminates in 0
’s. For n € N let ng be the kth coordinate of n with respect to number system

based 2. That is,
n= Z nk2k,
k=0

where ny, € {0,1} (k € N). Also use the notation

o0
n(®) = anQk (n,s € N).
k=s

The notion of the Hardy space H(I) is introduced in the following way [7, 8].
A function a € L*°(I) is called an atom, if either ¢ = 1 or a has the following
properties: supp a C I, ||allec < |Ia\*1,f1a = 0, for some I, € Z. We say
that the function f belongs to H, if f can be represented as f = Y7 A\;a;,
where a;’s are atoms and for the coefficients (A;) the inequality Y. [Xi] < oo
is true. It is known that H is a Banach space with respect to the norm

1l = inf > |Adl,
1=0

where the infimum is taken over all decompositions f = Z?io Aia; € H.

The 2-adic (or arithmetic) sum a + b := 3"°0 7,2~ (a,b € I), where
bits gn,rn € {0,1}(n € N) are defined recursively as follows : ¢_1 := 0,
ap + by + Gn-1 = 2¢, + 1, for n € N. (Since g, r, take on only the val-
ues 0,1, these equations uniquely determine the coefficients ¢, and r,.) The
group (I,+) is called the group of 2-adic integers. Set

€(t) := exp(2mit) (¢t € R),
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where 1 = (—=1)2. Set
In To
von (T) 26(74— --+2n+1> (zelI,neN)
and -
on = [ e
n=0

where N 3> n =32 n;2% (n; € {0,1} (i € N)). It is known [4] that the system
(vn,n € N) is the character system of (I,+). Denote by

n—1 n
1
n):= UpdX, D, = v, Ky i= —— D
)= [ 1 L

k=0

the Fourier coefficients, the Dirichlet and the Fejér or (C,1) kernels, respec-
tively. It is also known that the Fejér or (C,1) means of f is

n

k 0 /

(y—z)d\z) (neN, yel).

It is known that [5, 6, 2] forn e N, z € T

Do () 2nifx e I,
n(T) =
? 0, ifz¢l,

and also that [5]
2) Y Dor(2)ni(~1)"*
k=0

Denote by K2 the kernel of the summability method (C,«), and call it the
(C, a) kernel, or the Cesaro kernel for a € R:

:7214& D, %:(a+1)(a+k2!)~~(a+k) (o % —k).

It is well-known [12, Ch. 3] that A2 = S°p_ A%",, A% — A% | = A% L
A% ~n®. The (C,«a) Cesaro means of the integrable function f is

D A = [ F@K = i),

”k:O
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It was a question of Taibleson [11] open for a long time, that does the Fejér-
Lebesgue theorem, that is the a.e. convergence o, f — f hold for all integrable
function f. In 1992 Schipp and Wade proved [5] the L' norm convergence
onf — f forall fe L.

In 1997 Gét proved [2] the a.e. convergence o, f — f for every integrable
function. He also proved that the maximal operator of the Fejér means, that

is, o*f is of type (H,L'). In other words, there exists an absolute constant
C > 0 such that |lo*f|lg < C||f||p: for all f € H.

Later, Gat proved [3] for all & > 0 the a.e. relation ¢%f — f for each
integrable function f. In the proofs of these results a key lemma was [2, Lemma
3]: Let B >t be fixed natural numbers. Then,

1
2

(1.1) / sup |Kn(z)|dA\(z) < C (217F)2.
I\Ie1 N>25

In this paper we essentially improve inequality (1.1). Moreover, for the time
being there is no formula for the Fejér kernels. This paper aims to fill this gap.
For more details on the Fourier theory with respect to the character system of
the group of 2-adic integers see for instance [5, 6]. In this paper C' denotes an
absolute constant which may be different from line to line.

2. The results

For k € N and x € I let product < k,x > be defined as

koxg kyzq k1zo koxo koxq koxo

< k,x>= o1 + 51 + 5 + o + 5 4 5 =
00 % .

_ ) J

_Zk’ZQi—jH
i=0  j=0

For any = € I and s € N use the notation
Ts—1 Ts—2 Zo
o1 + 92 +F oY

The main tool in the proof of the main result is the following lemma.

Tsk =

Lemma 2.1. Let x € I and s € N. Then the following equality holds:

2°—1

<k is> 1
Z vg(x)e <22> =1+cotm <7'sa:+ 25+1) :

k=0
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Proof. Since
vp(z) =e(<k,x>)=
:e(koxo ki L kyzo T ks_175-1 /fs—1330>’

21 91 92 T o et 9s

then by < k,1/2 >= ko/2' + k1/2% + -+ + ks_1/2° for k < 2% we have
2°—1 1

<kis
Z vg(z)e (22 ) =

1 . i
- X 6<Qs+1(’“51(25ws1+2“’ L, o 2l + 2004
ko,...,ks_le{o,l}

+ ke o(2%2_o+ 25 g+ + 2200 + 21) 4.+

+ k1 (2S:L‘1 + 23_13&‘0 + 23_2) + ]{30(28{130 + 25_1))> .

Set Ly = 25thre +1 = 2%, + 25 tag_o + - - + 202 + 20 which is an odd
natural number. The function €(52+) is periodic modulo 257!, The equalities
L, =2z, 14+2 o, o+ - +25+2°,
2L, = 2%z, o +2° w5+ + 2%+ 2" (mod 2°T1),
2L, =2z, 3+2° oy 4+ 4+2%20+22 (mod 2°T1),
2572, = 2%, + 25 tog +2°72  (mod 2°71),
257 L, =220 + 2571 (mod 251)

give

L _
S Y (e ) -
ko,...,ksfle{o,l}

2°—1 L$
= Z € (25+1l> =

=0
_exp (2777,%) -1
exp (2migler) —1
2

L—e(5r)



262 Gy. Gét

Recall that L, is odd and consequently €(L,/2) = —1. Since #p(uﬁ) =
1/2 +1/2cot ¢/2, then
2°5—-1 1
<k s> L,
Z vg(x)e (22) =1-+1cot (7r23+1> .
k=0
This completes the proof of Lemma 2.1. [ ]

The following theorem is the main result of the paper. It gives a formula
for the Fejér kernel functions with respect to the character system of the group
of 2-adic integers.

Theorem 2.1. Forn,t € N, x € I; \ I;11 we have

¢

2° -1
nky(z) = ZnST (Dn(Hl)(x) + vy () 5 ) +
s=0

+ Z ns2% (1 4 2 cot(175x) v, 41 ().
s=t+1

Proof. Let 24 <n < 241, Then we have

nK,(z) =

n(®

> Dy(x) =

k=n(s+1)

1
M= 10 10>

IOSAEDNE, L]

Ng Z Dy(z) =

k=n(=+D)

s

Ng (Dys1n (2) + vy 11 () Di () -
k=0

»
—

»
o

For s <t and k < 2° © € I gives Di(x) = k and consequently

t 2°—-1

> ne Y (Dpern (2) + v (2) Dy ()

s=0 k=0

: 25— 1
= 227132S (Dn(s+1)(x) + vy () 5 ) .
s=0

In the sequel we turn our attention to the case s > t. Use the formula for the
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Dirichlet kernel D,,(z) given by Schipp ([5]).

nGtpos_1
Kn(s+l),25 (LL') = E Dk(.’L‘) =
k=n(s+1)
Gt o1 ¢—1 IOSREDNE S |
= g ( E k27 )ug(x) + E K2t (— E + E
k=n(s+1) 7=0 k=n(s+1)

Since 251 is a divisor of n**1) | then k = n**Y 41 (0 < I < 2%). Consequently,
we have

Ve (2) = V1 4 (T) = Ve (@) ().
Thus, (in the case of s > t)

1

Z = Un(s+l) Z Z Z k‘ 2] ’Ul = Un(s+1) Z ’U

ls_1=0  lo=0 j=0 ;=0

where ¢ does not depend on l;. Since x € Iy \ I41, véﬁ () = e(ly(xe/24+ -+
+20/21)) = €(ly/2) = (=1)%, then we get 3" = 0. Consequently,

nth 495 1

Z Dk(.’L‘) = U,n(a+1) Z Z tht

k=n(s+1) ls—1=0 lo=0

For j <t (recall that x € I \ I;41) we have

lj Tj | Tj-1 T41 1
b =e( (54 5+ 32) (b

These assumptions imply the equality

nGtpos_1

Y Dilx) =

k=n(s+1)

1 1 1
T 1
oo @2 3 Y e 3 el e (g )
! Tigo  Tig ! 1
X €| bt42 271-5- 22 €| ‘t+253 s X

Ty T 1
el (Bt gt ) e (1)

Use the notation

E=1120 + L2t 4o 125712 < 2571t
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and Tig1  Tigo Ts_1 T

t+ t+ 5— s t+1

o1 + 92 +.“+257t71+257t”._{2 x}.
Since

1 1 1
€ (lt+122> € <Zt+223> € (1812815) =

=€ <k0212> € (k1213) cee€ <kst2281_t> =e(< k,1/2> /2)

and since all functions vy; is periodic modulo 1, then

n(tD 4291

> D)=

k=n(s+1)
25—1,—171
= Vi) (2)2% vp(2 1 a)e(< K, 1/2 > /2).
k=0
By Lemma 2.1 we get
gs—t—1_4
Z v (2 )e(< K, 1/2 > /2) =
k=0
(2t+1$)s_t_2 (2t+1$)0 1
1+ZCOtﬂ(21+"'+25—t—1+23—t =
_ Ts—1 Tig1 1 _
=1+cotm ( o1 +--+ 9o—t—1 + 2St> =
Ts—1 Tt41 Tt
:1+zcot7r< o1 4+ st 1 + st +) =
=1+ cot(n7sz).
Consequently,
nGt o5 1
Z Dy () = vyt ()22 (1 + 1 cot w(74z)).

k=n(s+1)
Finally, for s > t we write

SRR, L |

A
Z Ng Z Dk(x):

s=t+1 k=n(s+1)

A
= Z 1522, o4 (2)(1 + 2.cot m(7)).
s=t+1

This completes the proof of Theorem 2.1.
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Theorem 2.1 immediately gives the following estimation for the absolute
value of the kernel.

Corollary 2.1. Forx € I \ I;11, n > 2%, n,t € N we have the estimation for
the Fejér kernel:
Ink, (z)] < C2% Z ns(1 4 | cot Trsx]).
s=t+1

Besides, Corollary 2.1 implies an estimation for the kernel depending only
on the integer part of the binary logarithm of n, that is, on A = |log,n| and
not depending on the coordinates of n.

Corollary 2.2. Forx € I\ I;11, n > 2%, n,t € N we have the estimation for
the Fejér kernel:
A
InK,(z)| < C2* Z (14 |cot mrsz|).
s=t+1

The following corollary of Theorem 2.1 improves the result in paper [2]
which played a key role in the proof of the a.e. convergence of the (C, 1) means
of the Fourier series of integrable functions on the group of 2-adic integers. This
result is essentially better than inequality (1.1), that is, in paper [2, Lemma 3].

Corollary 2.3. For B > t, B,t € N we have the estimation for the Fejér

kernel: (B 1)
—t
[ s K@) < oV

t\lt41 n>2B
Proof. In the proof we use the inequality in Corollary 2.2. For s > t and
j=1...,8—t—1set
Ji=(I\Liy1)N{z €l a5 1=0,...,05_; =0,25_j_1 = 1}.
For j =0 let
Jo= L\ )N{z el :xz,_1=1}.

Then we have
s—t—1

It\It+1: U Jj
j=0

On the set J; the following inequality holds:

| cot mTsx| < =
TsT
c2°
257y 42520, o+ 4250 g - 20 T
S
< 072 < c27.

- 92s—j—1
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Consequently, we get

/ |1+ cot mrsz|dA(z) <
Te\Ity1
s—t—1

<c Z ( jSt) SC(s—t)%

This inequality by Corollary 2.2 gives

/1 sup | K, (2)|d\(z) <

e\ 141 n>28
oo

<> / sup K (2)]dA(x) <
A=B It\1t+1 {TL:2A<TL<2A+1}

<C Z 22t=4 Z / 14 | cot mrex|dA(z) <

Rt AV

< C 22t A t 1 = (B_t)2
Z 25_5 ZzAtf e
s=t+1 A=B
This completes the proof of Corollary 2.3. |
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